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SOBOLEV EMBEDDINGS FOR RIESZ POTENTIALS
OF FUNCTIONS IN MORREY SPACES L!VAih (R

YOSHIHIRO MIZUTA AND TETSU SHIMOMURA

(Communicated by I. Peric)

Abstract. Our aim in this paper is to deal with Sobolev embeddings for Riesz potentials of func-
tions in Morrey spaces LLVALR (R"), as an extension of Trudinger [17], Serrin [14] and the
authors [5] in the case of bounded open sets. We are mainly concerned with Trudinger’s type
exponential integrability.

1. Introduction

The space introduced by Morrey [9] in 1938 has become a useful tool of the study
for the existence and regularity of solutions of partial differential equations. Let R”
denote the n-dimensional Euclidean space. In the present paper, we aim to establish
Sobolev embeddings for Riesz potentials of functions in Morrey spaces L'"V-Pt2(R"),
as an extension of Trudinger [17], Serrin [14] and the authors [5] in the case of bounded
open sets. We are mainly concerned with Trudinger’s type exponential integrability.

Let B(x,r) denote the open ball centered at x of radius r. In particular, we set
B =B(0,1). For 0 < o < n, we define the generalized Riesz potential of order o for
a locally integrable function f on R” by

loof (x) = /R A=y = om0} ()

where yr denotes the characteristic functions of a measurable set E C R"; the integral
converges almost everywhere when

/Rn(1+|y|)°‘*”*l\f(y)ldy<°°. (1)

We set
Taf ()= [ 1=y 1" "1\ w )] 1) @
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For an integrable function # on a measurable set £ C R" of positive measure, we
define the integral mean over E by

]éu(x) dx = ﬁ/Eu(x) dx,

where |E| denotes the Lebesgue measure of E.
In the present paper, f is assumed to satisfy the Morrey condition : if 0 < v < n
and B; and 3, are real numbers, then

fo) 170Ny <1108 7)) P og(e-+) P ©)

)

for all x € R” and r > 0. We denote by L'V:B1A2(R") the family of all measurable
functions f on R” satisfying condition (3); for Morrey spaces, we refer to [9] and
[13].

The famous Trudinger’s inequality ([17]) insists that Sobolev functions in W!"
satisfy finite exponential integrability (see also [2], [4] and [18]). For another proof, see
Serrin [14]. The authors [5] gave a result on Sobolev embeddings for Riesz potentials
of functions satisfying (3) with 3, =0 in the case of bounded open sets.

Our first aim in this paper is to give a Morrey version of Trudinger’s type expo-
nential integrability for Riesz potentials of functions satisfying (3), as an extension of
[14], [17] and [5, Theorem 1.1].

THEOREM 1. Let f be a nonnegative measurable function on R" satisfying (3)

with v = o and real numbers By and By. If 0 < € < ot/2, then there exist constants
cj=C(n,ot,B1,B2,€) >0 (j=1,2) such that

(1) incase 1> By = Bs,

e 1 Inf(x) 1/(1=PB1) B
]{3(”)(64- ) exp (E <(10g(€+ |x|))/31—l32> dx < oo(1+7r7°)

forall ze R" and r > 0;

(2) incase 1= > [,

]i(w) =P (exP (cl(log(iZi()g))l—ﬁJ) dx < er(1477°)

forall ze R" and r > 0;

(3) in case By > 1,
a0 (x) ~ Ioof (2)] < e2(loge—z[~') P!

forall x,z € R" with |x—z| < 1/e.
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The sharpness of Theorem 1 will be discussed in Section 3 (see Remark 3 below).

REMARK 1. Suppose

_ 1 Iof(x) 1/(1-B1) )
]i(“)(eJr |x|) "% exp (a <(10g(e+ |x|))ﬁ1ﬁ2> dx < cp(1+r7%)

for z € R" and r > 0. Then Jensen’s inequality gives

e € Inf(x) 1/(1=p1)
]é(z’r)(€+|x|) exp (E ((10g(e+|x|))/31_/32> dx

= - €/
e (L af VOB
(;{g(m<+> ep<q((log(e+|x|))m_ﬁz) J

{ea(14rme0)}eleo
(2¢2)/%0 (14 77F)

N

<
<

when 0 < e < &.

REMARK 2. Theorem 1 (1) gives the exponential inequality by letting » — eo:

—n—¢ 1 Iof(x) =Py
fole e (5 (e shpes) Joese

with Cc3 = C(naa7ﬁlaﬂ2a8> >0.

We next give the following Morrey version of Sobolev’s type inequality for Riesz
potentials of functions satisfying (3), as an extension of [14] and [5, Theorem 1.2].

THEOREM 2. Let f be a nonnegative measurable function on R" satisfying (3)
with oo < v < n and real numbers By and B,. If p=v/(v— o) and y> 1, then there
exists a constant C = C(n,a, Vv, B, B2,7) > 0 such that

(1) in case By < 1,

I/p

(.., (Fa0) (e T ()P togle-+ Faf ) ™)) 74480 a )
< Cr og(e-t ) 1B/ logle-+.1) o7

+C(log(e+r+ |2])) P (log(e + (log(e + r+ |2])) P21y ~v/prebi/v 4)

forall ze R" and r > 0;
(2) in case B =1,
1/

(.. o) osle T () B gt R 00) )70 )

B(z,r

< Cr*V(log(e+r~ 1)) 1=7=PI/P(log(e 4 r))~1/P
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forall ze R" and r > 0;
(3) in case B > 1,
y N ~ 1/p
(J[( )(Iaf(X))”(IOg(e + 10 f ()P (log (e + (T f(x)) ! ))”aﬁ”/vdx)
B(z,r
< Cr (logle+ =) T BY/P logle+ 1)) H2/P
+C(log(e+r+z])) P+ (log(e + (log(e + r+ |2]))P2 1)) ~V/ptaba/v

forall ze R" and r > 0.

We will show that the condition y > 1 is sharp in Theorem 2 (see Remark 5
below).

For related results, we also refer to Adams [1], Chiarenza-Frasca [3] and the au-
thors [0, 7, 8, 11, 12].

2. Preliminary lemmas
Throughout this paper, let C denote various positive constants independent of the
variables in question and C(a,b,---) be a constant which may depend on a,b, - - -.

First we note the following lemma.

LEMMA 1. ([5, Lemma 2.2]) Let f be a nonnegative measurable function on R"
satisfying (3) with v = a.

() If0<e< /2, then
/ =] F(0)dy < €5 (logle+871)) s
B(x,1)\B(x,0)
(2) if By < 1, then

/ e —y|“"f(y)dy < C(log(e+871)) Pl
B(x,1)\B(x,5)

(3) if B1 =1, then
/ x—y|* " f(v)dy < Clog(log(e® + &)
B(x,1)\B(x,8)
for xeR" and 0 < 0 < 1, where C =C(n,By,€).

LEMMA 2. Let f be a nonnegative measurable function on R" satisfying (3)
with v=o.If0<e< /2, then

Lo sl )y < 8 (logle+57) P c
R"\B(x,0)

for xe R" and 6 >0, where C =C(n,o,B,2,€).
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Proof. Let f be a nonnegative measurable function on R” satisfying (3) with
v=o.If 0 <e<o/2, then we have by Lemma 1 (1)

/ =3[ (3)dy < €8 (log(e+51)) P
B(x,1)\B(x.5)

Next we will estimate [gn .1y [* —¥[* ¢~ f(y)dy. Integrating by parts and changing
to polar coordinates, we have by (3)

/ Ix y[* T T f(v)dy
R™\B(x,

— e f(y)dyr; (. s )atreen)
c/ £(log(e+r)) ﬁz{.

When 3, > 0, we have

/lw £(log(e+ 1))~ —<c/ ——C/s

Next consider the case 8, < 0. Note that s¢/2(log(e + 1/s)) P2 attains a maximum
value of eP2(—2p, /)P at s = ¢?P2/¢ . Therefore

/wr—s(log(e—f—r))_lbﬂ _ /ISE(IOg(e+ l/s))_lb@
1 - 0 p

! d
S

Hence

Thus it follows that
[ el )y < 8 logle + 7)) P C,
R"\B(x,)
where C is a positive constant depending on n, o, B, B2,e. O

LEMMA 3. Let f be a nonnegative measurable function on R" satisfying (3)
with v = o.

() If By <1 and B, < 1, then

/ |77 ()dy < Cllog(e+6~) P +-Cllogle+ b)) P+
B(0,14+2)x)\B(x,5)
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(2) if 1 =Py > B, then

/ e —y|*" £ (y)dy < Clog(log(e” +8~")) +C(log(e + |x])) P2
B(0,14+2)x)\B(x,5)

for xeR" and 0 < 6 < 1, where C =C(n,a,p1,B2).

Proof. Let f be a nonnegative measurable function on R” satisfying (3) with
v=o.If B; <1, then we have by Lemma 1 (2)

/ x = Y% £ (y)dy < C(log(e+ 8 1)) Pl
B(x,1)\B(x,5)

Next we will estimate fB(OJJrzlxl)\B(m) |x—y|*" f(y)dy. Integrating by parts and chang-
ing to polar coordinates, we have by (3)

/ = y|*"f(v)dy
B(0,1+2]x])\B(x,1)

N

/ e —=y|*" f(v)dy
B(x,143x[)\B(x,1)

on 1+3]x] 143]x| on
=l o] e [T syt
1+43|x|
(log(e-+[x)) P+ [ (tog(e+1)

C
Cllog(e+ [x])) P + C(log(e + |x]) >+
Cllog(e+ [x)) P+,

B2 ﬂ

N

r

Thus it follows that

/ = y[* 7" f(v)dy < C(log(e+ 8 1)) P! 4 C(log(e + |x]) P2+,
B(0,142|x)\B(x,5)

where C is a positive constant depending on n, o, By, B> .
The remaining case can be proved similarly. [J

As in the proof of Lemma 3, we can prove the following lemma.

LEMMA 4. (cf. [5, Lemma 2.3]) Let @ < v < n. Let f be a nonnegative mea-
surable function on R" satisfying (3). Then

Lo el )y < €87 (logle+ 1)) P log(e + 8)) P
R"\B(x,5)

SJor xe R" and § >0, where C =C(n,o,v,[B1,5:).

As in the proof of [5, Lemma 2.4], we can prove the following lemma in view of
Lemma 2.
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LEMMA 5. Let 0 < e < /2. Let [ be a nonnegative measurable function on R"
satisfying (3) with v = o. Then

/ gy e/ (W < €8 (ogle+571) P (ogle+8)) P+
B(z,

for ze R" and 6 > 0, where C =C(n, o, B1,Bs,€).

LEMMA 6. Let By < 1. Let [ be a nonnegative measurable function on R" sat-
isfying (3) with v = oc. Then

Gito = [ DI F(0)dy < Cllog(e-+ ) P
B(0,1x)\B
for x e R", where C=C(n, o, B1,52).

Proof. Let f be a nonnegative measurable function on R” satisfying (3) with
v = o.. We have

6w =i [0 ]+/( o, FONy ) (s

< Clog(e+ ) +.C [ (tog(es ) L
< C(log(e+[x) P,
as required. [

LEMMA 7. Let f be a nonnegative measurable function on R" satisfying (3)
with v = o. Then

Ga(x) = || %" f(y)dy < C(log(e + |x])) P2
R™\B(0,2]x])

for x e R"\ B, where C =C(n,a,p1,B2).

Proof. Let f be a nonnegative measurable function on R” satisfying (3) with
v = o.. We have

=k { {ra_n_l B(Qr)ﬂy)dy} :lxl +/z:\ ( B(0.r) ﬂy)dy) d(_ra_n_l)}

< Clx] /m (log(e+r))"P2r2ar
2|
C(log(e+x)

as required. [
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3. Proof of Theorem 1
To complete the proof of Theorem 1, we prepare the following results.
THEOREM 3. Let f be a nonnegative measurable function on R" satisfying (3)

with v = o and real numbers By and By with 1 > By > Bo. If € > 0, then there exist
constants ¢j = C(n, o, By, B, €) >0 (j = 1,2) such that

1 iocf( ) 1/(1=py) e
o+ exp( (e shm) s

forall ze R" and r > 0.

Proof. Let f be a nonnegative measurable function on R” satisfying (3) with
v = . Note that

[l = y1%7" = [y g ()] < Clae [y *"~

whenever |y| > 2|x|, which is derived by the mean value theorem; see e.g. [15, Section
3]. For 0 < &€ < o¢/2, by Lemmas 3, 6 and 7, we have

f = [ el = b w0 S0 d
B(0,142[x])

+ b= 31 = b n )] £0)
R™\B(0,1+2[x])

</ \x—y\"“"f(y)der/ x =y %" f(y)dy
B(x,0) B(0,142x|)\B(x,0)

wf o )y +Cl Y% )y
B(0,1+2]x])\ R"\B(0,1+2]x])

<oF [ I )y +Cllogle+87) P 4 Cllog(et ) P!
< 8y f(x) +C(log(e+67")) P! - Cllog(e + [x])) P2+
for 0 < 6 < 1. Considering
& =min{1/2, (Iy—ef(x)) /¢ (log(e + Io—ef (x)))' P1/e},

we see that

Iof(x) < Clog(e+In—e f(x))) P! +C(log(e +[x]) P,

1 Tnf(x) 1/(1=B1)
]é(z’r)(e+|x|) exp( ((log(e+|x|))ﬁ1 ﬁ2> dx

<1+ lo—ef(x)dx
B(z,r)

so that
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for z€ R" and r > 0. Hence Lemma 5 gives

—e l iaf(x) 1/(17[51)
]i(“)(e—k Ix])"“exp (a <(10g(e+ |x|))ﬁ1ﬁ2> dx

< 1+Cr¢(log(e+r")Prlog(e+r)) P +C
< C{14r¢(log(e+r~ 1) P (log(e 4 r)) P2}
< er(14r%)

for such z and r, which proves the present theorem. [J

1407

THEOREM 4. Let f be a nonnegative measurable function on R" satisfying (3)
with v = o and real numbers 1 = By > B,. If € > 0, then there exist constants ¢j =

C(n,o,Ba,€) >0 (j=1,2) such that

]é(z’r) =P <exp (cl(log(iZf—();)))lﬁz )) dx<e(l1+717°)

forall ze R" and r > 0.

Proof. Let 1 =3 > f,. For 0 < € < /2, by Lemmas 3, 6 and 7, we have as

above
Iof(x) < 8°Ia-ef(x) + Clog(log(e* + 871)) + C(log(e + [x[)) P!
for 0 < 6 < 1. Considering
§ = min{1/2, (Ia—ef(x))~"/* (log(log(¢ + In-e f(x)))) "/},
we see that
(log(e+ [x]))> ™I f (x) < Clog (log(e* +Ia-cf(x))),

so that

][l;(z,r) exp (exp (cl(log(iaf(z)))ﬁzﬂ )) dx < ][l;(u){ee +Ig—ef(x)}dx

for z€ R" and r > 0. Hence Lemma 5 gives

Jim =P (""p ( <log<§f (;C)))—ﬁw )) -

Ccr¢(log(e+r~1))"(log(e+r) P +C
02(1 + 7'728)

<
<

for such z and r, which proves the present theorem. [J



1408 Y. MIZUTA AND T. SHIMOMURA

THEOREM 5. Let f be a nonnegative measurable function on R" satisfying (3)
with v = o and real numbers ) > 1 and B,. Then

o0/ (X) = L0 f (2)] < C(log|x —z| 1) P!

Sorall x,z € R" with |x—z| < 1/e.
Proof. Let B; > 1. Write

Loof (x) —loof(z) = /

\x—y\"""f(y)dy—/ lz—y[* 7" f(y)dy
B(x2l—|) B(x,2fv—2)

+ (e =317 = = 5| ) ().
R"\B(x,2|x—z|)
As in the proof of Lemma 1, we have
/ e — | f(y)dy < C(log|x —z| 1) P!
B(x,2|x—z|)

and

/ lz—=y|* " f(y)dy S/ lz—=y|* " f(y)dy
B(x.2|x—z|) B(z,3|x—2])
< Cllog|x—z|7h)Ait!

for x,z € R" with |x —z| < 1/e. On the other hand, by the mean value theorem for
analysis, we have by Lemma 4

/ b=yl = =317 )dy
RI\B(x,2|x—2|)

< Clx—¢] =y (y)dy
R"\B(x,2]x—2])
< Cloglx—z|~H)~Pr

for all x,z € R" with |x—z| < 1/e. As a consequence we obtain

[0 (%) = Io,0f (2)] < Clog|x — 2|71 P!

for x,z € R" with |x —z| < 1 /e, which proves the present theorem. [J

REMARK 3. Let f(y) = (e+y|)~%. Then f € L1*90(R"). In fact, if r < |x[/2,
then

( f)dy <Clx|™* < Cr®
B(x,r)

and if r > |x|/2, then the inequality is easily obtained.
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We see that

Tuf(x) > C /B o € By

—c[ (et ay
B(0,]x|/3)
> Clog(e+ |x]),
so that for C; > 0,

I
][ exp (L(x)) dx > ][ (e+ |x|)¢/Crax
B(0,r) C B(0,r)

> Cle+n)7,

which implies that one can not take € =0 in Theorem 1 (1).

Further we find
= 5
_ Iaf(x) ) "
+ € d
]i(o,r) (e+]x]) “exp (( C X

> Cle4r) % {exp((C/C1)*8 (log(e +r))' ")},

which assures that the exponent 1 is sharp in Theorem 1 (1).

REMARK 4. Let f be a nonnegative measurable function on R” satisfying

1/
(.., 7O tostes fay) < (gt r ) P logle ) 5

for all x € R" and r > 0, with p > 1, v >0, g > 0 and real numbers ;,B,. Then
feLbvPrtaby (R, that is,

oy TO)y < ™ (logletr) ™A (log(e+1)) 7. ©)
B(x,r

In fact, taking @ > v when r > 1 (0 < a < v when r < 1), we have by (5)

—a log(e+f(»)\"
‘/19("=") f(y)pdy s /B(XJ’) ' pdy+ B(x,r) f(y)p ( log(e+ ria) )

< Cr"™ % +C (log(e + r_l))_pq )f(y)” (log(e+ f(y)))"dy

B(x,r

<P +Cr VP (log(e+r7 1) Bi=a)p (log(e+r)) PP,

so that Jensen’s inequality yields (6).
Hence Theorem 1 yields the following result.
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COROLLARY 1. Let f be a nonnegative measurable function on R" satisfying

o/n
(B( )f(y)”/“(log(e+f(y))”q/°‘dy> <Cr " (log(e+ 1)) P

for all x € R" and r > 0, where q > 0. If € > 0, then there exist constant cj =
C(n,a,q,B,€) >0 (j=1,2) such that

(1) incase 0 < g+ B <1,

1 Iof(x) 1/(1—q—B) .
]i(z7r)(€+|x|) eXp( (W) dx < ca(14r7%)

forall ze R" and r > 0;

(2) incase g+ B =1,

uf () .
froo (o0 (st ) st o)

forall ze R" and r > 0;
(3) incase g+ B> 1,
o0 () = oof (2)] < Clloglx—z[ )7
forall x,z € R" with |x—z| < 1/e.
4. Proof of Theorem 2
For y> 0, let
py(r) =r"(log(e+r 1)) ¥(log(e+r))"
For a proof of Theorem 2, we prove the following lemma.

LEMMA 8. Let oo < v <nand y> 1. If f is a nonnegative measurable function
on R" satisfying (3), then

Jo (o Pty ) s <. ogte-t-r-4)+ logle 1)
B(z,r) R”
SJorall zeR" and r > 0, where C=C(n,Vv,B1,B,7).

Proof. Let f be a nonnegative measurable function on R”" satisfying (3). Write

/Py lx—v)f )dy—/ rpy(lx—yl)f(y)der py(|x =) f(y)dy

(z.2r) R™\B(z,27)
= Hj(x) + Ha(x).
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By Fubini’s theorem, we have by (3)

H(x)dx
B(z,r)

<[ ( L py<|x—y|>dx) )y

) /B(z,Zr) </B<y.,3r> b= [ (log(e + v —y| 7)) " (log(e + x - yl))”“) F)dy

< Cllogle+r) 7 [ f(y)ay
B(z,2r)
< "V (log(e+ r )Y Prtl(log(e + 7)) P2

For H,, we have by (3)

B(z /B (/RH\B“ (|x—>’|)f(y)dy>dx

<cr {[ ogle-+11) logle 1) 7 [ 0l

([, Fo ) atpyon }
dt

< Cr"/ t_v(log(e+t_1))_ﬁ1_7(10g(e+t))_/32_77

< O (logle 1)) P (loge+ 1) P27,

=

r

Thus this lemma is proved. [

LEMMA 9. Let ® be a nonnegative continuous function on (0,0) such that r*®(r)
is almost increasing for some 0 < a < n, that is,

ro(r) <Crio(r) whenever 0 < ry <ry.

Then
][ o(|x]) dx < Co(|z] +r)
B(z,r)

forall ze R" and r > 0.

Proof. If x € B(z,r), then |x| < |z| + |z — x| < |z| 4+ r, so that
x“@(lx]) < C(|z] +r)“o(|z] + 7).

Hence we obtain

][ (u(|x|)dx<C(|z|+r)“a)(|z|+r)][ x|~ dx
B(z,r) B(z,r)

9

Co(fz[+r)
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by considering two cases (i) r < |z|/2 and (i) r > |z|/2. O

Proof of Theorem 2. Let f be a nonnegative measurable function on R” satisfying

(3) with ¢ < v <n. Let
0= [ prlx=3)f )y

Y
v—a’
As in the proof of Theorem 1 (1), we find by Lemmas 4, 6 and 7,

Taf ) = [ eyl b 0] ) dy
B(0,1+2]x|)

and

p:

+/ b= 31" = 1 w0 1)
R™\B(0,1+2[x])

< / lx—y|* " f(y)dy + / lx —y|* 7" f(y)dy
B(x,8) R™\B(x,5)

+ pI% " (3)dy +Cl 1% o)y
B(0,1+2[x)\B R™\B(0,1+2[x])
< C8%(log(e+ 87 1))Y (log(e + 8))"Jy(x)
+C8% V(log(e+ 6 1))Pr(log(e+ 8)) P2 + C(log(e + |x])) P21
for 6 > 0. Considering
8 = Jy(x) ™Y (log(e + Jy(x))) " TP (log (e + Jy(x) 1)) "RV,
we see that
Iof(x)
< Cly(x) V=Y (log e + Ty (x))) TV~ AV=2Bi/V (log e + gy (x) 1)) 1V - @)/ v moba/v
+C(log(e+ [x])) P!
= CJy(x)"/P(log(e + Jy(x)))"/P~P1/Y (log (e + Jy (x) 1)) VPPV
+C(log(e+ [x])) P11,

so that

o ) 108+ T (09)) 171 oge-t (T () ) 117 21 e

SC/ Jyxdx
Zr

+C/ {(log(e + |x])) P (log (e + (log(e -+ [x])~>+1)) ~7/rrob/v

(log(e+ (log(e+ x|y~ 1)) 77/Prof/VyPay
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forall z€ R" and r > 0. Hence Lemmas 8 and 9 give
o e () ozt Fag (3)) /PP o+ (T )~ )) 1
B(z,r)

< Cr¥(logle+r~)) B+ (log(e + 1) -
+C{(log(e +r+ 21)) "B+ (log(e + (log(e + r+ |z|)) P21y~ 1/p+abi/v
(log(e + (log(e + -+ [¢]))P2-1)) V/r+ab/vyr

forall z € R" and r > 0, which completes the proof of Theorem 2. [J

REMARK 5. In general, (4) does not hold when y=1.
To show this when n = 2, we consider

F) = fy1,2) = v2] ' (log(e+ ly2| 1)) ' (log(e +log(e + [y2| 1))
with 1 < 6 <2 — . Then

fo, 70Ny

c [ _ o s _
< 7/0 [yl ™ (log(e + Iy2| 1) (log e+ log(e + [y2] ™)) ~Pdy2 < Cr!

-6

for x € B. For 0 < o0 < 1, consider the potential

af(0) = 1af () = [ [e=31"2f()
Here we may assume that x, # 0. Setting

O(x) ={y= (y1,y2) € B: [x1 —y1]| < |x2],[y2] < [x2l},

we note that

Inf(x) > —y[*2f(y)d
16) > [0y
> Clxp %72 d
> Clxy| /Q . f(y)dy

2
> Cleal [ yal " (togle-+[yal ™)) log(e+ log(e+ o] 1)) Pz
> Chao| (log(e +log(e + 1ol 1)),
so that
L T 0P (et T () (et (Faf () )
>C [ bl (log(e-+ log(e+ =) PP (log(e -+ [xo| 1)) dx
B(0,1)

when p=1/(1—o),v=1land 1 <6 <2—q.
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