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A NEW MULTIPLE HALF-DISCRETE HILBERT-TYPE INEQUALITY

BING HE AND BICHENG YANG

(Communicated by I. Peri¢)

Abstract. By using the way of weight functions and technique of real analysis, a new multiple
half-discrete Hilbert-type inequality with the best constant factor is given. As applications, the
equivalent forms, operator expressions as well as some reverse inequalities are also considered.

1. Introduction

Suppose that ay, by >0, a = {an}=_,, b= {by}7, € 2, |la|| = {S5_ a2}
>0, ||b]| > 0, we have the following well known discrete Hilbert’s inequality (cf. [1])

S & amb
> > = < allalll|p]], (1)
m:ln:lm+n

where the constant factor 7 is the best possible. Moreover, for f(x), g(y) >0, f,g €
2Ry, [|£ll = {5 f2(x)dx}2 > 0,]|g|| > 0, we still have the following Hilbert’s in-
tegral inequality

(x)8(y)

> (e f
/O /0 L8 dway <l 1l 2

with the same best constant factor 7. Inequalities (1) and (2) are important in analysis
and its applications (cf. [2]-[8]). Hilbert’s inequality may be classified into several
types (discrete, integral, half-discrete etc.). On half-discrete Hilbert-type inequality,
Yang [9] gave the following inequality with the best factor 7 recently:

oo o ay
Jy 0 % dx < allplal. @)

It is significant to generalize Hilbert-type inequalities into multiple forms. In re-
cent years, some results have been obtained ([10]-[17]). In 2005, Yang [18] gave a mul-
tiple Hilbert-type integral inequality as follows: If n € N\{1}, p;, ;> 1, X7 (1/pi) =
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Keywords and phrases: Multiple half-discrete Hilbert-type inequality, weight function, operator ex-
pression, equivalent form, reverse inequality.
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Y (1) =1,4>0,0< f&xl074rm-

oo oo 1 n
/O /0 7(2?:1%‘)1 gf,-(x,-)dxl...dxn

R Ol

n
where the constant factor ﬁ _l:[ll" <%> is the best possible.

fp’(xl)dx, <o (i=1,--+,n), then

Until now, we have obtained only few multiple Hilbert-type inequalities. It is not
an easy job to find new forms of such inequalities. In this paper, by using the way
of weight functions and the technique of real analysis, a new multiple half-discrete
Hilbert-type inequality is given. As applications, the equivalent forms, operator expres-
sions as well as some reverse inequalities are also considered.

2. Some Lemmas

LEMMA 1. (cf. [19],(9.1.1)) If meN, p; #0,1, (i=1,--- ,;m+1 ,2'-"_+1L,=1,
p i=1 Pi
then .
m+1 o mtl 1 Pi
A= TI |xP I x7 =1. (5)
=1 | " =100 !

Proof. We find

1
m+1 _ m+1 Pi m+1 1 /m+1 Pi
A= TI ( pimt ijl) =TI (x")7 (l'[x»1>

i=1 j=1 i =1 -

:l_[x,- I x>

ZnH» 1
m—+1 m+1 | i=1 p; m+1 m+1
i=1 j=17

Hence we have (5). [

LEMMA 2. If ¢ >0, n €N, then
c n
| anxy =X lnc) . (©6)
0 i=0

Proof. We prove (6) by mathematical induction. For n =1,
/ Inxdx = (xInx —x) [+ = c(Inc—1).
0

Assume that (6) is valid for n =k — 1, i.e.

/C (Inx)Fax = ckij(—l)k’l*iu (Inc)".

|
0 = i!
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Then for n = k, we have

C C
/ (Inx)¥dx = x(Inx)f [ — k / (Inx)* ! dx
0 0

= c(Inc)* —ck]g(—l)k—l—i@ (Inc)’

- cZ(—l)k_ik! (Inc)".

it

Hence (6) is valid. [

LEMMA 3. Suppose that s,t € R;, k€N, a=min{s,1}, b = max{s, 1}, then

= min{s,?,1} <ln min{s,z,1} )kt_ldt

o max{s,7, 1} max{s,r, 1}

-¢ [_ ()™ f23 (1 (m‘-‘)"] . )

b i! b

Proof. In view of (6), we have

> min{s,7,1} (1 min{s’t’l})ktldt

o max{s,t,1} max{s,7,1}

min{s,1} ¢ t k
=/ In 1L
0 max{s,1} max{s,1}
) . . k
+/-max{.\,1} min{s, 1} <ln m1n{s,1}> .
min{s,1} max{s,1} \ max{s,1}
o . . k
+/ min{s, 1} (lnmln{s7l}> —
max{s,1} 14 t
1 a t k k b 1 00 a k 5
_E/o (ng) ar+ ) /Qz dt+a/b (0%) r2an
2 (a4 Nk k+1
=7 /0 (1115) dr — )
a/b r
= 2/ (Inx)" dx —
0
a an\ k+1
% l‘ (m5) +2

Hence (7) is valid. [

/N N
—_— —_—
= =
SR IR IR

N———
>~
+

SR Y IR
~~
—
=

-

(=}

o )|

LEMMA 4. For m,n € N, define the weight functions w;(x;) (i=1,---,m) and
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Wp+1(n) as follows:

o) = 71/ / m1n1<,<m{xj7n}

max1<j<m{xj7n}

X H xldxl ~dxi_1dxiy1 - dxp,

J=1(
wm-H /

Then we have

j#i)

ming g j<miXj,n

/ jem{Xi, }ij Ydxy -+ doxy.
maxi < jcm{x;,n}i=1

D1 (1) = (m+ 1)1,
0< (m+DI(L—6;i(x)) < wy(x;) < (m+1)!,

®)

€))

(10)
(11)

um-‘rl}

ei(xi) = ! /I/Xiu71 /oo - min{ul’...ui—lalaui+l7"'a
(m+1)!Jo | Jo o max{uy, w1, 1,uiq,
x 11 ledul...du,-ldui+1...dum]dum+1>0 (i=1,--,
J=1(j#i)

Proof. Setting x; =nu; (j=1,---,m) in the integral of (9), we find

m1n1<,<m{uj,1} 1
Wpr1(n / / Mu; duy---duy,.
maxl<]<m{uj7l}] 1 J

We prove (10) by mathematical induction. For m = 1,

> min{u;,1} !
E A G
2(n) o max{u,1} o

—/du1—|—/ uy 2duy = 2/ duy =2!.

Assuming that for m =k —1 (k > 3), we have

:/w-.-/ min < j<k— 1{”/’1} uy duy - dugy
0

maX1<j<k l{uj7l}l 1 ,

id 1
:/ (/ / mlnl<]<k l{uj’ } Hu ldu2 duk_l) ul_ldul
o \Jo 0 maxygjci—i{uj, 1}j=2"/
(—1)k2 n min{u;, 1} \* 2
(k—1)! max{u;, 1}

> min{uy, 1}
o max{u, 1}

KA (=1t 1 min{u, 13\ | du
_ 1 ’ -
+i=20 T k—1)<“ )

= (k—1)! 1+

i! max{u;, 1} uj

,Mm+1}

12)
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=2(k 1)'/1 1+(_l)k_ (Inx)*~ 2+k24 I)ZH ! ! (Inx)™*!
- “Jo -1 o il k1)
(k—2)! KZHi+1)! 1 1
=2(k—1)!|1 — = k!
(k=1) +(k—1)!+i§6 1 \irl k-1 ’
then for m = k, in view of the assumption and (7), we have
m1n1<,<k{u,,1} 1
, Mu; duy---du
ket (1 / / max; < jcp{uj, 1} j=1 j o k
1
/ ( mln1<;<k{”/ } u\duy - duk) ufldul
0 max1<j<k{uj7l}j 2 /
oy (/ [ mmel) b1y, ) ) 40
o |Jo max1<j<k{uj7l}j_ u, | ug
/ mln{ul,u27l} H_(—l)" 2 nmin{uhuz,l}
0 0 max{uhuz,l} (k—1)! max{u,uy, 1}

+k_4 —1)i+t 1 1 n min{uy,up, 1} T guy | duy
= i! i+1 k—1 max{uy,uy, 1} u, [ u

= (k—1)! NM{@_IH min{u1,1}> G

o max{u,1} max{u;, 1} (k—1)!
min{u;,1} et 1y (k= 2) min{u, 1} ;
X[ (lnmax{ul,l} +22 (lnmax{ul,l}

+k§(—1)f+1 1 - lnmin{ul,l} 2
= i+1 k—1 max{uy, 1}

+2l§ yiti=i (i+1)! <1n min{”l»l})’]}%

J! max{u;, 1} uy
1Vk=2
- z(k—l)!/ol {(2—1nx)—|— ((kl_)l)' [—(mx)"—1
1)l+1 1 1
+2Z +2 ! <i+1_k—1>

x [—(1nx)"+2+212(— - f(’J;!l) (Inx)’ de

j=0

(k—2
1 D

=2(k—1)!1{3 (D D¥k— 1) 2ki2 D¥(k—2)
=2(k—1)! +(k_1)! (=D (k= 1)1 423 (1) (k—2)!

i=0

k74(_1)i+1 1 1

i=0 j=0

i+1 .
2 <i+1_k—1>[(_UM(HZ)!+22(_1)l+1(i+1)!

}
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k—4
1 1
=2(k=1)!64+3) (i+1) z—|—2)< )
=0 +1 k-1
= (k+ 1)
and then (10) follows. [
. minlg 'gm{)(ﬁn} —1 . . .
Since m -n~ " is decreasing with respect to n € N, then for any i =
1,---,m, it follows
mlnl<]<m+1{-xj}
;i (x; < — = —dx,
l(XZ) / m+l/ / max1<j<m+1{xj} T+
X H )Cj ldxl dx,-,ldx,-H dxm
J=1(j#i)
uj=x;/xi(j#i)
= wm-H = )
j<m+11%;}
at) > { )

>< H Jldxl dxi_1dxjyq -+ dxm] dXpi1
=1(j#i)

“]*xj/xl(ﬁ"é / / min{uh"'ui*hl7ui+17"'um+l}
1/xi m+1

max{uy, - ui—1, L Ui, Umi1 }
-1
ijl(ri#l) i du1 du, ldu,-H---dum} dum+1
= (k+ D)1= 6:i(x;)) >0,

where 6;(x;) is defined by (12). O

LEMMA 5. IfmeN,pﬁéo,l(i:1,---,m+1),;=z;f;lﬁ:1—;, then for
0<e< ‘perl‘a

Pm+1
—£
—327‘ st / / it e} My, " dxy -+ dxy,
maXl</<m{x1an}J 1/
- (m+1)!+o(1)(g—>o+). (13)

. minj¢; Xi,n . . . .
Proof. Since lg’gim{’} is strictly decreasing with respectto n € N,
maxlgjgm{xj,n

then by the decreasing property and setting u; = x;j/x,41 (j=1,---,m), we find

< 7 m1n1<j<m+l{'x/} i
1(8) 2 / m-‘ﬁlﬂ / / ITx; !

Max; < jem1 X} =17

sy dsud = [ x [/ o[ D)
m m -

__£& _
n Pm+l

m+l 1 1
1 maxici<miij, 1
Xm+1 Xm+1 lg‘lgm{ 7 }
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I3

i © minj<icmiu, 1 m ==l
% / 11—’"{1’} u. " duy-dup| dxms

1 max uj,l 1/
Yl 1</<m{ ] }j

min; < jcm{u;, 1} m !
e Mu.” duyduy|d
/; m+l |:/ / maX1<J<m{Mj7l}j 1lfij up u Xm+1
_82/ m+1 xm+1)dx’“+1
_ (m+1)!+o(l)—£2/ 2L AiC )t (8 — 01,

i= 1

1/%m m 71
Ai(Xpmy1) ::/ / / +l/ / minjem{tj, 1}
maX1<j<m{uJ,l}

HII/LJ j du1 duiflduidullr] . ~dxm.

WV

Without loss of generality, we estimate [;”x,, +1Am (Xmt1)dxm+1 as follows:
/ m}rlAm (merl)dmerl
B / /l/an»l/ / minjgjmiug, 1}
m+1 maxl</<m{ul7 1}
X H u; j du1 dum_ldum] dXpi1
/ /l/um x / / m1n1<j<m{u,,1}
Xn+19%m+1 max1<1<m{uj7 l}
1
X Hu 7i duy - duy,_1duy,
o / —lnum / / IIllI'11<J<m{I/LJ7 l}
max<j<m{uj, 1}
X H u. j du1 Ay, 1duy,.
=1

Setting o > 0 small enough, since lim, o+ uf;(—Inu,) = 0, there exists a con-
stant M,, > 0, and 0 < u®(—Inuy,) < My, uy € (0,1]. We obtain

© o
0 </ xm+1Am(x1n+l)dx1n+l

<M, // / minyj<m{u;, 1}
max1<1<m{uj7l}
m—1 ———1 _ opm+te

xHu T duy - duy,_1duy,
j:

— My Op(0) < oo(e —01),
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namely, 371 [77x, 1 Ai(Xpe1)dxpi1 = O(1). Hence
I(e) = (m+1)!+0o(1) —e0(1)(e — 0T).

‘We still have

oo 7&»71
(e) < 82”_8_1 [ i / / mml<]<m{xj’n} ﬁx P dxy - dxdox
— maXl</<m{x1an}J 1

=€ (1 + in‘gl) [(m+1)!+0(1)]
n=2

£ <1+/1Ny_£_1dy) [(m+1)!40(1)]
= (e+ 1)[(m+1)! +o(1)](e — 0F).

Hence (13) is valid. [

pm+l
(i=1,---,m) are non-negative measurable functions in Ry, then (i) for p; > 1 (l

L,---,m+ 1), we have the following inequality

3 min; < jcpm{xj,n} m p /P
= lsysmat )yt
. {;Zl </ / max; < j<m{x;,n}i= Hft(xz)dxl dxm> }

1/pi
< [(m+l) pm“ H {/ ; xz 17; fl(xl)dxl} ; (14)

LEMMA 6. IfmeN, pi#0,1 (i=1,---,m+1), 1 =3" - =1~ x;)

(ii) for 0< py <1, pi<0 (i=2,--.m+1), or p;<0 (i=1,---,m), 0<
Pme1 < 1, we have the reverse of (14).

Proof. For p;>1 (i=1,---,m+1) (p> 1), by Holder’s inequality with weight
(cf. [21]) and (6), we have

</ / m1n1<j<m{x/’”} l'[f,(xl)dxl dxm>p

max1<1<m{xj,n i=1

1/pi
/ / minjgjmix),nt » 1 [xmln—l m x_l} ! Ji(xi)
! . 1 1
maxi<j<m{x),n}i=1 =1 !

l/pm+l p
X [n”'"“ 1 Hle 1} dxy - -dx,,
J

. P
< < ming g jgmXj,ny M 1 m 1| P
g/ J—m{f’}n [xf” L= 11 xfl] fip(xi)dxl"'dxm
0 0 Mmaxigj<m{xj,n}i=l1 J=1G#0) -
)i

m1111<< Xi,n = Pm+1
{npn1+1 1/ / JsS m{ Jo }Hx ldxl dxm}

maXl</<m{x1an}J i/
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_ (@1 (n)] pm+1/ / m1n1<j<m{xj,n}n
n-1 maxi<j<m{x;,n}

pi— -1 P
><l_l:'[1 x; j=1(Hj;éz) ; } fF(xi)dxy -+ - dxp,.

Since y,+1(n) = (m+1)!, we obtain

J < [(m+1)!] I’m+1 {Z/ / mlnl<j<m{xjan}n
n=1

max; < j<m{x;,n}

j=10#i) 7
1 o < minjgj<m{xjn} < _
— [(m+ 1)Y)71 { / /O N <m0 -1

m m ;
x I1 {xlp"_l I1 xl} P (xi)dxy -+ dxm}

maxi<j<mixj,n} S
1

m m Pi P
x I1 [xp"_ll 1 _x-l} ff(x,-)dx1~~~dxm} .

Since 2 = 1, applying Holder’s inequality, it follows

17/1?

Jg[(m+l)}ﬁn1l+ln{/ [Zn—l/ Oww

maxi<j<m {x,,n}

AU pi—1¢p pi
x I x; dx1~~~dxi_1dxi+1---dxm} X' f (x,-)dx,}
J=1(jA0) -

= [(m+1)!] "m+l H {/ o; (x;)xl™ fp(x,)dx,} ,

and (14) follows.

(i) For 0<p; <1, pi<0 (i=2,--;m+1),0r p;<0 (i=1,---,m), 0<
Pm+1 < 1, in view of the assumptions and by the same way, we obtain the reverse of
(14). O

3. Main results and applications

In this section, for p; > 1 (i=1,---,m+ 1), we define the following functions
and spaces:

o) =" €Ry),  y(n):=nPr17 (nEN),

1

S . P .
Lpg(Ry) = f;|f|l7~,q)i:{/0 X! 1|f(xi)|1"dx} <°°}» (xieRy,i=1,---,m),
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n=1

- 1
lppirow = {a =A{an}y=1; llallpp v = {Z”pm“_l|Cln|p”‘“}pm+1 < 00} )

ﬁmmle.HmeN4n>1U:lgnm+1L%: ﬁﬂﬁ— Pl s filxi),

an 2 O? fl € Lpi:¢i(R+) (i = 1» T 7m)’ a= {an}2°=1 € an1+1~,‘!/’ HﬁHPhQD:’ Ha”l’mﬂﬁ’ >
0, then we have the following equivalent inequalities

] = Zan/ / m1n1<j<m{xhn} I:If,(x,)dxl dxm

max1<,<m{xj7n i=

< (m+ 1)!|‘a|‘Pn1+lawil:_[1|‘ﬁ”pi:¢i7 (15)
1/p
- miny<j<n{x;,n} m r
J= ! / / MmO M 1 £ ---d
{Zn ( maX1<j<m{xJ,n} .fl(xl) xl xm
< (m+ 1)!1.I:—Il‘|fi| PisQi» (16)

where the constant factor (m+ 1)! in the above inequalities are the best possible.

Proof. By (14), for w;(x;) < (m+ 1)! and the assumptions of Theorem, we have
(16).
By Holder’s inequality, we obtain

5 iyt [ [ mte

n=1 max1<j<m{x,,n}

m _1
B itsan - d | [ (w0 " Tan] <lally (a7

Then by (16), we have (15). Assuming (15) is valid, setting

—1
([ [ st ) e

maxi < j<m{x;,n}i=1

then we find J7~! = ||al|p,,.,.v- By (14), we have J < eo. If J =0, then (16) is valid
trivially; if J > 0, then by (15), it follows

m
gty = 97 =1 < (m4 )l FL 15l
—1 m
Ha‘giiﬂl/ =J<(m+ 1)!1.1;[1Hﬁ”17i7¢’i’

and (16) follows. Hence (15) and (16) are equivalent.
It remains to prove that the constants appearing in inequalities (15) and (16) are
the best possible. For & > 0, define f(x;) and &, as follows:

0, 0<xi<1,
ﬁ('xi) = —£ (izla"'7m)7
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dp = nfl""%fl, n € N. If there exists a constant K < (m+ 1)!, such that (15) is still
valid as we replace (m—+ 1)! by K, then by (13), we have

(m+1)!+o(1)=1(g)
_ gza / / m1n1<j<m{xj’n} l:lﬁ(xz)d)q dxm

max1<1<m{xj,n i=

< SK‘ |d| ‘PnH»lﬂI/l.I:—Il ‘ |ﬁ| ‘Piaq)i

1 1
*° dy Pm+1 M 1\ 7 1
ek (1 I — =K(1 £)Pm+1
= ( +/1 yl“) i=1<8) (v e)mt,

and then (m+1)! < K(e — 0"). Hence (m+ 1)! = K is the best constant factor in
(15).

By the equivalence, the constant factor (m—+ 1)! in (16) is still the best possible.
Otherwise, we can come to a contradiction by (17) that the constant in (15) is not the
best possible. [

REMARK 1. With the assumptions of Theorem 1, we define a half-discrete Hilbert-

type operator T : .HILPi7¢i(R+) — 1, y1-p as follows:
i= ’
m
Forany f=(f1, - fm) € _HILPWI. (Ry), wedefinea Tf, satisfying for any n € N,
=
/ / minigjentnt i) - dx (18)
max1<j<m{x/7n} o "

Then by (16), it follows

m
HTpr,WI*I’ < (m+ 1)!1.1;[1Hﬁ‘|17i7¢i7

and consequently Tf €1, ,1-p. Hence T is a bounded linear operator with [|IT]] <
(m~+1)!. Since the constant factor in (16) is the best possible, we have

TSl pyi-»

1T := T
SO Ly, g (R ) T[]

=(m+1). 19)

Di;Pi

In order to obtain reverse inequalities that correspond to those in Theorem 1, we
define the function ®@;(x;) := (1 — 6(x1))@;(x1). For p; <1 (p; #0), the spaces
Lp,.¢;(Ry) and I, .,  are not normal spaces, but we still use then as the formal sym-
bols in the following.
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THEOREM 2. Suppose that me N, 0 <p; <1, p;i<0 (i=2,---,m+1), %:

?:l% =1- pmlﬁv filxi), an 20, fi € LPi’(Pi(R"F) (i=1,--m), a= {a"}:;l €
piois |||y @ > 0, then we have the following equivalent inequalities

lperl'rW’ ||~fl|

= Zan/ / mitjentrn} 11 i) -+

maxl<j<m{x/7n}

> (m+1)allp, .l fillp.o; T Hfz\lpl«pl (20)
1/p
p
J_{z”l ([ et g d>}
maxi<j<m{X;j,n}i=1
> (m+1)!|‘lepu‘lhil;[zHﬁHpiﬂpn @2y

where the constant factor (m+ 1)! in the above inequalities is the best possible.

Proof. By the reverse of (14), for @ (x1) > (m—+1)![1 — 6 (x1)], @i(x;) < (m+1)!
and the assumptions of Theorem, we have (21). By Holder’s inequality, we obtain

= 5 [yt [ [ mimssentrn)
n=1

max < j<pm{xj,n}

m 1
B itsan - d | [ w0 a0] > lally 22)

Then by (21), we have (20). Assuming that (20) is valid, setting
m p-1
n! (/ / minigjont,nt Hf,(x,)dxl dxm) ,nEN,
maxi < j<m{x;,n}i=1

we find that J”~! =|a||,,..,,v- By the reverse of (14), we have J > 0. If J = e, then
(21) is valid trivially; if J < oo, then by (20), it follows

lalpniiy =7 =1> (m+D)|allp,,, Lyl fillpro) T Hfz| Pisgis

m 1
lalpniiy =7 > m+D!fillp o IT Hle

PiQi»

namely, (21) follows. Hence (20) and (21) are equivalent.

Now we prove that inequalities (20) and (21) include the best constants. For 0 <
€ < |pmi1|, we set fi(x;) and &, as Theorem 1. If there exists a constant K > (m+1)!,
such that (20) is still valid as we replace (m+ 1)! by K, then by (13), we have

(m+ 1)1 +o(1) = I(€)
- SZan/ / minigjendxn} 11 () -+

max1<1<m{xj,n i=1

> SKHdHPmHJIAfIHm#l’lil:_gHﬁth(Pi'
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For 0 < a < 1, define

ming L, 1}
e max{L,uy, -ty y1}
F(uz""’u’“+1) = min{1up, -, um}

max [Ty it
(I/L = (M27"',I/Lm+1) € RT)

Since we find

Hm F(up, - tyy1) = Um F(up, - y1) =0,
u—0t U—o0
there exists a constant M,, > 0, such that for any (uz,---,up+1) €RY, F(uz,---

M,,, namely,

min{1,up, -, up }
max{1,up, - iy}

min{lau27"'aum+l}
max{l,u27---,um+1}
Hence, in view of (12), it follows that
1 1/x [ * min{l,u, -, Uy}

0 — 7/ —1 / / ) ) s Um+
l(XI) (m+l)' 0 um+l L/ 0 0 maX{l7M2,"'7um+1}

o
< Mmu1n+1

m
lezizxjflduz---7dum Ay
< Mm /‘1/)(1 o—1 /w.../w min{l,u2,~~~,um}
= (m41)! k| o o max{l,us, - upm}

X Hx 1duz sduy | duy, 1
=2

M, /1/1 (1)
= u Ly =0 — ).
m+1.Jo + x{

f1|‘p17@1 HlePz Pi

1 1

o1\ e dxy [T 1\
—ek | Y — 1-0(— I (-
_1 1 1 1 1
Pm+1 ry m Pi
> ek <1+/ m) [5—0(1)} i (E)

L
Pl

Hence we find

8K| ‘a| ‘pm+17

— K(1+ &) [l - e0(1)]7

1483

7um+l) <

and then (m+1)! > K(e — 0™). Hence (m +1)! =K is the best constant factor in

(20).

By the equivalence, the constant factor (m+ 1)! in (21) is still the best possible.
Otherwise, we can come to a contradiction by (22) that the constant in (20) is not the

best possible. [

In the same way, we still have
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THEOREM 3. Assuming that m € N, p; <0 (i=1,---,m), 0 < pps1 <1, + =
S = = e fi)an >0, fi € Ly, (Ry) (i=1,,m), a={an}7 €
Lpirows [ fillpiois 11@llpyiw > O, then we have the following equivalent inequalities

Zan/ / m1n1<j<m{x/a”} l'[f,(x,)dxl “dxm
n=1

max; < jen{xj,n}

> (m+ 1)!|‘a|‘inlal!/l.l:_[lHﬁHPi@n (23)

& o * minygjcm{x;,nt m N
Zn—l (/ —SJSmUp S Hft(xz)dxl dxm>
n=1 0 0

maXl</<m{xjan}

m
> (m+1)!l.£[1”fiHPi’(Pi7 (24)

where the constant factor (m+ 1)! in the above inequalities is the best possible.
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