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A NEW MULTIPLE HALF–DISCRETE HILBERT–TYPE INEQUALITY
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(Communicated by I. Perić)

Abstract. By using the way of weight functions and technique of real analysis, a new multiple
half-discrete Hilbert-type inequality with the best constant factor is given. As applications, the
equivalent forms, operator expressions as well as some reverse inequalities are also considered.

1. Introduction

Suppose that am , bn � 0, a = {am}∞
m=1 , b = {bn}∞

n=1 ∈ l2 , ||a|| = {∑∞
m=1 a2

m}
1
2

> 0, ||b|| > 0, we have the following well known discrete Hilbert’s inequality (cf. [1])

∞

∑
m=1

∞

∑
n=1

ambn

m+n
< π ||a||||b||, (1)

where the constant factor π is the best possible. Moreover, for f (x) , g(y) � 0, f ,g ∈
L2(R+), || f || = {∫ ∞

0 f 2(x)dx} 1
2 > 0, ||g|| > 0, we still have the following Hilbert’s in-

tegral inequality ∫ ∞

0

∫ ∞

0

f (x)g(y)
x+ y

dxdy < π || f ||||g||, (2)

with the same best constant factor π . Inequalities (1) and (2) are important in analysis
and its applications (cf. [2]–[8]). Hilbert’s inequality may be classified into several
types (discrete, integral, half-discrete etc.). On half-discrete Hilbert-type inequality,
Yang [9] gave the following inequality with the best factor π recently:

∫ ∞

0
f (x)

∞

∑
n=1

an

x+n
dx < π || f ||||a||, (3)

It is significant to generalize Hilbert-type inequalities into multiple forms. In re-
cent years, some results have been obtained ([10]–[17]). In 2005, Yang [18] gave a mul-
tiple Hilbert-type integral inequality as follows: If n∈N\{1} , pi , ri > 1, ∑n

i=1(1/pi)=
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∑n
i=1(1/ri) = 1, λ > 0, 0 <

∫ ∞
0 xpi(1−λ/ri)−1

i f pi
i (xi)dxi < ∞ (i = 1, · · · ,n), then

∫ ∞

0
· · ·
∫ ∞

0

1

(∑n
i=1 xi)λ

n

∏
i=1

fi(xi)dx1 · · ·dxn

<
1

Γ(λ )

n

∏
i=1

Γ
(

λ
ri

){∫ ∞

0
x

pi(1− λ
ri

)−1
f pi
i (x)dx

} 1
pi

, (4)

where the constant factor 1
Γ(λ )

n
Π
i=1

Γ
(

λ
ri

)
is the best possible.

Until now, we have obtained only few multiple Hilbert-type inequalities. It is not
an easy job to find new forms of such inequalities. In this paper, by using the way
of weight functions and the technique of real analysis, a new multiple half-discrete
Hilbert-type inequality is given. As applications, the equivalent forms, operator expres-
sions as well as some reverse inequalities are also considered.

2. Some Lemmas

LEMMA 1. (cf. [19], (9.1.1)) If m∈N , pi �= 0,1 , (i = 1, · · · ,m+1) , ∑m+1
i=1

1
pi

= 1,
then

A :=
m+1
Π
i=1

[
xpi−1
i

m+1
Π

j=1( j �=i)
x−1

j

] 1
pi

= 1. (5)

Proof. We find

A =
m+1
Π
i=1

(
xpi−1+1
i

m+1
Π
j=1

x−1
j

) 1
pi

=
m+1
Π
i=1

(
xpi
i

) 1
pi

(
m+1
Π
j=1

x−1
j

) 1
pi

=
m+1
Π
i=1

xi

(
m+1
Π
j=1

x−1
j

)∑m+1
i=1

1
pi

=
m+1
Π
i=1

xi
m+1
Π
j=1

x−1
j = 1.

Hence we have (5). �

LEMMA 2. If c > 0 , n ∈ N , then

∫ c

0
(lnx)n dx = c

n

∑
i=0

(−1)n−i n!
i!

(lnc)i . (6)

Proof. We prove (6) by mathematical induction. For n = 1,∫ c

0
lnxdx = (x lnx− x) |c0+ = c(lnc−1).

Assume that (6) is valid for n = k−1, i.e.

∫ c

0
(lnx)k−1 dx = c

k−1

∑
i=0

(−1)k−1−i (k−1)!
i!

(lnc)i .



A NEW MULTIPLE HALF-DISCRETE HILBERT-TYPE INEQUALITY 1473

Then for n = k , we have∫ c

0
(lnx)k dx = x(lnx)k |c0+ − k

∫ c

0
(lnx)k−1 dx

= c(lnc)k − ck
k−1

∑
i=0

(−1)k−1−i (k−1)!
i!

(lnc)i

= c
k

∑
i=0

(−1)k−i k!
i!

(lnc)i .

Hence (6) is valid. �

LEMMA 3. Suppose that s,t ∈ R+ , k ∈ N , a = min{s,1} , b = max{s,1} , then

∫ ∞

0

min{s,t,1}
max{s,t,1}

(
ln

min{s,t,1}
max{s,t,1}

)k

t−1dt

=
a
b

[
−
(
ln

a
b

)k+1
+2

k

∑
i=0

(−1)k−i k!
i!

(
ln

a
b

)i
]

. (7)

Proof. In view of (6), we have

∫ ∞

0

min{s,t,1}
max{s,t,1}

(
ln

min{s,t,1}
max{s,t,1}

)k

t−1dt

=
∫ min{s,1}

0

t
max{s,1}

(
ln

t
max{s,1}

)k

t−1dt

+
∫ max{s,1}

min{s,1}
min{s,1}
max{s,1}

(
ln

min{s,1}
max{s,1}

)k

t−1dt

+
∫ ∞

max{s,1}
min{s,1}

t

(
ln

min{s,1}
t

)k

t−1dt

=
1
b

∫ a

0

(
ln

t
b

)k
dt +

a
b

(
ln

a
b

)k ∫ b

a
t−1dt +a

∫ ∞

b

(
ln

a
t

)k
t−2dt

=
2
b

∫ a

0

(
ln

t
b

)k
dt− a

b

(
ln

a
b

)k+1

= 2
∫ a/b

0
(lnx)k dx− a

b

(
ln

a
b

)k+1

=
a
b

[
−
(
ln

a
b

)k+1
+2

k

∑
i=0

(−1)k−i k!
i!

(
ln

a
b

)i
]

.

Hence (7) is valid. �

LEMMA 4. For m,n ∈ N, define the weight functions ωi(xi) (i = 1, · · · ,m) and
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ωm+1(n) as follows:

ωi(xi) :=
∞

∑
n=1

n−1
∫ ∞

0
· · ·
∫ ∞

0

min1� j�m{x j,n}
max1� j�m{x j,n}

×
m
Π

j=1( j �=i)
x−1

j dx1 · · ·dxi−1dxi+1 · · ·dxm, (8)

ωm+1(n) :=
∫ ∞

0
· · ·
∫ ∞

0

min1� j�m{x j,n}
max1� j�m{x j,n}

m
Π
j=1

x−1
j dx1 · · ·dxm. (9)

Then we have
ωm+1(n) = (m+1)!, (10)

0 < (m+1)!(1−θi(xi)) < ωi(xi) < (m+1)!, (11)

θi(xi) :=
1

(m+1)!

∫ 1/xi

0
u−1

m+1

[∫ ∞

0
· · ·
∫ ∞

0

min{u1, · · ·ui−1,1,ui+1, · · · ,um+1}
max{u1, · · ·ui−1,1,ui+1, · · · ,um+1}

×
m
Π

j=1( j �=i)
x−1

j du1 · · ·dui−1dui+1 · · ·dum

]
dum+1 > 0 (i = 1, · · · ,m).

(12)

Proof. Setting x j = nu j ( j = 1, · · · ,m) in the integral of (9), we find

ωm+1(n) =
∫ ∞

0
· · ·
∫ ∞

0

min1� j�m{u j,1}
max1� j�m{u j,1}

m
Π
j=1

u−1
j du1 · · ·dum.

We prove (10) by mathematical induction. For m = 1,

ω2(n) =
∫ ∞

0

min{u1,1}
max{u1,1}u−1

1 du1

=
∫ 1

0
du1 +

∫ ∞

1
u−2

1 du1 = 2
∫ 1

0
du1 = 2!.

Assuming that for m = k−1 (k � 3), we have

ωk(n) =
∫ ∞

0
· · ·
∫ ∞

0

min1� j�k−1{u j,1}
max1� j�k−1{u j,1}

k−1
Π
j=1

u−1
j du1 · · ·duk−1

=
∫ ∞

0

(∫ ∞

0
· · ·
∫ ∞

0

min1� j�k−1{u j,1}
max1� j�k−1{u j,1}

k−1
Π
j=2

u−1
j du2 · · ·duk−1

)
u−1

1 du1

= (k−1)!
∫ ∞

0

min{u1,1}
max{u1,1}

[
1+

(−1)k−2

(k−1)!

(
ln

min{u1,1}
max{u1,1}

)k−2

+
k−4

∑
i=0

(−1)i+1

i!
(

1
i+1

− 1
k−1

)
(

ln
min{u1,1}
max{u1,1}

)i+1
]

du1

u1
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= 2(k−1)!
∫ 1

0

[
1+

(−1)k−2

(k−1)!
(lnx)k−2+

k−4

∑
i=0

(−1)i+1

i!

(
1

i+1
− 1

k−1

)
(lnx)i+1

]
dx

= 2(k−1)!

[
1+

(k−2)!
(k−1)!

+
k−4

∑
i=0

(i+1)!
i!

(
1

i+1
− 1

k−1

)]
= k!,

then for m = k, in view of the assumption and (7), we have

ωk+1(n) =
∫ ∞

0
· · ·
∫ ∞

0

min1� j�k{u j,1}
max1� j�k{u j,1}

k
Π
j=1

u−1
j du1 · · ·duk

=
∫ ∞

0

(∫ ∞

0
· · ·
∫ ∞

0

min1� j�k{u j,1}
max1� j�k{u j,1}

k
Π
j=2

u−1
j du2 · · ·duk

)
u−1

1 du1

=
∫ ∞

0

[∫ ∞

0

(∫ ∞

0
· · ·
∫ ∞

0

min1� j�k{u j,1}
max1� j�k{u j,1}

k
Π
j=3

u−1
j du3 · · ·duk

)
du2

u2

]
du1

u1

=
∫ ∞

0

{∫ ∞

0
(k−1)!

min{u1,u2,1}
max{u1,u2,1}

[
1+

(−1)k−2

(k−1)!

(
ln

min{u1,u2,1}
max{u1,u2,1}

)k−2

+
k−4

∑
i=0

(−1)i+1

i!

(
1

i+1
− 1

k−1

)(
ln

min{u1,u2,1}
max{u1,u2,1}

)i+1
]

du2

u2

}
du1

u1

= (k−1)!
∫ ∞

0

min{u1,1}
max{u1,1}

{(
2− ln

min{u1,1}
max{u1,1}

)
+

(−1)k−2

(k−1)!

×
[
−(ln

min{u1,1}
max{u1,1} )k−1 +2

k−2

∑
i=0

(−1)k−i (k−2)!
i!

(ln
min{u1,1}
max{u1,1})i

]

+
k−4

∑
i=0

(−1)i+1

i!

(
1

i+1
− 1

k−1

)[
−
(

ln
min{u1,1}
max{u1,1}

)i+2

+2
i+1

∑
j=0

(−1)i+1− j (i+1)!
j!

(
ln

min{u1,1}
max{u1,1}

) j
]}

du1

u1

= 2(k−1)!
∫ 1

0

{
(2− lnx)+

(−1)k−2

(k−1)!

[
−(lnx)k−1

+2
k−2

∑
i=0

(−1)k−i (k−2)!
i!

(lnx)i

]
+

k−4

∑
i=0

(−1)i+1

i!

(
1

i+1
− 1

k−1

)

×
[
−(lnx)i+2 +2

i+1

∑
j=0

(−1)i+1− j (i+1)!
j!

(lnx) j

]}
dx

= 2(k−1)!

{
3+

(−1)k−2

(k−1)!

[
(−1)k(k−1)!+2

k−2

∑
i=0

(−1)k(k−2)!

]

+
k−4

∑
i=0

(−1)i+1

i!

(
1

i+1
− 1

k−1

)[
(−1)i+1(i+2)!+2

i+1

∑
j=0

(−1)i+1(i+1)!

]}



1476 BING HE AND BICHENG YANG

= 2(k−1)!

[
6+3

k−4

∑
i=0

(i+1)(i+2)
(

1
i+1

− 1
k−1

)]

= (k+1)!.

and then (10) follows. �

Since
min1� j�m{x j ,n}
max1� j�m{x j ,n} · n−1 is decreasing with respect to n ∈ N, then for any i =

1, · · · ,m, it follows

ωi(xi) <

∫ ∞

0
x−1
m+1

∫ ∞

0
· · ·
∫ ∞

0

min1� j�m+1{x j}
max1� j�m+1{x j}dxm+1

× m
Π

j=1( j �=i)
x−1

j dx1 · · ·dxi−1dxi+1 · · ·dxm

uj=x j/xi( j �=i)
= ωm+1(n) = (m+1)!.

ωi(xi) >

∫ ∞

1
x−1
m+1

[∫ ∞

0
· · ·
∫ ∞

0

min1� j�m+1{x j}
max1� j�m+1{x j}

× m
Π

j=1( j �=i)
x−1

j dx1 · · ·dxi−1dxi+1 · · ·dxm

]
dxm+1

u j=x j/xi( j �=i)
=

∫ ∞

1/xi

u−1
m+1

[∫ ∞

0
· · ·
∫ ∞

0

min{u1, · · ·ui−1,1,ui+1, · · ·um+1}
max{u1, · · ·ui−1,1,ui+1, · · ·um+1}

× m
Π

j=1( j �=i)
u−1

j du1 · · ·dui−1dui+1 · · ·dum

]
dum+1

= (k+1)!(1−θi(xi)) > 0,

where θi(xi) is defined by (12). �

LEMMA 5. If m ∈ N, pi �= 0,1(i = 1, · · · ,m+1), 1
p = ∑m

i=1
1
pi

= 1− 1
pm+1

, then for

0 < ε < |pm+1|,

I(ε) := ε
∞

∑
n=1

n
− ε

pm+1
−1
∫ ∞

1
· · ·
∫ ∞

1

min1� j�m{x j,n}
max1� j�m{x j,n}

m
Π
j=1

x
− ε

p j
−1

j dx1 · · ·dxm

= (m+1)!+o(1)(ε → 0+). (13)

Proof. Since
min1� j�m{x j ,n}
max1� j�m{x j ,n}n

− ε
pm+1

−1
is strictly decreasing with respect to n ∈ N ,

then by the decreasing property and setting u j = x j/xm+1 ( j = 1, · · · ,m) , we find

I(ε) � ε
∫ ∞

1
x
− ε

pm+1
−1

m+1

∫ ∞

1
· · ·
∫ ∞

1

min1� j�m+1{x j}
max1� j�m+1{x j}

m
Π
j=1

x
− ε

p j
−1

j

×dx1 · · ·dxmdxm+1 = ε
∫ ∞

1
x−ε−1
m+1

[∫ ∞

1
xm+1

· · ·
∫ ∞

1
xm+1

min1� j�m{u j,1}
max1� j�m{u j,1}
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×
[∫ ∞

1
xm+1

· · ·
∫ ∞

1
xm+1

min1� j�m{u j,1}
max1� j�m{u j,1}

m
Π
j=1

u
− ε

p j
−1

j du1 · · ·dum

]
dxm+1

� ε
∫ ∞

1
x−ε−1
m+1

[∫ ∞

0
· · ·
∫ ∞

0

min1� j�m{u j,1}
max1� j�m{u j,1}

m
Π
j=1

u
− ε

p j
−1

j du1 · · ·dum

]
dxm+1

−ε
m

∑
i=1

∫ ∞

1
x−1
m+1Ai(xm+1)dxm+1

= (m+1)!+o(1)− ε
m

∑
i=1

∫ ∞

1
x−1
m+1Ai(xm+1)dxm+1(ε → 0+),

Ai(xm+1) :=
∫ ∞

0
· · ·
∫ ∞

0

∫ 1/xm+1

0

∫ ∞

0
· · ·
∫ ∞

0

min1� j�m{u j,1}
max1� j�m{u j,1}

m
Π
j=1

u
− ε

p j
−1

j du1 · · ·dui−1duidui+1 · · ·dxm.

Without loss of generality, we estimate
∫ ∞
1 x−1

m+1Am(xm+1)dxm+1 as follows:

∫ ∞

1
x−1
m+1Am(xm+1)dxm+1

=
∫ ∞

1
x−1
m+1

[∫ 1/xm+1

0

∫ ∞

0
· · ·
∫ ∞

0

min1� j�m{u j,1}
max1� j�m{u j,1}

× m
Π
j=1

u
− ε

p j
−1

j du1 · · ·dum−1dum

]
dxm+1

=
∫ 1

0

(∫ 1/um

1
x−1
m+1dxm+1

)∫ ∞

0
· · ·
∫ ∞

0

min1� j�m{u j,1}
max1� j�m{u j,1}

× m
Π
j=1

u
− ε

p j
−1

j du1 · · ·dum−1dum

=
∫ 1

0
(− lnum)

∫ ∞

0
· · ·
∫ ∞

0

min1� j�m{u j,1}
max1� j�m{u j,1}

× m
Π
j=1

u
− ε

p j
−1

j du1 · · ·dum−1dum.

Setting α > 0 small enough, since limum→0+ uα
m(− lnum) = 0, there exists a con-

stant Mm > 0, and 0 < uα
m(− lnum) < Mm,um ∈ (0,1]. We obtain

0 <

∫ ∞

1
x−1
m+1Am(xm+1)dxm+1

� Mm

∫ ∞

0

∫ ∞

0
· · ·
∫ ∞

0

min1� j�m{u j,1}
max1� j�m{u j,1}

×m−1
Π
j=1

u
− ε

p j
−1

j u
− α pm+ε

pm
−1

m du1 · · ·dum−1dum

→ MmOm(α) < ∞(ε → 0+),
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namely, ∑∞
i=1
∫ ∞
1 x−1

m+1Ai(xm+1)dxm+1 = O(1). Hence

I(ε) � (m+1)!+o(1)− εO(1)(ε → 0+).

We still have

I(ε) � ε
∞

∑
n=1

n−ε−1
[
n

ε− ε
pm+1

∫ ∞

0
· · ·
∫ ∞

0

min1� j�m{x j,n}
max1� j�m{x j,n}

m
Π
j=1

x
− ε

p j
−1

j dx1 · · ·dxmdxm

]

= ε

(
1+

∞

∑
n=2

n−ε−1

)
[(m+1)!+o(1)]

� ε
(

1+
∫ ∞

1
y−ε−1dy

)
[(m+1)!+o(1)]

= (ε +1)[(m+1)!+o(1)](ε → 0+).

Hence (13) is valid. �

LEMMA 6. If m ∈N , pi �= 0,1 (i = 1, · · · ,m+1) , 1
p = ∑m

i=1
1
pi

= 1− 1
pm+1

, fi(xi)
(i = 1, · · · ,m) are non-negative measurable functions in R+, then (i) for pi > 1 (i =
1, · · · ,m+1), we have the following inequality

J :=

{
∞

∑
n=1

n−1
(∫ ∞

0
· · ·
∫ ∞

0

min1� j�m{x j,n}
max1� j�m{x j,n}

m
Π
i=1

fi(xi)dx1 · · ·dxm

)p
}1/p

� [(m+1)!]
1

pm+1
m
Π
i=1

{∫ ∞

0
ωi(xi)x

pi−1
i fi(xi)dxi

}1/pi

; (14)

(ii) for 0 < p1 < 1 , pi < 0 (i = 2, · · · ,m + 1), or pi < 0 (i = 1, · · · ,m) , 0 <
pm+1 < 1, we have the reverse of (14).

Proof. For pi > 1 (i = 1, · · · ,m+1) (p > 1), by Hölder’s inequality with weight
(cf. [21]) and (6), we have(∫ ∞

0
· · ·
∫ ∞

0

min1� j�m{x j,n}
max1� j�m{x j,n}

m
Π
i=1

fi(xi)dx1 · · ·dxm

)p

=

{∫ ∞

0
· · ·
∫ ∞

0

min1� j�m{x j,n}
max1� j�m{x j,n}

m
Π
i=1

[
xpi−1
i n−1

m
Π

j=1( j �=i)
x−1

j

]1/pi

fi(xi)

×
[
npm+1−1

m
Π
j=1

x−1
j

]1/pm+1

dx1 · · ·dxm

}p

�
∫ ∞

0
· · ·
∫ ∞

0

min1� j�m{x j,n}
max1� j�m{x j,n}

m
Π
i=1

[
xpi−1
i n−1

m
Π

j=1( j �=i)
x−1

j

] p
pi

f p
i (xi)dx1 · · ·dxm

×
{

npm+1−1
∫ ∞

0
· · ·
∫ ∞

0

min1� j�m{x j,n}
max1� j�m{x j,n}

m
Π
j=1

x−1
j dx1 · · ·dxm

} p
pm+1
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=
[ωm+1(n)]

p
pm+1

n−1

∫ ∞

0
· · ·
∫ ∞

0

min1� j�m{x j,n}
max1� j�m{x j,n}n−1

× m
Π
i=1

[
xpi−1
i

m
Π

j=1( j �=i)
x−1

j

] p
pi

f p
i (xi)dx1 · · ·dxm.

Since ωm+1(n) = (m+1)! , we obtain

J � [(m+1)!]
1

pm+1

{
∞

∑
n=1

∫ ∞

0
· · ·
∫ ∞

0

min1� j�m{x j,n}
max1� j�m{x j,n}n−1

× m
Π
i=1

[
xpi−1
i

m
Π

j=1( j �=i)
x−1

j

] p
pi

f p
i (xi)dx1 · · ·dxm

} 1
p

= [(m+1)!]
1

pm+1

{∫ ∞

0
· · ·
∫ ∞

0

min1� j�m{x j,n}
max1� j�m{x j,n}

∞

∑
n=1

n−1

× m
Π
i=1

[
xpi−1
i

m
Π

j=1( j �=i)
x−1

j

] p
pi

f p
i (xi)dx1 · · ·dxm

} 1
p

.

Since
∞
∑

n=1

1
pi/p = 1, applying Hölder’s inequality, it follows

J � [(m+1)!]
1

pm+1
m
Π
i=1

{∫ ∞

0

[
∞

∑
n=1

n−1
∫ ∞

0
· · ·
∫ ∞

0

min1� j�m{x j,n}
max1� j�m{x j,n}

× m
Π

j=1( j �=i)
x−1

j dx1 · · ·dxi−1dxi+1 · · ·dxm

]
xpi−1
i f p

i (xi)dxi

} 1
pi

= [(m+1)!]
1

pm+1
m
Π
i=1

{∫ ∞

0
ωi(xi)x

pi−1
i f p

i (xi)dxi

} 1
pi

,

and (14) follows.
(ii) For 0 < p1 < 1, pi < 0 (i = 2, · · · ,m + 1), or pi < 0 (i = 1, · · · ,m), 0 <

pm+1 < 1, in view of the assumptions and by the same way, we obtain the reverse of
(14). �

3. Main results and applications

In this section, for pi > 1 (i = 1, · · · ,m + 1), we define the following functions
and spaces:

ϕi(xi) := xpi−1
i (xi ∈ R+), ψ(n) := npm+1−1(n ∈ N),

Lp,ϕi(R+) :=

{
f ; || f ||p,ϕi =

{∫ ∞

0
xpi−1
i | f (xi)|pidx

} 1
pi

< ∞

}
, (xi ∈ R+, i = 1, · · · ,m),
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lpm+1,ψ :=

{
a = {an}∞

n=1; ||a||pm+1,Ψ =
{ ∞

∑
n=1

npm+1−1|an|pm+1

} 1
pm+1 < ∞

}
.

THEOREM 1. If m∈N , pi > 1 (i = 1, · · · ,m+1) , 1
p = ∑m

i=1
1
pi

= 1− 1
pm+1

, fi(xi) ,
an � 0, fi ∈ Lpi,ϕi(R+) (i = 1, · · · ,m) , a = {an}∞

n=1 ∈ lpm+1,ψ , || fi||pi,ϕi , ||a||pm+1,Ψ >
0, then we have the following equivalent inequalities

I :=
∞

∑
n=1

an

∫ ∞

0
· · ·
∫ ∞

0

min1� j�m{x j,n}
max1� j�m{x j,n}

m
Π
i=1

fi(xi)dx1 · · ·dxm

< (m+1)!||a||pm+1,ψ
m
Π
i=1

|| fi||pi,ϕi , (15)

J =

{
∞

∑
n=1

n−1
(∫ ∞

0
· · ·
∫ ∞

0

min1� j�m{x j,n}
max1� j�m{x j,n}

m
Π
i=1

fi(xi)dx1 · · ·dxm

)p
}1/p

< (m+1)!
m
Π
i=1

|| fi||pi,ϕi , (16)

where the constant factor (m+1)! in the above inequalities are the best possible.

Proof. By (14), for ωi(xi) < (m+ 1)! and the assumptions of Theorem, we have
(16).

By Hölder’s inequality, we obtain

I =
∞

∑
n=1

[
(ψ(n))

−1
pm+1

∫ ∞

0
· · ·
∫ ∞

0

min1� j�m{x j,n}
max1� j�m{x j,n}

× m
Π
i=1

fi(xi)dx1 · · ·dxm

][
(ψ(n))

1
pm+1 an

]
� J||a||pm+1,ψ . (17)

Then by (16), we have (15). Assuming (15) is valid, setting

an := n−1
(∫ ∞

0
· · ·
∫ ∞

0

min1� j�m{x j,n}
max1� j�m{x j,n}

m
Π
i=1

fi(xi)dx1 · · ·dxm

)p−1

, n ∈ N,

then we find Jp−1 = ||a||pm+1,ψ . By (14), we have J < ∞ . If J = 0, then (16) is valid
trivially; if J > 0, then by (15), it follows

||a|pm+1
pm+1,ψ = Jp = I < (m+1)!||a||pm+1,ψ

m
Π
i=1

|| fi||pi,ϕi ,

||a|pm+1−1
pm+1,ψ = J < (m+1)!

m
Π
i=1

|| fi||pi,ϕi ,

and (16) follows. Hence (15) and (16) are equivalent.
It remains to prove that the constants appearing in inequalities (15) and (16) are

the best possible. For ε > 0, define f̃i(xi) and ãn as follows:

f̃i(xi) :=

⎧⎨
⎩

0, 0 < xi < 1,

x
− ε

pi
−1

i , xi � 1
(i = 1, · · · ,m),
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ãn := n−
ε

pm+1−1 , n ∈ N. If there exists a constant K � (m+1)!, such that (15) is still
valid as we replace (m+1)! by K, then by (13), we have

(m+1)!+o(1) = I(ε)

= ε
∞

∑
n=1

ãn

∫ ∞

0
· · ·
∫ ∞

0

min1� j�m{x j,n}
max1� j�m{x j,n}

m
Π
i=1

f̃i(xi)dx1 · · ·dxm

< εK||ã||pm+1,ψ
m
Π
i=1

|| f̃i||pi,ϕi

= εK

(
1+

∞

∑
n=2

1
n1+ε

) 1
pm+1 m

Π
i=1

(
1
ε

) 1
pi

< εK

(
1+

∫ ∞

1

dy
y1+ε

) 1
pm+1 m

Π
i=1

(
1
ε

) 1
pi

= K(1+ ε)
1

pm+1 ,

and then (m + 1)! � K(ε → 0+). Hence (m + 1)! = K is the best constant factor in
(15).

By the equivalence, the constant factor (m+ 1)! in (16) is still the best possible.
Otherwise, we can come to a contradiction by (17) that the constant in (15) is not the
best possible. �

REMARK 1. With the assumptions of Theorem1, we define a half-discrete Hilbert-

type operator T :
m
Π
i=1

Lpi,ϕi(R+) → lp,ψ1−p as follows:

For any f = ( f1, · · · fm)∈
m
Π
i=1

Lpi,ϕi(R+) , we define a T f , satisfying for any n∈N,

(T f )(n) =
∫ ∞

0
· · ·
∫ ∞

0

min1� j�m{x j,n}
max1� j�m{x j,n}

m
Π
i=1

fi(xi)dx1 · · ·dxm. (18)

Then by (16), it follows

||T f ||p,ψ1−p � (m+1)!
m
Π
i=1

|| fi||pi,ϕi ,

and consequently T f ∈ lp,ψ1−p . Hence T is a bounded linear operator with ||T || �
(m+1)! . Since the constant factor in (16) is the best possible, we have

||T || := sup
f ( �=θ)∈Πm

i=1Lpi,ϕi (R+)

||T f ||p,ψ1−p

Πm
i=1|| fi||pi,ϕi

= (m+1)!. (19)

In order to obtain reverse inequalities that correspond to those in Theorem 1, we
define the function Φ1(x1) := (1− θ1(x1))ϕ1(x1). For pi < 1 (pi �= 0), the spaces
Lpi,ϕi(R+) and lpm+1,ψ are not normal spaces, but we still use then as the formal sym-
bols in the following.
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THEOREM 2. Suppose that m ∈ N , 0 < p1 < 1 , pi < 0 (i = 2, · · · ,m+ 1), 1
p =

∑m
i=1

1
pi

= 1− 1
pm+1

, fi(xi) , an � 0 , fi ∈ Lpi,ϕi(R+) (i = 1, · · · ,m) , a = {an}∞
n=1 ∈

lpm+1,ψ , || fi||pi,ϕi , ||a||pm+1,Ψ > 0, then we have the following equivalent inequalities

I =
∞

∑
n=1

an

∫ ∞

0
· · ·
∫ ∞

0

min1� j�m{x j,n}
max1� j�m{x j,n}

m
Π
i=1

fi(xi)dx1 · · ·dxm

> (m+1)!||a||pm+1,ψ || f1||p1,Φ1

m
Π
i=2

|| fi||pi,ϕi , (20)

J =

{
∞

∑
n=1

n−1
(∫ ∞

0
· · ·
∫ ∞

0

min1� j�m{x j,n}
max1� j�m{x j,n}

m
Π
i=1

fi(xi)dx1 · · ·dxm

)p
}1/p

> (m+1)!|| f1||p1,Φ1

m
Π
i=2

|| fi||pi,ϕi , (21)

where the constant factor (m+1)! in the above inequalities is the best possible.

Proof. By the reverse of (14), for ω1(x1)> (m+1)![1−θ1(x1)] , ωi(xi) < (m+1)!
and the assumptions of Theorem, we have (21). By Hölder’s inequality, we obtain

I =
∞

∑
n=1

[
(ψ(n))

−1
pm+1

∫ ∞

0
· · ·
∫ ∞

0

min1� j�m{x j,n}
max1� j�m{x j,n}

×
m
Π
i=1

fi(xi)dx1 · · ·dxm

][
(ψ(n))

1
pm+1 an

]
� J||a||pm+1,ψ . (22)

Then by (21), we have (20). Assuming that (20) is valid, setting

an := n−1
(∫ ∞

0
· · ·
∫ ∞

0

min1� j�m{x j,n}
max1� j�m{x j,n}

m
Π
i=1

fi(xi)dx1 · · ·dxm

)p−1

,n ∈ N,

we find that Jp−1 = ||a||pm+1,ψ . By the reverse of (14), we have J > 0. If J = ∞ , then
(21) is valid trivially; if J < ∞ , then by (20), it follows

||a|pm+1
pm+1,ψ = Jp = I > (m+1)!||a||pm+1,ψ || f1||p1,Φ1

m
Π
i=2

|| fi||pi,ϕi ,

||a|pm+1−1
pm+1,ψ = J > (m+1)!|| f1||p1,Φ1

m
Π
i=2

|| fi||pi,ϕi ,

namely, (21) follows. Hence (20) and (21) are equivalent.
Now we prove that inequalities (20) and (21) include the best constants. For 0 <

ε < |pm+1|, we set f̃i(xi) and ãn as Theorem 1. If there exists a constant K � (m+1)!,
such that (20) is still valid as we replace (m+1)! by K, then by (13), we have

(m+1)!+o(1) = I(ε)

= ε
∞

∑
n=1

ãn

∫ ∞

0
· · ·
∫ ∞

0

min1� j�m{x j,n}
max1� j�m{x j,n}

m
Π
i=1

f̃i(xi)dx1 · · ·dxm

> εK||ã||pm+1,ψ | f̃1||p1,Φ1

m
Π
i=2

|| f̃i||pi,ϕi .
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For 0 < α < 1, define

F(u2, · · · ,um+1) := u−α
m+1

min{1,u2,···,um+1}
max{1,u2,···,um+1}
min{1,u2,···,um}
max{1,u2,···,um}

(u = (u2, · · · ,um+1) ∈ Rm
+).

Since we find

lim
u→0+

F(u2, · · · ,um+1) = lim
u→∞

F(u2, · · · ,um+1) = 0,

there exists a constant Mm > 0, such that for any (u2, · · · ,um+1)∈Rm
+, F(u2, · · · ,um+1)�

Mm, namely,

min{1,u2, · · · ,um+1}
max{1,u2, · · · ,um+1} � Mmuα

m+1
min{1,u2, · · · ,um}
max{1,u2, · · · ,um} .

Hence, in view of (12), it follows that

θ1(x1) =
1

(m+1)!

∫ 1/x1

0
u−1

m+1

[∫ ∞

0
· · ·
∫ ∞

0

min{1,u2, · · · ,um+1}
max{1,u2, · · · ,um+1}

× m
Π
j=2

x−1
j du2 · · · ,dum

]
dum+1

� Mm

(m+1)!

∫ 1/x1

0
uα−1

m+1

[∫ ∞

0
· · ·
∫ ∞

0

min{1,u2, · · · ,um}
max{1,u2, · · · ,um}

× m
Π
j=2

x−1
j du2 · · · ,dum

]
dum+1

=
Mm

m+1

∫ 1/x1

0
uα−1

m+1dum+1 = O

(
1
xα
1

)
.

Hence we find

εK||ã||pm+1,Ψ| f̃1||p1,Φ1

m
Π
i=2

|| f̃i||pi,ϕi

= εK

(
∞

∑
n=1

1
n1+ε

) 1
pm+1

[∫ ∞

1
(1−O

(
1
xα
1

)
dx1

x1+ε
1

] 1
p1 m

Π
i=2

(
1
ε

) 1
pi

> εK

(
1+

∫ ∞

1

dy
y1+ε

) 1
pm+1

[
1
ε
−O(1)

] 1
p1 m

Π
i=2

(
1
ε

) 1
pi

= K(1+ ε)
1

pm+1 [1− εO(1)]
1
p1 ,

and then (m + 1)! � K(ε → 0+). Hence (m + 1)! = K is the best constant factor in
(20).

By the equivalence, the constant factor (m+ 1)! in (21) is still the best possible.
Otherwise, we can come to a contradiction by (22) that the constant in (20) is not the
best possible. �

In the same way, we still have
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THEOREM 3. Assuming that m ∈ N , pi < 0 (i = 1, · · · ,m), 0 < pm+1 < 1, 1
p =

∑m
i=1

1
pi

= 1− 1
pm+1

, fi(xi),an � 0 , fi ∈ Lpi,ϕi (R+) (i = 1, · · · ,m) , a = {an}∞
n=1 ∈

lpm+1,ψ , || fi||pi,ϕi , ||a||pm+1,ψ > 0, then we have the following equivalent inequalities

∞

∑
n=1

an

∫ ∞

0
· · ·
∫ ∞

0

min1� j�m{x j,n}
max1� j�m{x j,n}

m
Π
i=1

fi(xi)dx1 · · ·dxm

> (m+1)!||a||pm+1,ψ
m
Π
i=1

|| fi||pi,ϕi , (23){
∞

∑
n=1

n−1
(∫ ∞

0
· · ·
∫ ∞

0

min1� j�m{x j,n}
max1� j�m{x j,n}

m
Π
i=1

fi(xi)dx1 · · ·dxm

)p
}1/p

> (m+1)!
m
Π
i=1

|| fi||pi,ϕi , (24)

where the constant factor (m+1)! in the above inequalities is the best possible.
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[18] B. YANG, I. BRNETIĆ, M. KRNIĆ, AND J. PEČARIĆ, Generalization of Hilbert and Hardy-Hilbert
integral inequalities, Math. Inequal. Appl., 8, 2 (2005): 259–272.

[19] B. YANG, The norm of operator and Hilbert-type inequalities, Science Press, Beijin, 2009.
[20] J. KUANG, Introduction to real analysis, Hunan Education Press, Changsha, 1996.
[21] J. KUANG, Applied inequalities, Shangdong Science Technic Press, Jinan, 2004.

(Received March 7, 2013) Bing He
Dept. of Math., Guangdong University of Education

Guangzhou, Guangdong 510303, P. R. China
e-mail: hzs314@163.com

Bicheng Yang
Dept. of Math., Guangdong University of Education

Guangzhou, Guangdong 510303, P. R. China
e-mail: bcyang@gdei.edu.cn

Mathematical Inequalities & Applications
www.ele-math.com
mia@ele-math.com


