athematical
nequalities
& Papplications

Volume 17, Number 4 (2014), 1551-1561 doi:10.7153/mia-17-114

REVERSE HILBERT’S TYPE INTEGRAL INEQUALITIES

CHANG-JIAN ZHAO AND WING-SUM CHEUNG

(Communicated by J. Pecari¢)

Abstract. In this paper, we are motivated by some newer Hilbert-Pachpatte inequalities, and that
we derive some similar (but reverse) inequalities.

1. Introduction

The well-known Hilbert’s integral inequality can be stated as follows ([1], p. 226).

THEOREM A. Let f(x),g(y) 20, 0< [5" f(x)Pdx < oo and 0 < [° g(y)9dy < oo.
If p>1and g=p/(p—1), then

//fx+y xdy < T/p</ S ) ”d’“)l/p</ sl ""y>l/q'

Hilbert’s integral inequalities were studied extensively and numerous variants,
generalizations, and extensions appeared in the literature [2—14] and the references
cited therein. Research on reverse Hilbert inequalities was published in [15-17]. In
particular, Pachpatte [18] established a new integral inequality similar to the Hilbert’s
inequality as follows.

THEOREM B. Let h > 1, [ > 1 and f(0) 20, g(t) >0 for 0 € (0,x), T €
(0,y), where x and y are positive real numbers and define F(s) = [y f(0)do and
G(t) = [yg(t)dz, for s € (0,x), t € (0,y). Then

) asar < g ([ (=) (P00 as)
12

X (/Oy (y—t) (G’l(t)g(t)>2dt) . (1.1)

The first aim of the paper to establish an inequality similar to (1.1), which is a
reverse inequality.

1/2
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THEOREM 1.1. For i=1,2,let hj > 1 and 0 < r; < fi(0;) < R; for o; € (0,x;),
where x; are positive real numbers and define Fi(s;) = [y fi(0;)d oy, for si € (0,x;).

Then
X X F F
/1/2 (s1 1—}-2 1/(2 )dlds2
min{s; }
1 1/2 34 [ -1 2 1/4
ZM- §(h1h2) (x1x2) (/0 (x1 —s1) (Fll (s1)fi (51)> dSl)
XD _ 2 1/4
X (/0 (X2 —52) (thz 1(52)f2(52)> dSz) , (1.2)
where , ,
Y l6m R]ill/z . r?l/z Rgz/2 . r§2/2
= 16min | ==
ri’l/2 R]ill/2 r§2/2 RZZ/2

REMARK 1.1. The reverse inequality in Theorem 1.1 is achieved. Moreover, the
molecule of the integrand of the left side of inequality (1.2) becomes Flh Ys1)+ th 2(s2),
but inequality (1.1) in Theorem B is F; lh '(s1 )th ?(s2). This shows that we get a different
precision result.

In [18], Pachpatte also established the following Hilbert’s type integral inequality
for the sub-multiplicative functions. For a reader’s convenience, we include the defini-
tion of the sub-multiplicative function as follows:

A function f(x) (x € [a,b]) is called the sub-multiplicative function, if f(xjx;) <
f(x1)f(x2) for any xi,x; € [a,b].

THEOREM C. Let f,g,F,G be as in Theorem B. Let p(c) and q(t) be two pos-
itive real function define for o € (0,x), t € (0,y) and define P(s) = [, p(0)dc and
0(t) = [y q(t)dr, for s € (0,x), t € (0,y), where x,y are positive real numbers. Let
¢ and y be two real-valued, nonnegative, convex, and sub-multiplicative functions
defined on R+ = [0,e0). Then

x ( A (qo)w(%)fdt) , (13)
. a2 2y , N 1/2
o024 (£8P

Another aim of this paper is to establish an inequality (but super-multiplicative

functions) similar to (1.3), which is a reverse inequality. Here, we include the definition
of the super-multiplicative function as follows:

where
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A function f(x) (x € [a,b]) is called the super-multiplicative function, if f(x;x;) >
f(x1)f(xz) for any x1,x; € [a,b].

THEOREM 1.2. For i=1,2, let fi(0;) >0 for o; € (0,x;), where x; are positive
real numbers and define F;(s;) = fgiﬁ(c,-)dc,-,for 5i €(0,x;). Let 0 < r; < pi(0;) <R;
and define Py(s;) = fgi pi(oi)do;. If ¢; are real-valued nonnegative, convex, and super-
multiplicative functions defined on [0,b] and 0 <t; < ¢; < T;, then

/xl 2 ¢ (Fl(sl))+¢2(F2(S2))dS1ds2
0

0 min{s}/z,sé/z}
" ) N
>N-L(xp,x2) </0 (x1—s1) <P1(S1)¢1 (;;11((;1)))> dSl)

1/4

X (/Oxz (x2 —52) <P2(52)¢2 (%))2%2) ; (1.4)

. ¢1(nb) (RT)Y? (nn)'/? - RiTy i\
N_4mm{m¢l(0)+”¢1(b) ( (rin)1/? +(R1T1)1/2 <71l1 +R1Tl> ’

$2(nb) ((Rsz)l/2 (ratr)'/? )1 <R2T2 L h >_1}

m$(0) +nga(b) \ ()2~ (RyT)'/? nty R
0<m, n<1l,m+n=1, and

=m0 e) "o [ (50 ) )

REMARK 1.2. In Theorem C we deal with sub-multiplicative function, while the
reverse inequality in Theorem 1.2 is achieved for super-multiplicative function. In
addition, the molecule of the integrand of the left side of inequality (1.4) becomes
01 (F1(s1)) + ¢2(F2(s2)), but inequality (1.3) in Theorem C is ¢y (Fi(s1))92(Fa(s2)).

2. Main results

In this section, we start with two auxiliary results (Lemmas 2.1 and 2.2), which
will be the base of our further study. Our main results are given in the following Theo-
rems (Theorems 2.1 and 2.2).

LEMMA 2.1. [19] (Pélya-Szegd’s integral inequality) Ler f(x),g(x) be non-
negative continuous functions on la,b]. Let p,q >0, ;—74—% =1 and f'/7(x)g"/(x)
be integrable on [a,b]. If 0 <m < f(x) <M and 0 < my < g(x) < My, then

(/abf(x)dx) . (/ahg(x)dx) v <Tpy (A%) /ubfl/”(x)gl/‘f(x)dx, 2.1)
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where
D08 = (0590 g S @2

Putting p = ¢ =2 in (2.1), (2.1) reduces an integral form of the Pdlya-Szegd’s
inequality [1].

LEMMA 2.2. (Reverse Jensen’s inequality) Ler p(x) be a positive continuous
Sfunction and f(x) be convex continuous function on I := [a,b]. For a < x < b, there
exist m, n and 0 <m, n <1 and m~+n =1 such that x = ma-+nb. Then

Jo pxdx\ o PO f()dx 53
f(fapm >/ D ar 23

where

_ f(ma+nb)
E¢(a,b) = mif(a) () (2.4)
Proof. Since a < x < b, thereis ¢ (0 <t < 1) suchthat x =ra+ (1 —1)b. There-
fore
J2 p) f(x)dx Jo plta+ (1—1)b)f(ta+ (1 —1)b)dt
Ppxydx Jo plta+ (1 —1)b)dr

f<f p(x)xdx >_f<f&p(m+(l—t)b)(m+(l 1)b)d )
Jd pleat (1—1)b)di

Jo plta+(1—0)b)(tf(a)+ (1 —1)f(b))dr
Jo plta+ (1 —1)b)dr

a/ltp(t+(1 —t)b)dt+b/1(1—t)p(t+(1 —1)b)dr
0 0

f T
/0 p(ta+ (1 —1)b)dt

) folltp(ta+(l—t)b)dt+f(b> (1_ f()lltp(ta—i—(l—t)b)dt)
B Jo p(ta+ (1 —1)b)dr Jo pta+ (1 —1)b)dt

_f<af01zp(m+( —1)b)dt +b<l_f(}tp(za+(1—t)b)dz>>'

Jo plta+ (1 —1)b)dt Jo plta+ (1 —1)b)dr
On the other hand, let
 Jotplta+ (1 —1)b)dt
Jo plta+(1—1)b)dr

and
Jo tp(ta+ (1 —1)b)dt

Jo plta+ (1 —1)b)dr

It is clear that 0 < m, n < 1 and m+n = 1. Hence, it easy follows the inequality in
Lemma?2.2. O
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THEOREM 2.1. For i=1,2,let hj > 1 and 0 < r; < fi(0;) < R; for o; € (0,x;),
where x; are positive real numbers and define F(s;) = [y fi(0;)doj, for si € (0,x;). If

o> 1 and é—k%:l,then

X1 X2F (s1) +F 2(s2)
// /ﬁ}dldsz

mln{s

N B BN\ 1/(B)
> Mg hahe) 25 PO ([ s (R )sion) )

X (/Oxz (x2 —52) (thz_l (52)f2(52)> ad52> e ; (2.5)

{ 2 ( ’f’“) 2 (15"
Mg p=2minq T, il L W )
0613 Rﬁ 1 Otp R(zx 2

and Uy g is as in (2.2).

where

Proof. From the hypotheses, we have

(si) h/F (0;)fi(o)do;, i=1,2.

Hence

h e (B B /B

o)+ B2 =i [ 10 (D o0sP (00))  don

52 _ 1/a
+hy [ (R V)t (o) 1P don.
On the other hand
RY ()P0 > PP (61 1 (01) = 00

and

Rghz(S2)a(h2—l) > an(hz_l)(ﬁz)fg((h) > ghz 2(h2 1)

By applying P6lya-Szegd’s integral inequality in Lemma 2.1, we have

B . g\
P (s1) + Fl2 () r—ﬁ< ﬁh> st (/0 (Fi (o) o)) dal)

rochz 1/ P o 1/a
1 (2 -
T8 (Rg@) has, </o (Fz (02)f2(02)> dGz)
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Hence h1 hz
mm{sl/a l/ﬁ}
o 1B
_ r 51 B B
>T,p (ﬁ) h (/0 <F1hl 1(Cfl)fl(<71)> dGl)
1
oy s l/a
_ r. 2 _ o
o p <R2ah2> o (/0 (thz 1(sz)ch(<’2)> dGz) : (2.6)
2

Integrating both sides of (2.6) over s; from 0 to x; (i = 1,2), we obtain

sz S1 +F ( )
/ / a (1B T B, 1ds
min{s;"",s,’" }
_ A X1 SUy B 1/B
>Tap (R—‘?hl o [ ([ (R onnton) dor ) a
ok s s 1/o
_ 12 2 2 _ o
+ra’1ﬁ <R§x1h2> 'x1h2/0 (/o <th2 1(ffz)fz(o'z)> dGz) dx.

Notice that

_ S1
PPl Bln-1) /

_ B _
A (Flhl 1(Cfl)fl(ffl)> d01<R113h151+ﬁ(h' D

and
_ 52 _ o _
rghzsé a(h2 I)S/O (thz l(az)fz(al)> dazgRg‘h's} a(h 1).

By using Pélya-Szegd’s integral inequality again,

/xl/sz sl +F2 ( )d \dso

mln{sl/a l/ﬁ}
By X/ s 1/B
— r 1 1
>T,.% (RlﬁM)hlxle/ (/O (/0 (F* (o0 (o) dcl)d)
1
0hy X X 1/o
- 7. 2 2 _ o
L <R2h2>hzx1xz/ﬂ (5[ (o) don ) s
2

I ( /0 ? (= s2) (A (s2)2(s2) ads2> 1/&1 , 2.7)
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My p=2minq I 5| —5— | T 7 .
06,13 Rllil Otp R(212

By using the arithmetic-geometric mean inequality ¢ +d > 2¢'/2d'/? (for ¢,d nonneg-
ative reals) on the right side of (2.7), the inequality in Theorem 2.1 follows easy. The
proof is complete. [

where

REMARK 2.1. Putting oo = f =2 in (2.5), (2.5) reduces to (1.2) stated in the
introduction.

THEOREM 2.2. For i = 1,2, let fi(0;) > 0 on (0,x;), where x; are positive real
numbers and define F;(s;) = fgiﬁ(ai)dai,for 5i € (0,x;). Let 0 < r; < pi(0;) <R; and
define P;(s;) = fOSi pi(0i)do;. Let ¢; be real-valued nonnegative, convex, and super-
multiplicative functions defined on [0,b] and 0<t; < ¢; < T;. If oo > 1 and é +% =1,
then

/)q 2 01 (Fi(s1)) + ¢ (FZ(Sz))dS1dS2
0 0

min{s}/a,sé/ﬁ}

X </OX2 (x2 = 52) <P2(Sz)¢2 <Z((§22)>)>ad32) 1/(2“)7 (28)

where
B ) 1 (rltl)ﬁ -1 M
No.p = 2min {E¢1 (0.5)T 5 ((Rm)ﬁ> s <(R1Tl>°‘+ﬁ |
1 (rglz)a —1 M
Eg,(0,0)T <(R2T2)°‘> Las <(R2T2)a+ﬁ 7
and

x| 1)) @ e X s /B
La’ﬁ(xl,xg):min{m(/o (%) ds1> ,x1</0 (%)ﬁd@) }

Proof. From the hypotheses and applying reverse Jensen’s inequality in Lemma
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2.2, we have for i=1,2

pi(0;)
Jo' pi(oi)doi

P(si) Jo' pi(o7) fil91) 4,
i (Fi(si)) = ¢

~—|

_ pi(oi
Jo' pi(oi)doi

i (o) £,
= 0i(Pi(si))9i

Hence

01 (Fi(s1)) + 02 (Fa(s2)) = Eg, (0,D) ¢11(’f(1s(1s)1)) /olYl Pi(o1)0: (QEZ;) a1

+E¢2(07b)%/j p2(02) (ﬁ(@) ) dos.

On the other hand, notice that

(nn)P < <P1(01)<P1 <M>)ﬁ < (RiThP,

pi(o1)

and

(r21)% < (pz(Gz)(Z)z (fz(cz) ))a < (RaTh)“.

p2(02)

By applying Pélya-Szego’s integral inequality in Lemma 2.1, we obtain

&1 (Fi(s1)) + ¢2 (F2(s2))

)P et (PiGs) (o Aoy
>E¢1(07b)ralﬁ <(R1Tl)/3> Sy Pl(sl) (/0 (Pl(al)q)l <p1(01)>) dGl)

000 (e A B ([ (e (2125 ) )

Hence

¢1 (Fi(s1)) + ¢2 (Fa(s2))
/‘X’Sé/ﬁ}

min{s}

S )P\ e Pusn) [ Ao\
> Ey,(0,0)T, ((R1T1)ﬁ> Pi(s1) (/0 (Pl(@)d’l(pl(cl))) d0'1>
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o0ty (50) s (f (oo (e a)

Integrating two sides of (2.9) over s; from 0 to x; (i = 1,2), we have

/x1 2y (Fl(Sl))+¢2(F2(S2))dS1d52
0 0

min{s}/a,sé/ﬁ}

rit )P X1 s
> g (0,0) aﬁ((; i;ﬁ)ﬂ) [ ()

Pl(sl)

5 B 1/B
X(/o <P1(01)¢1 (;11((2;;11)))) dGl) ds
Py (22 [ e

Moreover, notice that
o o o
(f_l) < <¢1 (Pl(sl))) < (ﬁ) ,
Ry Pi(s1) r

si(rin)P < /OSI <P1(G1)¢1 (;:11((;‘;1))>)ﬁd61 <si(RiT)P,

(&) (=) < (%)

52(r2t2)® < /OSZ <P2(02)¢2 (M)Yflﬁz < 02(ReT2)%.

p2(02)
By applying Pélya-Szego’s integral inequality again, we obtain

and

/x1 X2 (Z)l (Fl(sl))+¢2(F2(52))dS1ds2
0 0

mln{sl/a l/ﬁ}

(nt)? \ o1 [ ()P
> x2Eg (0,0)T, s ((Rirll)ﬁ> Fab ((RiTll)“”})

(" (Y ) ([ [ (o (220) )
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(r202)* \ o1 [ (ra12)**F
+x1E¢2(0 b) o.B (W ra.p W

(L (Y o) ([ () aee)
> lNa BLlap(x1,x2) (/ /\1 P1 (;l((m))»ﬁdcldsl)l/ﬁ
+</Oxz /OS2 <P2(02)¢2<£22((Z))))adﬁzdh) v
= %Na,ﬁLa,ﬁ(xl,xz) (/OXI (xl —S1> <P1(51)¢1<f1((sl))>> dS1>l/ﬁ
4—(/;2 <x2—52> (pz(sz)‘bz(fz(( 2;)) d52>1/a : (2.9)

By using the the arithmetic-geometric mean inequality c+d > 2¢1/24%/2 (for ¢,d non-
negative reals) on the right side of (2.9), (2.9) becomes the inequality in Theorem 2.2.
The proof is complete. [

REMARK 2.2. Putting o = § = 2 in (2.8), (2.8) reduces to (1.4) stated in the
introduction.
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