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REVERSE ORDER LAW FOR WEIGHTED MOORE-PENROSE
INVERSES OF MULTIPLE MATRIX PRODUCTS

ZHIPING XIONG AND YINGYING QIN

(Communicated by G. P. H. Styan)

Abstract. In this paper by using some matrix rank theories, we derive equivalent conditions
for reverse order law of weighted Moore-Penrose inverses of multiple matrix products. In
addition, we also give a variety of necessary and sufficient conditions for the reverse prod-

wet (An)ip s A1 )ig any - (A)jg g, 10 be @ {11 {12}~ {1.3M1}- {1,4My1}-,
{1,2,3M, }- or {1,2,4M, }-inverse of matrix product AjA;---A,.

1. Introduction

Throughout this paper, C™*" denotes the set of m x n matrices with complex
entries and C” denotes the set of m-dimensional vectors. I; denotes the identity matrix
of order k and O,,x, denotes the m x n matrix of all zero entries (if no confusion
occurs, we will omit the subscript). The symbols A*, r(A), #(A) and .4 (A) denote
the conjugate transpose, the rank, the range space and the null space of the matrix
A € C"™" respectively.

The weighted Moore-Penrose inverse AL’ n of A€ C™" with respect to the posi-
tive definite Hermitian matrices M € C™*™ and N € C"*" is defined as the solution of
the following four matrix equations see [1, &, 12]:

(1) AXA=A, (2)XAX =X, (3M) (MAX)* = MAX, (4N) (NXA)* = NXA.

For a subset {i, j,---,k} of the set {1,2,3M,4N}, the set of n x m matrices satis-
fying the equations (i), (j), ---, (k) from among equations (1) — (4N) is denoted by
A{i,j,---,k}. A matrix in A{i,j,---,k} is called an {i,j,---,k}-inverse of A and is
denoted by A(»/K) Tt is well known that the {1,2,3M,4N} -inverses of A is unique,
which is also called the the weighted Moore-Penrose inverse of A and is denoted by
AL. y- In particular, when M = I,, and N = I,, the weighted Moore-Penrose inverse
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reduces to the Moore-Penrose inverse of A and is denoted by A;m_ L= AT, see[1,9]. In

fact, the weighted Moore-Penrose inverse A;[L » can be obtained by the expression
-1/2 24 0-1/2 2
Al =N"VA(M'PANTI2) M2,

where M'/2 and N'/? are the positive definite square roots of M and N, respectively.
We refer the reader to [ 1, 9, 12] for basic results on the weighted generalized inverses.

Let Ay, Ay, ---, A, be n matrices such that the product AjA;---A, exists. If
each of the n matrices is nonsingular, then the product AjA,---A, is nonsingular
too and the inverse of AjA,---A, satisfies the reverse order law (A1A2---An)‘1 =
A, IA; _11 .- -Al_l. This law, however, cannot trivially be extended to the weighted
Moore-Penrose inverses of AjA;---A, when the product is a singular matrix. In other

words, the reverse order law
(A1Az - 'A”);r"[thH = (An)anMn+l (A”_l);r"fnthn o (Al);rWth (1.1

does not automatically hold, where A; € Cli*li+1 | i =1,2,---,n and M; € Ci*li =
1,2,---,n+1 are n+ 1 positive definite Hermitian matrices.

One of the fundamental research problems in the theory of generalized inverses of
matrices is to give necessary and sufficient conditions for various reverse order laws for
generalized inverses of matrix products. In 1966, Greville [4] first gave a necessary and
sufficient condition for the reverse order law (AB)" = BAT. Since then, the problem
of the reverse order law for generalized inverses was widely studied, see [2, 3, 4, 6, 10,
11, 13, 14, 15, 16, 17, 19].

In this paper, we will discuss the reverse order law (1.1) and present necessary
and sufficient conditions for (1.1) to hold. In addition, we will also study the rela-
tionship between the reverse product (An);[lmMn+1 (An,l)Lnith (A 1);[41 m, and the
weighted generalized inverse of AjA; - --A,,, providing a variety of necessary and suffi-
cient conditions for the reverse product (An)}L,'1 Myoy Anct )L}H (A )Ll o, tobea
{1}-, {1,2}-, {1,3M}-, {1,4M,,11}-, {1,2,3M,}- or {1,2,4M,, }-inverse of ma-
trix product AjAs---A,.

We first mention the following lemmas, which will be used in this paper.

LEMMA 1.1. [1, 11, 19] For any matrices A and B, such that the product AB is
well defined, the Moore-Penrose inverses of matrix products satisfy the following simple
properties:

(1). A*(AA")T = (A*A)TA* = A*(A*AA*)TA* = AT

(2). B'B(AB)'AAT = B'B(AB)" = (AB)TAA" = (AB)".

LEMMA 1.2. [9, 11, 18] Let Ac C™", GeC™"; M C™™ and N € C"™"
be two positive definite Hermitian matrices. Then

(). GeA{1,2} ©AGA=A and r(G)=r(A);

(2). GeA{l,3M} & A*"MAG = A*M;

(3). G€EA{l,4N} < GAN~'A* =N~1A%;

4). GeA{l,2,3M} = A*"MAG =A"M and r(G) =r(A);
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(5). GeA{l1,2,4N} & GAN'A* =N"1A* and r(G) = r(A);
(6). G=Aj} y < A"MAGM™' =NGAN~'A* = A* and r(G) = r(A).

LEMMA 1.3. [1,9, 12] Let A€ C™"; L, M be two complementary subspaces
of C" and Ppy denotes a projector on L along M. Then for any matrix A, we have
the following:

(1). PLuA* =A" < Z(A*) CL;

2). APLy=A< N (A)DM.

LEMMA 1.4. [1,9,12] Let A€ C™" and M € C"™™, N € C"" be two positive
definite Hermitian matrices. Then

(1. Z(AAY ) = R(A), N (AAY ) =M N (4);

(). R(A}NA) =N R(A"), N (A} \A) = N (A);

@) Al =NTRMZAN TR M AT
In addition, the following two lemmas are widely used in the context to simplify
various operations on ranks and ranges of matrices.

LEMMA 1.5. [7] Suppose A, B, C and D satisfy the following conditions:
A (B) CA(A) and Z(C*) C #(A”)

Z(C) CH#(D) and #(B*) C Z(D").
Then
, (é g) — /(A)+r(D—CA'B) (12)

LEMMA 1.6. [5] Suppose B, C and D satisfy
Z#(D) C#(C) and %#(D*) C #(B").

Then the Moore-Penrose inverse of the block matrix

0B
- (25)

t ppt ct
OB —C'DBY C
T _
J _<CD> _< Bf 0)' (14)

may be expressed as
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As the main tools in our discussion, we now state the weighted Moore-Penrose

inverse of a special n x n block matrix.

THEOREM 1.1. Let A; € Cti*livt =12, .- n and M; € Ci*li | j=1,2,.

1/2

..,n_'_

1 be n+ 1 positive definite Hermitian matrices. IfAi- =M, AL-M;rll/2 € Clixliv1 | j=

1,2,---,n and B; € Cliv<lic1 | j = 1,2,---.n—1 satisfy
Bi=Ai 1 Xip1Ai, i=1,2,---,n—1, forsome Xy, € Cliv2xli,

Then the Moore-Penrose inverse of the n x n block matrix

Ay
Ay B
1, = // )
/S
Anlen72
An By
may be expressed as
E(l,n) EQ2,n) --- E(m-1,n) E(n,n)
E(l,n—1)EQ2,n—1)---E(n—1,n—1)
(1) = : N )
E(1,2)  E(2,2)
E(L,1)
with
E(i,i)= (A)7, i=1,2,---,n
and

E(i,j) = (1) (A4) B;i-1(Aj21) Bj 2+ (A1) Bi(A))T, 1 <i< j <.

Proof. We shall use induction on n. For n =2
=24
Az By

%#(B1) C 2(Ay) and Z(Bi ) C Z(A) ).

According to (1.5), we have

Then, by the formula (1.4) in Lemma 1.6, we get

ot (—@@T@TV @*) _ (E(i

(AT o

(1.5)

(1.6)

(1.7)

(1.8)

(1.9)

(1.10)

(1.11)
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Suppose the hypothesis is also true for n — 1, that is, under the conditions in (1.5) and
the equality (1.7), the Moore-Penrose of 7,,_; in (1.6) is given by

E(l,n—1)EQ2,n—1)---Emn—2,n—1)E(n—1,n—1)
E(l,n—2)E(2,n—2)---E(n—2,n—2)
(T1)' = : S . (1.12)
E(1,2)  E(2,2)
E(1,1)

Next consider the Moore-Penrose inverse of 7;, in (1.6). First partition 7, in (1.6)
into the form
(@) Tnfl
Tn =\ 3 )
A, H

where H= (B,_|, O, ---, 0). Itis easy to see from the conditions (1.5) that

A(H) C A (B,-1) € A (An)

and
By i A1 XA Ant
0 (0 [0
R(H) = y : % C #(T)
o [0 [0

Hence, by Lemma 1.6, the Moore-Penrose inverse of 7;, can be written as

(Tn)T:< (A”()TZHI() D' (O)k>. (1.13)

According to the hypothesis of the induction for THT_l in (1.12) and the structure
of H, E(i,i) and E(i,j) in Tntl , we have

AT )" = (~E) B E(n— 1), () By B~ L= 1))
= (E(l,n),E(Z,n),---,E(n—l,n)). (1.14)

Substituting TT from (1.12) and —(A )TH (T,,—1)" from (1.14) into (1.13) directly
produces (1.7) ThlS fact shows that the conclusion of this theorem is true. [l

According to Theorem 1.1 and Lemma 1.1 (1), we can immediately get the fol-
lowing two corollaries:

COROLLARY 1.1. Let A; e Ci¥livt | i =12, nand My C*% | i=1,2,--- n+

V2AMY? i=1,2,-.n

1 be n+ 1 positive definite Hermitian matrices. Let A; =M, il
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and build an n X n block matrix by using these n matrices as follow

AlAL
Ay AAy A AL
~ /S
T —=
/

—— %k —~— —~— % —— X% *
An—/lvén—lAf—l An—l An—2
An An An Anfl

_ 0 AlAl E1 (l 15)
EA, A, S ’

where E| = (0, -, 0, I;l) and E, = (0, - 0, Ilnﬂ)*. Then the 1,1 x 1y submatrix
in the upper left corner of the Moore-Penrose inverse of T can be expressed as

*

PTIQ = (=1 (A0 An)Ar At (Armt Armihat ) Armd A
A3 Ay (A2 Ay )AL A (AL
= (1" (A (A1) (AT (1.16)
where P = (Iln+l7 o, -, 0) and Q = (I;l, o, -, 0)*. Furthermore, let

M, M1
M, M,

M= and N = . (117)

M, M,
be two n X n block positive definite Hermitian matrices. Then combining the structures

of M, N in (1.17) and the results in (1.16) with the formulas (3) in Lemma 1.4, we
have
PNTPTIMY0 = (<1 M (A (A ) (A1)

= (1" A b A Db agy e (AR agy (1118)

COROLLARY 1.2. Let T, P, O, M, N be givenas Corollary 1.1 and A=A A, ---A,.
Then

r(T) = r(A1) +r(A2) + -+ +r(An). (1.19)
RM'P0A\) CR(T),  R(N'PAy) CA(T). (1.20)

R(M'0A) CAH(T),  R(NPPAT) CR(T). (121
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s T T T
2. The relationship -between (An) My My (An—1)pr, , a, - (A1)y, oy, and the
weighted generalized inverses of A1A;...A,

In this section, applying some matrix rank theories, we will show the relation-
; il il il
ship between the reverse order prodgct (A,,) My My An=1)ag,aty - (A1)ag, g, and the
common types of weighted generalized inverses of the product AjA,---A,. For the
sake of the simplicity in the later discussion, we will adopt the following notations for
the matrix products:

1/2 1/2

A=AAy--Ay, A=M"AM, (2.1)

and
X = (A,)! A, )t (AN 2.2
( ”)MmMnH( n—l)Mn,th ( l)Mtha ( . )

where A; € Cli*liv1 j=1,2,--- nand M; € Ci* i=1,2,---,n+1 are n+ 1 positive
definite Hermitian matrices.

According to the equality (1.18) in Corollary 1.1, the matrix X in (2.2) can be
expressed as

X =(=1)"'PN"2TTM'2Q, (2.3)

where N, M, T, P and Q are defined as in Corollary 1.1. Based on the expression for
X in (2.3), we obtain the following result.

THEOREM 2.1. Let A; € Ct*livt | i=1,2,--- nand M; € C'*li i=1,2,--- n+
1 be n+ 1 positive definite Hermitian matrices. Let A, A and X be given as (2.1) and

(2.2), A =M"*AM? i=1,2,--- .n. Then X € A{1},if and only if

i+1

, (_ND:,XV Alevl*El
E>A, A, S

) =r(A) +r(A2)+--+r(A,) — r(A), 2.4)

where E|, E; and S are as in Corollary 1.1.

Proof. According to the definition of {1} -inverse and (2.3), we know that X €
A{1} if and only if

r(A—AXA) = r(A—(=1)""'APN"'T'M'/20n)
r((_l)n—lA _APN—1/2TTM1/2QA)
0. 2.5)

On the other hand, from Corollary 1.2, we have

RAM'>QA) C #(T) and Z(N~'>P*A*) C %(T™). (2.6)
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Then by Lemma 1.5, we obtain
r((—1)"'A—APN~'2TTM'2QA)

—1)""1A APN~1/2 ~

Al e ) )

n—1
- <( 1)0 ! T+ (—1)"M10/2QAPN1/2) ~r(T)
= 1T+ (=1)"M'2QAPN~"/?) + r(A) — r(T). 2.7)
By the structure of T, M, Q, P and N as given in Corollary 1.1, we further have
H(T + (—1)"M'/?QAPN~/2)

_ 0 AAE) ((-1)4 0)

r((EzA*A s >+< 0 0)

_ r(( 'A AiAy E1> 2.8)
ExA, A, S

Substituting (2.8), (1.19) into (2.7) and combining the result with (2.5), we arrive at
24). O

By a similar approach with Theorem 2.1, we can also prove the following two
theorems.

THEOREM 2.2. Let A; € C'*livt | i=1,2,--- nand M; € C"™i, i=1,2,--- n+
1 be n+ 1 positive definite Hermitian matrices. Let A, A and X be given as (2.1) and

2.2), Ai=MPAM 7, i=1,2,-- 0. Then X € A{1,2},if and only if A1, Az, -,

A, and A satisfy (2.4) and the following rank equality:
r(S) = r(A)+ r(A2) + r(As) + -+ r(Ap-1), (2.9)
where § is given as in Corollary 1.1.
Proof. According to Lemma 1.2 (1), X € A{1,2} holds if and only if
r(A—AXA)=0 and r(X)=r(A). (2.10)

In Theorem 2.1 we proved that r(A — AXA) = 0 is equivalent to (2.4). Next, we will
claim that r(X) = r(A) is equivalent to (2.9). In fact, from (2.2) we have

A, o An XA (A1)}, i1y

i i i i
A3ty by An(AnDbg, i, (A0, g, (A AL AD
A

n)Mn My (Anil)Ln—lan o (Al )LI M)
=X. (2.11)

(X
(
= (
= (
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Combining (2.11) with (2.3), we have

F(X) = (A}, AnXALAD b ary) < F(AXAL) < F(X) (2.12)
and
r(X) = r(AuXAy) = r(A,PNPTTMY2 0A)). (2.13)

On the other hand, by Corollary 1.2, we get
ZM~?QA) C (T) and Z#(N~'/?PAY) C %(T™).
Then applying Lemma 1.5, we have

r(APN~ V2T M2 0A))

T  M'204, ~
r(AnPN—lﬂ o )"0

0 AAL Ey M PA,

=r| BA, A, S o |-rT)

A,

10 AL E MPAN (1 0 0
=r|{01 -EaA, M”) EA A, S o |0 I o

00 M0 0 O -M,' A E 1

—V(T)
1/2

=r

AM;;{z
= r(S)+r(A)) +r(Ay) — r(T). (2.14)

Finally, combining the results in (1.19), (2.10), (2.13) with (2.14), we have (2.9). O

THEOREM 2.3. Let A; € Ct*lit | i=1,2,--- n and M; € C'*li i=1,2,--- n+
1 be n+ 1 positive definite Hermitian matrices. Let A, A and X be given as (2.1) and

2.2), A =M?AM;'?, i=1,2,-- .n. Then X € A{1,3M,}, if and only if

(—1)"(A)*A (A)"AjA| Er) _
V( EQAV,,*AV,, g ) =r(A2) +7(A3) + -+ r(An), (2.15)

where E|, E; and S are given as in Corollary 1.1.
Proof. From Lemma 1.2 (2), X € A{1,3M,} holds if and only if

V(A*Ml —A*MlAX) =0.
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Note that
and

A*MIAXAI(AI) My M, — = A"MA(A, )Mn M)1+1(An_1)L)1717Mn “'(Al);’llaMzAl(Al)Lth
= A"M|AX

and

V(A*Ml —A*MIAX) = r((A*MlAl —A*MlAXAl)(Al)LhMZ))
g r(A*MlAl —A*MlAXAl)
g r(A*Ml —A*MlAX)

Thus, by the expression for X as in (2.3), we have

r(A* M1 *MlAX)

(
(A*MA, — A*MAXA|)
(
(

-
A*MA; — (—1)"'A*MAPN ™' 2TTM'20A))
= r((=1)" A" MA, — A*MIAPN ™' 2T M2 0A)). (2.16)

=r

On the other hand, from Corollary 1.2, we obtain R(M'2QA,) C R(T) and
R(N~'2P*A*M,A) C R(N~'/2PA%) C R(T). Then applying Lemma 1.5, we have

r((—1)" 1A MiA, — A*MAPN ™ PTTM'204,)

M'2QA, ~
—r(T
A*MIAPN 2 (—1)y'A*m A, H(T)

0 AACE MA
=r EQAn*An S 0 - V(T)
AMAM,P 0 (—1)"ATMA,
0 0 M4,
=r| EA, A, S o |—r(T)
* —1/2 nA* —1/275*
AMAM, ! [* (1AM, ' PACE O

EA, Ay S =
=r N +r(Ay) —r(T). 2.17
(A* 12 (_pymge M1/2A1A1 E1> (A1) —r(T) (2.17)
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Further,

EA, A, S
A* 2 np* 25
AMAM, [P (—1yA"M P44, E,

( ”A*MlAM_l/zA MPAA E1>

E2A, A, s
+11/2 (—1)"A* MIAM_I/ZA M*AALE,
E2A A, S
E2A An s

Therefore from (1.19), (2.16), (2.17) and (2.18), we know that X € A{1,3M;} holds if
and only if

(R E A AALE
P((CUIASA @ AACED )4 as) 4 (4. D

EA, A, S

Notice that GAN~'A* = N~!A* is equivalent to the equation AN~ !A*G* =AN~!.
This implies that, by Lemma 1.2 (2) and (3), G € A{1,4N} if and only if G* €
A*{1,3N~'}. So from the results obtained in Theorem 2.3, we have

THEOREM 2.4. Let A; € C'*livt | i=1,2,--- .nand M; € C"™i, i=1,2,--- n+
1 be n+ 1 positive definite Hermitian matrices. Let A, A and X be given as (2.1) and
2.2), Ai=M*AM;,' >, i=1,2,---,n. Then X € A{1,4M,}, if and only if
—1)"A(A)* A\A, E
P CUAAT AACED) ) (A, (2.19)
E)A, Aj(A)* S

where E|, E; and S are given as Corollary 1.1.

Furthermore, according to Lemma 1.2 (4) and (5) as well as the results in Theo-
rem 2.2, Theorem 2.3 and Theorem 2.4, we can immediately draw the following two
conclusions:

COROLLARY 2.1. Let A; € Ci*list i =12,--- . n and M; € C'*li, i =12,
n—+1 be n+ 1 positive definite Hermitian matrices. Let A, A and X be given as (2.1)
and (2. 2) A =M"aM P i=1,2,-- n. Then X € A{1,2,3M;}, if and only if

Ay, Ay, oo, Ay and A satisfy the rank equalities (2.9) and (2.15).

COROLLARY 2.2. Let A; € Ci*livt | i =1,2,--.n and M; € C'*li, i=1,2,-,
n—+1 be n+ 1 positive definite Hermitian matrices. Let A, A and X be given as (2.1)
and (2. 2) A=M"PAM?, i=12,-. ,n. Then X € A{1,2,4M,,}, if and only if

A, Ay, oo, Ay and A satisfy the rank equalities (2.9) and (2.19).
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3. The necessary and sufficient conditions for the reverse order law (1.1) to hold

From Lemma 1.2 (6), we know that, the reverse order law (1.1):

(A1A2 h 'A")Ll My = (A");r"[mMnH (A"*I)Lnfl My (Al)Ll My
holds if and only if A and X in (2.1)and (2.2) satisfy the following three rank equalities:

r(X) = r(A), r(A*M;—A"MAX) =0 and r(M,}\A* —XAM A*)=0.

Thus, from Theorem 2.2, Theorem 2.3 and Theorem 2.4, we immediately obtain the
following key result in this section.

THEOREM 3.1. Let A; € Cl*livt | i=1,2,--- n and M; € C'*li | i=1,2,--- n+
1 be n+ 1 positive definite Hermitian matrices. Let A, A and X be given as (2.1) and
12 _1/2, i=1,2,---,n. Then the reverse order law (1.1) holds if and

(2.2), A; = M;"AM, |
only if Ay, Ay, ---, A, and A satisfy the rank equalities (2.9), (2.15) and (2.19).

In addition to the result in Theorem 3.1, we deduce another necessary and suffi-
cient condition for the reverse order law in (1.1) to hold.

THEOREM 3.2. Let A; € Cii*livt | i=1,2,--- . nand M; € C"™li | i=1,2,--- n+
1 be n+ 1 positive definite Hermitian matrices. Let A, A and X be given as (2.1) and
172 71/2, i=1,2,---,n. Then the reverse order law (1.1) holds if and

(2.2), A; = M;°AM |
onlyif Ay, Ay, ---, A, and A satisfy the following rank equality

(—1)"(A)*A(A)* (A)AA, E, B
r( EA, Ay(A) s )—r(A)+r(A2)+r(A3)+"'+V(An—1), (3.1

where E1, E; and S are given as in Corollary 1.1.

Proof. It is obvious that ALI M,., = X holds if and only if

r(Aly, w,, —X)=0.
By Lemma 1.3 and Lemma 1.4 and the structure of A in (2.1), we have

i i i
(An)ag, p,  AnAnt, g, ATAD b1, iy

= PN*'R(A*),N(A)A]J{/[I ,MHHPR(ALM*'N(A*)

— (1,2)
- PN’IR(A*),N(A)ANflR(A*)’M—lN( *)PR(A),M’IN(A*)
(1.2)

N~IR(A*),M~IN(A*)

il

My Myt

= A
(3.2)

On the other hand, from the structure of X as given in (2.2) and the equality (2.11), we
have

(A)bgy . AnXALAD by, 4y = X (3.3)
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Combining (3.2) and (3.3), we have

rAMh M1 X)

(

((A )Mm n+1(A”A§’11’Mn+1A1_A"XAl)(Al)Lth)

r(A, A M+1A —A,XAy)

r(An(A] My My — X)A1)

( -X). (3.4)

r

N

//\

My My

Thus from (2.3) and (3.4), we have

r(A;[,[thH —X)
= r(AnAly, . AL —AnXAY)
= r(AnAly, . AL+ (= 1)"APN T PTIM20A,). (3.5)

So from (3.5), we know that the rank equality r(AL,l My —X ) = 0 holds if and only if

r(AnALy, . A1+ (=1)"A, PN PTIMY20A) = 0. (3.6)
Using the matrices in (3.6), we construct a 3 x 3 block matrix:
T 10) M'204A,
G= 0 (—1)"A"AA* A*M|A, 3.7)
APNTV2 AMNPAT 0

According to (1.20) and (1.21) in Corollary 1.2, we obtain

M'2QA, T 0]
C e
7 (A*M‘/2 <% (0 (—1)"A*AA*>

1/2P*A* T
w% c%(T ~~0*~>.
AM; A 0 AA*A

and

Hence by Lemma 1.1 (1) and Lemma 1.5, we have
T* 10)
G p— A~ A~
HG) =r ( %) (—1)"AA*A)

Tt 10) M'20A
1/2 l/2 r Z o = !
o ( AN A ) (0 (—1)"(A*AA*)T> (A*Mll/zAl

= r(T)+r(A)
(= 1) A PN PTIMY2 QA + AM, P A* (A" AL )T A" M| Ay)
T)+r(A)+r(A,PN"V2T M 204, + (—1)"AnA;[41 1, A- (3.8)

71/2

=n(T
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On the other hand
0O AAE O M}%A,
EA, A, S ) )
r(G)=r S )
%) 0 (—1)"A*AA* A*M|’A,
—1/2 —1/27
aMM o am A o
0 o) o) M %A,
., E2A, A, S ) )
O —AAA| E| (—1)"A*AA" A*M| %A,
—1/2 —1/27
A, %) AMPA 0
0 ) ) M4,
| o S —EA, AA* 0
O —AAA E (—1)A*AA* A*M)?A,
—1/2 —1/27
A %) AM, A 0
—1)"A*AA* A"AA, E
_(CAAAAACED) ) (3.9)
ExA, AnA* s

Therefore, combining (3.8), (3.9) with (1.19), we have

r(AnAly, A+ (= 1)"A, PN~ V2T M2 0A1)
(—1)"(A)A(A)* (A)A1A; Ey

= LN —r(A)—r(Ay) —r(A3) — - —r(A,_1).

r( ExAy An(A)* S r4) = ridy) —rids) A1)

Let the right-hand of above equality be zero and combining the result with (3.6), we
complete the proof of Theorem 3.2. [
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