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WIENER TYPE THEOREMS FOR FOURIER-VILENIKIN SERIES
WITH NONNEGATIVE COEFFICIENTS AND SOLID SPACES

S. S. VOLOSIVETS

(Communicated by J. Marshall Ash)

Abstract. In the present paper we show that L? -integrability near zero of a function on Vilenkin
group G with nonnegative Fourier-Vilenkin coefficients implies L -integrability on G, if p is
even integer. This is an analog of N. Wiener-S. Wainger result. A refinement of Hausdorff-
Young-F. Riesz inequality is obtained and several examples concerning embeddings of solid
function spaces on G are given.

1. Introduction

Let {¢x};, be an arbitrary orthonormal system on [a,b] such that |@,(x)| <M
forall n € Zy and x € [a,b]. Since LP[a,b] C L'[a,b] for p > 1, we define the n-th
Fourier coefficient of a function f € LP[a,b], 1 < p < e, by

b
(fr o) = (b—a)”/a Jioraors

The following theorems are well known (see [3, Chap. II, §3] and [19, Chap. XII, (2.3)
and (3.19)]).

THEOREM A. (F. Hausdorff — W. H. Young — F. Riesz) Let 1 < p < o and

1/p+1/p'=1.
) If1<p<2and f€Lla,b)], then

- 1/p
(Z (f»(Pn)|p> <]‘/12/[)_1”fHLp[a,b]'
n=0

(i) If 2 < p < oo and {c,};;_ is a sequence in C such that Y, |cal?' < oo, then
n=0

there exists f € LP[a,b] such that (f, @) = cx, k € Z4, and

- 1/p
11 2r(as) < M2/P7 (Z (ﬂ%)l”) :

n=0
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THEOREM B. (G. Hardy - J. E. Littlewood — R. Paley) (1) If 1 < p <2 and
f € LP[a,b], then

- 1/p
(2 I(f,<Pn)”(n+1)”2> < C[|fllzrjap)-
n=0

(i) If 2 < p < oo and {c,};_ is a sequence in C such that Z leal?(n+1)P~2 <
n=0
oo, then there exists f € LP[a,b| such that (f, @) =ci, k € Z+, and

- 1/p
£l zrfap) < C (Z |(fs )] (n+ 1)”2> -

n=0

Let T be the interval [—, 7r]. In this section we denote the complex trigonometric
Fourier coefficients of f € L'(T) by f(n). For p > 1 let
Ly (T)= {feLl(T) f(n)=0,ne, and/ (x)|Pdx < e forsome 6>O}

N. Wiener proved a theorem concerning power series with positive coefficients
(see [5] or [17]) which is equivalent to the following proposition.

THEOREM C. If f € L? . (T), then f € L*(T).

S. Wainger [17] noted that Theorem C is also valid for p = 2n, n € N, but it is
false for all 1 < p < 2. H. S. Shapiro [13] established a general result providing that
for p>2, p#2n, neN, the property f € L], . (T) does notimply f € LP(T). J. M.
Ash, M. Rains and S. Vagi [1] obtained an extension of Theorem A (i) for the case of
trigonometric system.

THEOREM D. If 1 < p<2and f € L],  (T), then ¥, |f(n)|"' < oo.
nez

loc+(

Recently, J. M. Ash, S. Tikhonov and J. Tung [2] considered so called solid spaces
X (T) with the following property: if f € X(T) have Fourier series ¥,z c,e™ and
|d,| < |cu| forall n € Z. , then g(x) with Fourier series ¥,z d,e™ belongs to X (T).
Earlier, a similar property with condition |d,| < ¢, was called the upper majorant prop-
erty (see [4] or [8]). G.Bachelis [4] gave many conditions equivalent to the upper
majorant property. The main positive result in [2] is

THEOREM E. If LP(T) C X(T), 1 < p < e, and X(T) is a solid space, then

L. (T) CX(T).

Theorem E is a generalization of Theorem D. Also, [2] contains several coun-
terexamples concerning embeddings between L . (T), LP(T), [ P(T):={feL/(T):
3 [F(n)|”" < oo} and HLP(T) := {f € L'(T): ¥ |f(n)|P(|n| +1)?~? < o} . The aim
nez nez
of the present paper is to obtain results similar to Theorems C-E and to refine Theorems
A and B for the character system of Vilenkin group of bounded type.
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2. Definitions

Let P={pp}pen CNand 2 < p, <N forall n €N, my:=1, my=p;...pu
for n € N. For all k € N we denote by Z(py) the discrete cyclic group of order py
with elements 0, 1,..., py — 1. The complete direct product of Z(p;) will be denoted
by G = G(P), where G is a compact abelian group with addition + and with Haar
measure dx (|G|, the measure of G, is equal to 1.) Elements of G has the form x =
(x1,%2,...), where x; € Z(p;), ie N. If G, ={x € G:x; =x; =... =x, =0}, then
G, is a subgroup of G = Gy whose Haar measure is equal to 1/m,,. It is well known
that {G,};"_, is a base of topology in G and that characters of G form a complete
orthonormal system G = {xn(x) }nez, in L'(G). Moreover, if ri(x) := exp(2mix/pi)
for x € G and

n= anmk_l, nkGZ(pk)7 keN, (1)
k=1

then y,(x) = H % (x). Letus note that yo(x) =1 on G. If f € L'(G), then its Fourier

coefficients and pamal Fourier sums are
- n—1 R
0= [ FOmd keZi, S0 =X FuE, neN. @)
k=0

A n—1
Further we use notation f (k) in the sense of (2). Let D, := Y, xx, n € N, and A¢(f) :=
k=0

my—1
> f)x. k€N, Ag(f) := f(0). It is well known that D,,, = m,Xg, , where X is

i= =mj_1
the indicator of E (see [7, §1.5]). If n,r € Z. are represented in the form (1), then by
definition

n®r=s=Y sim_1, sx€ZLpr), sx=m+rp (mod py).
=1

The set Z. with operation & is a group. The inverse operation © is defined simi-
larly. It is easy to see that Y, X = Xnor, XnXr = Xnor for all n,r € Z,. . Since y, are
characters of G, we obtain y,(x+y) = )(n( ) %n( ) and y,(x—y) = xn(x)xn(y) forall

neZ,, x,y€G. If fcL'(G) and g = 2 ai)i is a polynomial with respect to the
i=0

system {x;}7 ., then

n—1

za,/f DB =S afken= ¥ af().  ©)

i®j=k

where a; = 0 for i > n. Main properties of {x;}7, may be found in [14] and [7, §1.5].
A pseudomeasure on G is a linear continuous functional on A(G) = {f € L'(G) :

> |f(i)| < e}. If F is a pseudomeasure (F € PM(G)), then it may be considered
i=0
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as a formal series 2 a;)i, such that sup |a;| < e and for g € A(G) we have F(g) =
i€Zy

2 a;§(i). In particular, F(n) = F (%) = an, n € Zy. .
i=0

The space L?(G) consists of measurable complex-valued functions f with finite
norm || ]|, = (fg |f(x)|Pdx)'/? for 1< p < o and ||f]l = esssup{|f(x)| : x € G}
If f € LP(G,)NLY(G) for some n € N and f(k) >0 for all k € Z, , then we write
feL], . (G). Let 2, ={f €L'(G): f(k) =0,k >n} and E,(f), = inf{|| f — ]| :
th € Py}, ne€N.If 1 < p,r<oe, a>0, then the Besov space Bgﬂ, consists of all
f € LP[0,1) with the property

1/r
||fBg,:||fp+<zmer ) .

for 1 <r <eoand ||fllgg. = [[fllp+ sup myEn,(f)p < oo for r=co. Wesay f €
k€Z+
(BY )ioc» if fDm, € By, for some n € N.

If the values A and B depend on a parameter, then the expression A < B means
that C1A < B < (LA for some constants C, > C; > 0 which are not depended on the
parameter.

3. Auxiliary propositions

The following counterpart of famous Littlewood-Paley theorem [19, Chap. XV,
(2.1)]1is valid only for bounded {p;};, and is due to C.Watari [18].

o 1/2
LEMMA 1. (i) Let f € LP(G), 1 < p < oo, and Q(f) = <k§O|Ak(f)2> . Then

£l = 12U lp-
(ii) If for p € (1,00) and the series Y, a;)i the inequality
i=0

) 1/2
= mkfl
L={|Y| Y ax| +laol < oo
k=1 |i=my_;
P

holds, then there exists f € LP(G) with f(k) = ay, k € Z, and ||f||, < CI
Lemma 2 is a variant of Minkowski inequality (see [6]).

LEMMA 2. Let g = {gi}y_,, where g € LP(G), k€N, 1 < p,q < oo and

- 1/q - 1/q
gllzra) = (nglq> ; gzq<Lp>=<ngIIZ> -
k=1 k=1
p
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Then the inequality HgHLp 2) = llgllapp) is validfor 1 < p <2.1If p >2, then we have
HgHLI’ 2) S HgHﬂ Lp)

Lemma 3 is the particular case of Theorem 9 in [15].

LEMMA 3. Let 1 < p < oo, {an};_y | 0. Then S(x) = §, an)n(x) belongs to

n=0

L?(G) if and only if § ah(n+1)P2 < oo,
n=0

Lemma 4 follows from lemma 1.

LEMMA 4. Let 1 < p <o, {a;}7, C C. Then S(x) = i ai)m; (x) belongs to

i=0

LP(G) if and only if §, |a;|* < o
i=0

Proof. If S € LP(G), then |Ay(S)| = |ak—1], k € N, and Ag(S) = 0. By Lemma
1 (i) we obtain Y, |a;|> < oo. The converse assertion easily follows from Lemma 1
i=0
(). O

Lemma 5 is known (see, for example, Lemma 11 in [16]).

LEMMA 5. Let 1 < p,r<ee, a> 0. The norms ||f||pg, and

k=0

- 1/r
1705 = sl + (2 S, () —smk<f>||p> for 1<r<e
(or Hf||g’¢§) =|fll,+ sup M| Sy, (f) = Sy ()| p for r = o) are equivalent.

4. Main results

Theorem 1 is an analogue of C. N. Kellogg’s result [10], who used in its proof
HP -multiplier results of J. H. Hedlund [9].

THEOREM 1. () If 1 <p <2, f€LP(G), 1/p+1/p =1, then

1/2

my—1 2/p'
I2+2< >\ ) <)/l
i=my_|
(i) Ifp=2,a={a}7,CCand
w [ -1 2/p\ 1/
a2 = lao|* + > ( > ai|pl> < oo,
k=1 \i=my_

then there exists f € LP(G) with f(k) = a, k € Z+, and || f]|, < C2(p Mall -



1420 S.S. VOLOSIVETS

Both inequalities of Theorem 1 are sharpenings of corresponding inequalities from
Theorem A for the case of Fourier-Vilenkin systems of bounded type.

Proof. (i) Using Lemmas 1 (i), 2 and Theorem A(i) for {y;};, we obtain

oo 1/2 1/2
wp>a<2mmv> ( 2+2Akﬂ
k=0
p

N 1/2

my— 1 , 2/17
= C |2+2< 2 )

I=my_1

Applying inequality p’ > 2 and Jensen inequality, we see that

my— 1 2/[7/ 1/2 - M- 1 1/17/
o3 (g) ) for 53 )
1=my_1 =li= my_1
- 1/p
= (Z,f(i)l”)
k=0

and the statement of Theorem 1 (i) is a sharpening of Theorem A (i) for the case of
Fourier-Vilenkin systems of bounded type.
(i) Due to Lemmas 1 (ii), 2 and Theorem A (ii) we have

o 1/2 1/2
1fllp < Ca (ZIAk(f)2> ( \2+ZHAk 2)
k=0
P

~ _ 1 2/p 1/2
<@LMW+2<2|mW> .

Using inequality p’ < 2 and Jensen inequality we conclude that

m—1 ., 2/p | / 1/p
|2+2< > If ) < (f(o)lp +;|f(i)|p>

I=my_1
and the statement of Theorem 1 (ii) is a sharpening of Theorem A (ii) for the case of
Fourier-Vilenkin systems of bounded type. Theorem is proved. [

1/2

Using Theorem B for the system {;}, we can similarly establish the following
theorem.
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THEOREM 2. () If 1 < p <2, f € LP(G), then

1/2

my, 1 2/p
F+2<§1 W”) <CIIfp-
=My
() If p=2, a={ai};(CC and
oo mk_l 2/17 1/2
llall 2 = \ao|2 + 2 2 \a,‘|pi1”2 <o,
k=1 \i=m;_;

then there exists f € LP(G) with f(k) = ax, k € Zy, and ||f||, < Ca(p)||al|jypa-

Theorem 3 is an analogue of Theorem E for Vilenkin groups. The notion of solid
space X (G) is introduced similarly to that of X (T).

THEOREM 3. If 1 < p < oo, LP(G) C X(G) and X(G) is a solid space, then
L. (G) CX(G).

Proof. Let f €Ly, . (G), then fD,, =m,fXg, € L?(G) for some n € N. Since
mp—1

Dy, = Z xi and Dmn (0) =1, by (3) we have

7D (k i Fke D, () = Fk) 20, keZ.. )

Thus, fD,,, € X(G) and f € X(G), since X (G) is a solid space. Theorem is proved. [J

DEFINITION 1. If f € L'(G), 1 < p < oo, and for £ = { (i)}, we have |[f],» <

oo (||f]|,yp2 < o), then it is said that f belongs to I72(G) (HLP*(G)). Similarly, if
1/p

N T .
t, = (£ 1707) <= = (£ 0PG+172) <o, then i

said that f belongs to I7(G) (HLP(G)). If it is necessary, the condition f € L!(G)
may be substituted by f € PM(G).

COROLLARY 1. If 1 < p<2,then L',  (G)CIP"2(G) CI”(G) and L?

HLP?(G) C HL?(G).

Proof. 1tis clear that [72(G), HLP2(G), I (G), HLP(G) are solid spaces. By
Theorems 1 and 2 we see that L”(G), 1 < p < 2, is contained in all these spaces. Right
embeddings are also established in the proof of Theorem 1 and Theorem 2. In virtue of
Theorem 3 we obtain the assertion of Corollary 1.

loc+ loc+ (G) -

REMARK 1. A dual proposition to Theorem 3 (if 1 < p <, X(G) C L(G),
then X, (G) ={f € X(G): f(i)>0,i€ Z,} C L}, (G))is trivial.

Theorem 4 extends Theorem C and Wainger’s positive statement from [17] onto
Vilenkin groups.
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THEOREM 4. If p=2m, m €N, then L  (G) C L?(G).

loc+

Proof. Let p=2m, me N, and f € L7 (G). From (4) and Parseval identity it
follows that

o [, 15O ax= 1Du = 3 17 (O > X VO = 1713

k=0

if f € L%(G,). Thus, we obtain inequality ||f]l> < |G| " (J5, |f(x)[2dx)"/?, where
|G| is the Haar measure of G,. If p=2m, m e N, then f € L] . (G) implies f™ €

L},..(G). Indeed, the condition f € L*"(G,), n € Z, means that |f"|* € L'(G,).

J

For arbitrary g,h € L*(G) and S;(g) = Z &(i)y; we obtain by Cauchy-Bunyakovsky-
=0

Schwarz inequality and (3) that gh € Ll( ). hm lh(g—S;(g))ll1 =0 and

hg(k) = lim S = lim 2 gh(koi)= ig(i)fz(k@z)
i=0

Jj—oo /4»00 h

Hence, if f(k) >0, k € Z,, then fi also have non-negative Fourier-Vilenkin co-
efficients for all i € N and f™ € L7, .(G). By just proved assertion we find that
f™ € L*(G) and f € L*"(G) = L?(G). Theorem is proved. [J

Theorems 5 and 6 are close to Theorems 4 and 7 from [2], where the spaces
HLP(T) and [P (T) are considered.

THEOREM 5. (i) There exist fo € HLP2(G)\1P"2(G) for 1 < p <2 and gy €
17'2(G) \ HLP(G) for 2 < p < oo.
(ii) For 2 < p < eo there exists f € Ly, (G)\ (HLP2(G)UIY' (G)).

Proof. (i) Let us consider f, = 2 im%xm, with o¢ > 1/2. Then by Lemma 4 we
i=1

have f, € LP(G) forall 1 < p <. Since

my—1 2/17,
(2 Iﬁx(i)lpl> = (k=172 k=2,

=my_y

and

mp—1 2/p
(Z |ﬁx<z’>|ﬂﬂ’-2) = (k=) {7, k2,

i=ny_|

we find that f, € (7"2(G)\ HL?*(G) for p>2 and ot > 1/2. If 0 < ot < 1/2, then
we can consider f, as pseudomeasure (see Definition 1) and for 1 < p < 2 we obtain
that f, € HLP?(G)\ 17 *(G).
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(i) Using fy from (i) with a € (1/2,1/p’) again, we see that f, € L)

l()c+(G) by
Lemma 4, fy ¢ HL"(G) by (i) and

> | fal)l = Xk =

i=m1 k=1

Theorem is proved. [J

THEOREM 6. For 1 < p < 2 there exists fy € I”2(G)\ LP(G). Also, we have
fo €1P"2(G)\ HL(G).

Proof. Let us consider fo = ¥ i /7 (Ini)~%y;, o0 > 0. Since i /#'In"%i | 0,
i—2

then by Lemma 3 we have f, € LP(G) if and only if Z i'=P(Ini)=*PiP~2 < 0. Hence,
=2

for o =1/p wehave f\,, ¢ L?(G) and f,, ¢ HL? (G ) while fi,, €L"(G), re (1,p).
Since for k > 2

mk—l 2/pl mk—l 2/17,
( Y |f1/p(i>|P> << Y i‘(lni)”f’)

i=ny_| i=ny_|

my—1 2/p
(k rlp 2 ) <Gk, (5)

thl

we see that fi/, € lpl'z( G). In the last inequality of (5) we use the boundedness of
{pi}, . Theorem is proved. [J

REMARK 2. The question of validity for Vilenkin groups of S. Wainger and H. S.
Shapiro results noted after Theorem C in Introduction remains open.
Now we give an analogue of Paley theorem [12], concerning the case p = oo.
THEOREM 7. If f € Ly, .., thenits Fourier series 3, f (k)xx converges absolutely
k=0

and uniformly on G.

Proof. Under condition of Theorem 7 we have fD,,, € L*(G) for some n € N.
Using (4), we obtain for arbitrary j € N

mj—1 mj—l

2 F) <Y Doy () = Sy (D )(0) = Sy (D) < /Do, | < .

k=0
Since 7 is independent of j and f(k) > 0, we conclude that E |f(k)| < oo. Here we
k=0
use the following properties: 1) for ¢ > 0 and x € G

n—1 n—1 n—-1
)| <Y a(0)=> a; and X)|| = 2 ax;
k=0 k=0 w k=0
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and 2) Sy, (f)(x) = m; fx+G,- f(t)dt for x € G (see [14]). The property 2) gives in-
equality [|S,,, (f)||e < |||l Theorem is proved. [

The last theorem is an analogue of Theorem 3.6 from [11], where the case p = oo
is studied.

THEOREM 8. Let 1 <r <o, o0 >0, p=2 or p= oo (correspondingly, p' =2
or p'=1)and f € L”(G) suchthat f(k) >0, k € Z. The following three statements
are equivalent.

(a) fe (Bgr)lac ;

(b) f € By,
. mj+1—1 R , r/p/ 1/r
© [ Smer ("3 (G <o,
j=0 k=m
~ m '+l_1 N
Proof. Since f(k) > 0, we obtain Sy, () = S (f)]l= = ;; 7(k) and
mjy1—1 1/2 ]
J N
[Sm; 1 () = Sm; ()2 = kZ (f(k))? . Therefore, equivalence of (b) and (c)
—y

follows from Lemma 5. It is clear that (b) implies (a). Let (a) holds for p = e and
fDm, € BS‘W for some n € N. In virtue of (4) we have

= =
A

En,(f)e= 3 F) <Y, fDuy(K) = Eny(fD,)eo

k=mj k=mj
and || f||pe, < || fDm, ||, - For p =2 similarly we obtain

= 1/2 1/2

En(f2=| 3 F®)?) <| 3 (Dmk)?) =En(fDu,):

k=mj k=mj

oo

and ||fHBZ’ < || fDm, ”B%r' Thus, (a) implies (b). Theorem is proved. [
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