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ON MEAN VALUES OF FOURIER TRANSFORMS

MICHEL J. G. WEBER

(Communicated by J. Marshall Ash)

Abstract. We show that there exists a sequence {ny,k > 1} growing at least geometrically such

that for any finite non-negative measure v such that v>0, any T >0,

/znkr D)y <o T2 (1+e)ng / ‘smxT
—2"T ¢

n

v(dx).

1. Introduction

Let v be a finite non-negative measure on R, V(¢) = [ e™v(dx), then

1 /T sinTu
— dr — du).
T/Jv(t) ; /]R 2 v(du)

Assume vV > 0, then

)/ smTu/Z / Vdx < 3/ smTu/Z v(du).
CTu/2 T CTu/2

The first inequality is in turn true at any order: for any positive integer x,

[V (x)|dx.

’/ s1nTu/2 2K

Tu/2 V(d“)) <7

T —xT

(1.1)

(1.2)

The question whether the second inequality admits a similar extension arises nat-
urally. We show the existence of a general form of that inequality in which appear

constants growing fastly with k.

THEOREM 1.1. There exists a sequence {ny,k > 1} growing at least geometri-
cally such that for any finite non-negative measure v such that v >0, any T > 0, we

have
”k

2nkT E)n T
[ s 2 g

—2"kT
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We don’t know whether the constant 22" can be significantly weakened. We
believe that this is an important question because of the natural interpretation of mean
value problem for Dirichlet polynomials and for the Riemann Zeta function as Fourier
inversion formula, see the survey [2], Section 3 and the recent work [3] related to
Dirichlet polynomials. The proof of Theorem 1.1 is rather delicate. In order to pre-
pare it, and also to provide the necessary hints concerning inequalities (1.1), (1.2), we
begin with introducing some auxiliary functions and displaying some related properties
as well.

Let K(t) = (1 —¢t])", T > 0 and define K7 (1) =K(¢t/T) = (1 — t1/T) <1y -
Then

= sinu/2\2 = 1 /sinTu/2\2
= (Y, o= (T
W ={=n 1 =770
It is easy to check that K7 (1) + K7 (t+T)+Kr(t —T) =1, if |t| < T. It follows that
X{|t—H|<T} < KT(I —H) —|—KT(I —H+T) —|—KT(I —H— T). (1.3)
This can be used to prove (1.1). Since [pKr(t —S)V(t)dr = [ ¢S Kr (x)v(dx), we

deduce

H+T
/ V()dr < / [Kr(t—H)+ Krlt —H+T) + Kp(t— H =) 9(0)dr
H-T R

< / E‘(M) {eiHu +ei(H—T)u _’_ei(H+T)ui| V(du)
R

1 ( sinTu/2

o R u / 2

This immediately implies the second inequality in (1.1). Notice also by using Fubini’s

theorem, that for any reals S, y, T, T > 0 and any integer ¥ > 0,

A(%y’cemv(dw: %/Refiy(y*S)K*K(}%g>ﬁ(y)dy. (1.4

Letting k =1, y=S=0, gives
1 sinTu/2\2 R
— _ [k '
T/R< /2 )"(d“> /]R T(n)V(y)dy

As 0< Kr(y) = (1 — ‘y‘/T)X{bJKT} < Xilyl<r)> We deduce

(SR < frosonas [ o

2 iH
) M1 12 cos Tuv(du).

T
-T
which yields the first inequality in (1.1).
As to (1.2), some properties of basic convolutions products are needed. Consider

for A >0 the elementary measures f1, with density gy, (x) = x{—aap(x). Let 0 <
A < B. Plainly

B
8uy * 8up(X) = /]R gus (X —¥)8up (v)dy = [ Bx{[H,x+A]}(y)dy
— 2 ([-B,B|N[x—A,x+A])
= [BA(x+A) = (x=A)V (=B)|xqj-a-pars) () (1.5)
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In particular, introducing the function g(x) = X1 1](x), we have K(1) =g=g(z).

392
More generally, using the notation gy, g« (X) = gu, * 8uy * - - (X)),

LEMMA 1.2. Let 0 <A1 <Ay <...<Ajand u = HA; kA, ¥k A, Then u
has density g satisfying
0<g(x) < GJ'X{[7(A1+Az+...+AJ),A1+A2+...+A/]}(x)a

where

Gy = 2JA1 . ((A1 +Az) /\A3) . ((Al +A;+A3) /\A4) ((Al +...+A) /\Aj).

Proof. We prove it by induction. By (1.5), for every real x

0< 8uia, *ay (%) <241 2{1-a1-5,4,+45)} (¥) = 24, "84, ().
The case J = 2 is proved. Now for J = 3, by what preceeeds

A3z A3z
8a, #Hay *Hay (x) = s 8, *Ha, (x—y)dy< 2A4 /A 8l 44, (x—y)dy
A3 —A3

- 2A1g#/\1+A2*HA3
<241 2(A3 NAL+A2)  X{[-A1-Ar—As A +Ar+43)} (X)

The general case follows by iterating the same argument.
In particular, for any positive J,

0 < K™ (x) < xy1-r (%) (1.6)

Indeed, apply Lemma 1.2 with A; = 1/2. We get
0 <K (x) =g (x) < Gos 211 (%),

and Gyy = 2% 272/ = 1. Inequality (1.2) is yet a direct consequence of (1.4) and (1.6).
Now, we pass to the preparation of the proof of Theorem 1.1, and begin to explain
how we shall proceed. By using (1.3) with H=0, T = 1/2, we get

g(x) < g?(2x)+ g2 (2x+1)+g2(2x—1). (1.7)

An important intermediate step towards the proof of Theorem 1.1 will consist to
generalizing that inequality. Our approach can be described as follows. As g**(2v) =
Jrg(2v—y)g(y)dy, (1.7) can be used to bound the integration term g(y). And by next
reporting this into (1.7), it follows that g(x) can also be bounded by a sum of terms of
type g*3. Call & this operation. By iterating &, we similarly obtain variant forms of
(1.3), involving higher convolution powers of g. The study of the iterated action of &,
as well as the order of the constants generated is made in the next section. The action
of & will be first described as the combination of two elementary transforms acting
alternatively.
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2. Stacks and shifts

We first introduce some operators and related auxiliary results, as well as the nec-
essary notation. Given f:R — R and a > 0, let T, f(x) = f(3) be the dilation of f
by a~'. Plainly 7,T, = T,,;,. Notice also that

Ty(h+f) = —Th*Tuf, heL'(R), feL”(R). (2.1)
Indeed
T,(h= f)(u) = /ﬂgh(g—x>f(x)dx:/RTah(u—ax)Tuf(ax)dx

1 1
= - / Toh(u—v)T,f(v)dv = =T h« T, f (u).
a Jr a
More generally

1
Ta(hy ..ok hy) = —— To(h) % ... % Ta(hy), hi,...,hy € L”(R). (2.2)

a"—

Introduce also the g-dilations

gk:Tszg, k=1,2,....
Now let I be a finite subset of R. It will be convenient to denote
I[f(x) ) = Y, flx+p). (2.3)
pel
We have 1
I[f(bx):1]=ZX [T%f(x) : El} . (2.4)
And

Z[f0)( ( 0> e*”") (2.5)

pel

The linear operator f + X[f :1] on L'(R) commutes with the convolution operation:
f*Zh: 0 =2[f*xh:I. (2.6)

Further Z[f :1] > 0 if f > 0. We use the standard arithmetical set notation: A7 = {Ap :
p €1} andif I, J are two finite subsets, [+J = {p+n:p €1, € J}, repetitions are
counted. This is relevant since

Z[E[f(x) 1) 2 T] = Z[f(x) I+ ). 2.7

Let jo < ji... < ji be a finite set of positive integers, which we denote J. Let
C = {cj,j € J} be some other set of positive integers, not necessarily distinct. We
identify (J,C) with U:= {(j,¢;), j € J}, and put

Jr— J iijO>1 (28)
N\ o} ifej, =1 ’
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Define the transform J — J; as follows
Ji=90):=T"U(jo+J). (2.9)

Next define C — Cj by putting

C1=7(C)={cj,j €}, (2.10)
where
cit+cj—j, ifjern(o+J)
i if je(J)No+J
C}: Cj=Jo l -] (* ) (.]0+ ) (2.11)
’ cj ifjeJ N(jo+J) and j > jo
Cjo—1 if jo e J*.

Similarly we identify (J;,C;) with Uy := {( j,c}-), J € J1} The successive trans-
forms (J,C)— (J1,C1) — (J2,C2) — ... turn up to describe the iterated of &, and may
be compared to the action of superposing shifted functions. We start with J = {1},
C = {2} corresponding to the basic set

U={(1,2)}.

It is easy to check that the iterated transforms of U progressively generate the sequence
of sets

(1,1),(2,2)
(2,3),(3,2)
(2,2),(3,2),(4,3),(5,2)
(2,1),(3,2),(4,5),(5,4),(6,3),(7,2)
(3,2),(4,6),(5,6),(6,8), (7,6), (8,3),(9,2)
(3,1),(4,6),(5,6),(6,10),(7,12),(8,9),(9,10),(10,6), (11,3),(12,2)
At the m-th step, the set J,, is an interval of integers {am,...,bn} With @, — o

slowly, whereas b,, — oo very rapidly. More precisely, let for k = 1,2,...

ry = maxck
m>=1

Then r1 =2, =3,r3=2,r4 =6,... etc. And define
Ry=ri+...4+r, Ck:1+r1+2r2+...+krk. (2.12)

Let Ry <m < Ry. Atstep m, Jy, is realized by first shifting J,,,_; on the right from
a length k, next taking union with J;; _; and in turn

I = {kak+17"'a€k71+(m_Rk71)k}a

if m < Ry, whereas Jg, = {k+ L....,0 }
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Write m = Ry_; +h, 1 < h < ry. Then we have the relations
2k< < — _R — kv

J< G+ (m—Riy) 2.13)
k< j<2k.

N S Py Py S O
¢ = Rk

J
After the steps Ry_1+ 1,Rx_1+2,...,Ry, the function & — c,,"’lJrh will have increased

from |
(=1 4. 42+1= %
forall n € {2k,...,—1}. It follows that
2
min  r, > =%, (2.14)
ne{2k,...51} 2

Therefore ry; > r,% /2. This being true for all k, yields by iteration

1 11 ” 1

2 oH Tpj—H 21
ryi 2 5 (ri1)” 2 555 (ry2) 2--->W( (=)

rj-u)T =

We have r, = 3. Thus
3\ 2!

ry > (§> : i=12,.... (2.15)

We shall deduce from this and (2.14) that r; grows at least geometrically. Let n and

let j be such that 271 < n < 2/72. Apply (2.14) with k = 2/. As n > 2k, we have

r>r13;/2 once 2712 < &y; . But
. ) 2i72 :

GiizCi=14r+2m+...+27 0 > 27! (E) > 2112,

Thereby, for j large

2J+2 n
1 <3>8 _ L togdm
2

1, _1/3\2" 13\ %%
rn>_r2j>_<_> :_<_> 2_
2 2\2 2\2 2 2

Consequently, there is a numerical constant p > 1, such that for all n > 1, we have
(2.16)

= p".

Let jy :=#{Jn}. Since jy, = &1+ (m—Ry—1 — 1)k if Ry < m < Ry, we have
rkfl
Yo n= Y (Gat+m—Ri—Dk)=nl1+k Y u
u=1

Ry_1<m<Ry, Ry_1<m<Ry,

‘We thus notice for later use that
. re(re+ 1
S jm=nbe +k¥. 2.17)

Rk*l <m<Rk
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*
Let H fj denotes the convolution product of f;’s. Finally we put
J

-1 1
1= { — 0= } .
2 2
The key estimate for proving Theorem 1.1 is provided in our next result, which
extends inequality (1.7) to arbitrary convolution powers of g.

PROPOSITION 2.1. Let k> 1 and Ri_1 < m < Ry.. Then

g <Gz 1 g, (%) L],

(j,¢;)EUm
where 1,,,C,, are defined by the recurrence relations: Iy = {_71,0, %} Co=2 and

Ly=1, 1+ Tk Imfla Cn= 2k(jm71_1)c;3171~

Proof. We use repeatively the relation (see (2.1))
T%(h*f) = ZT%h*T%f,

feL=(R), he L'(R). By (1.7),
1 1 *
gx) < { P+ (v+ ) e (v—3) | = GoTleit) o]
M & } (2.18)
( j)eU
Now we apply &. We begin with the ”stack” of 1’s of height | = 2. At first
g’ / gi(x—y)gi(y)dy = / g1(x—y)g(2y)dy
< Co/Rgl(x—y) [21°(2y) : 1] dy.
But by (2.4), next (2.1)
1 1 1
*2 . _ *2 N - *2 N - *2 .
2[g(@): 1] = (7 (e1) ) : 51| = T[2(1y2) 7 () : 51 =22 [g220) : 51].
Therefore
8200 < 26y [ (e =[e20) s 31|y = 2002 gy v ) - 51).
R 2 2
By reporting in (2.18), we obtain
1
g(x) < CO(ZCO)Z[Z [gl g57 (x) : EI} 31} =C1Z[g *g5*(x) : 1]

=ax[ II g’;cf():ll]. (2.19)
(j,cj)€U]
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And C; = 8.
We now apply & once again, and bound the generic product g; g§2 (x) by apply-
ing (2.19) to g; . Concretely

/ g5°(x—y)gi(y)dy = / g5°(x—y)g(2y)dy
R R

< Cl/Rgiz(x—y)E[gl*giz(2y) 11y dy
— * * 1
=276 [ g z[gg?0): 51 ]ay
1
= 22C12[g§3 * g5 (x) : EII}.

By reporting in (2.19), we obtain

g() < (205 [z[gs + 220 %Il} 1]

= 0r[gl+g () L] =G 2] ] g7 :L] (2.20)
(j,cj)€Us

And C, = 256. For the next & -iteration, as we have exhausted the stack of 1’s, we
now use the stack of 2’s of height »» = 3. We bound the new the generic product
g3 g32(x) by applying (2.20) to g>(x) as follows:

/ g+ g (x—y)g(y)dy = / £+ gy (x—)g(2y)dy

Cz/gz * gy (x—y)Z [gz « g5 (4y) : IS}d)’

= 226021, /g g (B [g e g 0) : gy
=28, Z{gz w gy w gl gl (x) : %Iz}.

By reporting in (2.20), we obtain

1
g(x) < 2°G3 2[2 [g§2 +gy wgl vgs (v le} : Iz]
= GX[gyt g+ gy’ + g2t (x) 1 1], (2.21)

with C3 = 16777216. And so on.
To simplify, let k > 1 and Ry < m < R;. At step m, we play with the stack
of k’s of height r; and apply the bound prev10usly obtained to the least dilation of

g in the generic product G = H (/)€U 1g j ( ) from the previous step. The dila-

tion factor bemg 2k, the bound of g (x) thereby produces the new terms 7, (G)(x) =
Hz‘j#j) v, 8 +k( x). Hence by (2.2), after integration, a constant factor 2¢Un-1-1)C,, .
Next we report the bound obtained for the generic products in the inequality from the
preceding step. This is exactly what describes transform & . This generates a new con-
stant factor C,_. Together with the preceding constant factor, this gives the constant
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2km1=12 | = C,,. The rule concerning constants C,, being the same at each step
inside the block |R;_1,Ry], we have the recurrence relation

Cp = 2Un1=02 (2.22)

And the transform c;”*l ¢’} is described by 7. O

Let k> 1. Put
=3 & d=Y (2.23)

jEJRk jEJRk

We shall now deduce the following estimate.

PROPOSITION 2.2. Let v be a finite measure such that v > 0. Then for any
W >0

v sm(zwx) ¢ »
g7/ Soasa2 [ T[] 3 v,
- (ej)eUy, = 27 PRIy,

Proof. Recall that Jg, = {k+1,...,¢ }. Further, by (2.12)

2

k rk 2k 1—8 2

_k _ _ 2 Y (= )

> 5 G-W =200 (1- ) > (5 )db 29
once k > ke . Similarly

r2 2 1—¢

dy > jk 2 Zk(Ck | — 4k > ( )U%Ckzq (2.25)
Je{2k, G 1}

for k large enough.
By Proposition 2.1, with m = Ry,

g)<Cr [ [1 70 :Ig].
(jvcj)€URk

Let W > 0. Then by (2.4), next (2.2)

*

K0 =s(gp) <o 2l 1 g () Tad]

(J, CJ)EURk
= Cr, X[Tow ( H g, 7) (1) : 2Wg, ]
(J CI)EURA
C - )
B s I (Towg)™ (1) : 2WIg]. (2.26)

= —1
(2w)n (j.cj)EUR,
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By (2.5)
S (Bwe) 2wik] (= ] m(x)“f{ > e*"PX}. 2.27)
(Jicj)EUR, (js¢;)EUR, pEWIR,
But
— 2 QW[ mw. o 2W_2Wx
Lwgj(x) = /Re g(2W>d —7/62 gv)dv = — 2 g( > )
Hence

*

T (Bowey)™ :2Wig ] (x)
(j:Cj)EURk

—owyrd [ g(i@)”{ > el (2.28)

(J.c;)EUR, pEIWIR,

*

And by the Parseval relation
CRk *Cj . 5

ZW 2w)7k [T (Bwe)* (1) 2Wlg, ] V(r)ds

(J,cj) €U,

‘<§m @y "k/ I #(5)"{ 3, v

(J, cI)EU p€2WIRk

T
M

sin( 20

=CRk2dk+1/R( 1)_[ ﬁj)yl{ )y eiipx}v(dX). O (2.29)
j,Cj EURk

2J 1% EZWIRk

3. Proof of Theorem 1.1

By assumption v > 0. Choose W = 2%T . Then

sin(2%)  sin(2%!1UxT)
% 28+1-ixT
But we have that
| sin ixk’ < isinxk, (3.1)
k=1 k=1

if 0 <x; <mand n>1,see[1] p.236. From this easily follows that |sinnx| < n|sinx|
for any real x and any integer n. Indeed, write x = x' + k7 with 0 <x' < w. Then
[sinnx| = |sin(nx' + nk@)| = |sinnx'| < n|sinnx’| = n|sinnx|.

Consequently

sin 2%+ 1=JxT ‘ . ’ sinxT ‘

28+ 1=ixT xT (3-2)
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By reporting and since #{Ig, } = 3% we get

25T
Ren—dy sinxT |
22“/2% V(dr) < Cg, 32 /’ “V(dx). (3.3)
And by using estimates (2.24), (2.25)
25T sinxT 37781
2. 2§kT 2CkT V(dr) < Gy e / ’ k v(dx). 34

We now estimate Cg, . By iterating inside the block of integers |Ri—1,Ry] the recurrence
relation G, = 2kUn-1=1)C2  obtained in Proposition 2.1, we obtain

Cg, = 2k{(ij71_1)+"'+(ij_1)}CI%rk )
r1

According to (2.17), we have

k{(ij71—1)+...—|—(ij—l)}Zk z (jm_l)

Rk*l <m<Rk

1
— k(G — D+t

2
As §=1+4r +2r+...+kr, it follows that

re(re+1
krk(ck—l_l)'f'kz% <kreli1 + K7 < Gl + §F <282

Thus
Cr, <22 Crl (3.5)

By successively iterating this, and since Cg, = 2, we get
Cr, < V2P HEE 2+ G (22 ) L5 (k4 4273)) } 2k 2Tk 4272
k
< D22kkGE
< .
But 74 > p* by (2.16), so that
R, < Ck =14r+2rn+...+krn < 28k,

Hence also (1+e)
Cr, <2 (3.6)
Finally,
25T 37
%/ L V(dr) < PR IO 1/ ‘SmXT e v(dv)
_2%T
e)r T "
<. 22 (1+¢€) k/ )smx v(dx) (37)
Thereby, since §; > r,
2%T or, T 7%
/Z’kT (dr) < 722" k/ ‘Smx “v(d). (3.8)
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