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REVERSE HILBERT’S TYPE INTEGRAL INEQUALITIES

CHANG-JIAN ZHAO AND WING-SUM CHEUNG

(Communicated by J. Pečarić)

Abstract. In this paper, we are motivated by some newer Hilbert-Pachpatte inequalities, and that
we derive some similar (but reverse) inequalities.

1. Introduction

The well-known Hilbert’s integral inequality can be stated as follows ([1], p. 226).

THEOREM A. Let f (x),g(y) � 0 , 0 <
∫ ∞
0 f (x)pdx < ∞ and 0 <

∫ ∞
0 g(y)qdy < ∞ .

If p > 1 and q = p/(p−1) , then

∫ ∞

0

∫ ∞

0

f (x)g(y)
x+ y

dxdy � π
sin(π/p)

(∫ ∞

0
f (x)pdx

)1/p(∫ ∞

0
g(y)qdy

)1/q

.

Hilbert’s integral inequalities were studied extensively and numerous variants,
generalizations, and extensions appeared in the literature [2–14] and the references
cited therein. Research on reverse Hilbert inequalities was published in [15–17]. In
particular, Pachpatte [18] established a new integral inequality similar to the Hilbert’s
inequality as follows.

THEOREM B. Let h � 1 , l � 1 and f (σ) � 0 , g(τ) � 0 for σ ∈ (0,x) , τ ∈
(0,y) , where x and y are positive real numbers and define F(s) =

∫ s
0 f (σ)dσ and

G(t) =
∫ t
0 g(τ)dτ , for s ∈ (0,x) , t ∈ (0,y) . Then

∫ x

0

∫ y

0

Fh(s)Gl(t)
s+ t

dsdt � 1
2
hl(xy)1/2

(∫ x

0

(
x− s

)(
Fh−1(s) f (s)

)2
ds

)1/2

×
(∫ y

0

(
y− t

)(
Gl−1(t)g(t)

)2
dt

)1/2

. (1.1)

The first aim of the paper to establish an inequality similar to (1.1), which is a
reverse inequality.
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THEOREM 1.1. For i = 1,2, let hi � 1 and 0 < ri � fi(σi) � Ri for σi ∈ (0,xi) ,
where xi are positive real numbers and define Fi(si) =

∫ si
0 fi(σi)dσi , for si ∈ (0,xi) .

Then ∫ x1

0

∫ x2

0

Fh1
1 (s1)+Fh2

2 (s2)

min{s1/2
1 ,s1/2

2 }
ds1ds2

� M · 1
2
(h1h2)1/2(x1x2)3/4

(∫ x1

0
(x1− s1)

(
Fh1−1

1 (s1) f1(s1)
)2

ds1

)1/4

×
(∫ x2

0
(x2− s2)

(
Fh2−1

2 (s2) f2(s2)
)2

ds2

)1/4

, (1.2)

where

M = 16min

⎧⎨
⎩
(

Rh1/2
1

rh1/2
1

+
rh1/2
1

Rh1/2
1

)−2

,

(
Rh2/2

2

rh2/2
2

+
rh2/2
2

Rh2/2
2

)−2
⎫⎬
⎭ .

REMARK 1.1. The reverse inequality in Theorem 1.1 is achieved. Moreover, the
molecule of the integrand of the left side of inequality (1.2) becomes Fh1

1 (s1)+Fh2
2 (s2) ,

but inequality (1.1) in Theorem B is Fh1
1 (s1)F

h2
2 (s2) . This shows that we get a different

precision result.
In [18], Pachpatte also established the following Hilbert’s type integral inequality

for the sub-multiplicative functions. For a reader’s convenience, we include the defini-
tion of the sub-multiplicative function as follows:

A function f (x) (x ∈ [a,b]) is called the sub-multiplicative function, if f (x1x2) �
f (x1) f (x2) for any x1,x2 ∈ [a,b] .

THEOREM C. Let f ,g,F,G be as in Theorem B. Let p(σ) and q(τ) be two pos-
itive real function define for σ ∈ (0,x) , τ ∈ (0,y) and define P(s) =

∫ s
0 p(σ)dσ and

Q(t) =
∫ t
0 q(τ)dτ , for s ∈ (0,x) , t ∈ (0,y) , where x,y are positive real numbers. Let

φ and ψ be two real-valued, nonnegative, convex, and sub-multiplicative functions
defined on R+ = [0,∞) . Then

∫ x

0

∫ y

0

φ(F(s))ψ(G(t))
s+ t

dsdt � L(x,y)

(∫ x

0
(x− s)

(
p(s)φ

( f (s)
p(s)

))2

ds

)1/2

×
(∫ y

0
(y− t)

(
q(t)ψ

(g(t)
q(t)

))2

dt

)1/2

, (1.3)

where

L(x,y) =
1
2

(∫ x

0

(
φ(P(s))

P(s)

)2

ds

)1/2(∫ y

0

(
ψ(Q(t))

Q(t)

)2

dt

)1/2

.

Another aim of this paper is to establish an inequality (but super-multiplicative
functions) similar to (1.3), which is a reverse inequality. Here, we include the definition
of the super-multiplicative function as follows:
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A function f (x) (x∈ [a,b]) is called the super-multiplicative function, if f (x1x2)�
f (x1) f (x2) for any x1,x2 ∈ [a,b] .

THEOREM 1.2. For i = 1,2 , let fi(σi) � 0 for σi ∈ (0,xi) , where xi are positive
real numbers and define Fi(si) =

∫ si
0 fi(σi)dσi , for si ∈ (0,xi). Let 0 < ri � pi(σi) � Ri

and define Pi(si) =
∫ si
0 pi(σi)dσi. If φi are real-valued nonnegative, convex, and super-

multiplicative functions defined on [0,b] and 0 � ti � φi � Ti , then∫ x1

0

∫ x2

0

φ1 (F1(s1))+ φ2 (F2(s2))

min{s1/2
1 ,s1/2

2 }
ds1ds2

� N ·L(x1,x2)

(∫ x1

0
(x1− s1)

(
p1(s1)φ1

(
f1(s1)
p1(s1)

))2

ds1

)1/4

×
(∫ x2

0
(x2− s2)

(
p2(s2)φ2

(
f2(s2)
p2(s2)

))2

ds2

)1/4

, (1.4)

where

N = 4min

{
φ1(nb)

mφ1(0)+nφ1(b)

(
(R1T1)1/2

(r1t1)1/2
+

(r1t1)1/2

(R1T1)1/2

)−1(
R1T1

r1t1
+

r1t1
R1T1

)−1

,

φ2(nb)
mφ2(0)+nφ2(b)

(
(R2T2)1/2

(r2t2)1/2
+

(r2t2)1/2

(R2T2)1/2

)−1(
R2T2

r2t2
+

r2t2
R2T2

)−1
}

,

0 � m, n � 1 , m+n = 1, and

L(x1,x2) = min

{
x2

(∫ x1

0

(φ1(P1(s1))
P1(s1)

)2
ds1

)1/2

,x1

(∫ x2

0

(φ2(P2(s2))
P2(s2)

)2
ds2

)1/2
}

.

REMARK 1.2. In Theorem C we deal with sub-multiplicative function, while the
reverse inequality in Theorem 1.2 is achieved for super-multiplicative function. In
addition, the molecule of the integrand of the left side of inequality (1.4) becomes
φ1(F1(s1))+ φ2(F2(s2)) , but inequality (1.3) in Theorem C is φ1(F1(s1))φ2(F2(s2)) .

2. Main results

In this section, we start with two auxiliary results (Lemmas 2.1 and 2.2), which
will be the base of our further study. Our main results are given in the following Theo-
rems (Theorems 2.1 and 2.2).

LEMMA 2.1. [19] (Pólya-Szegö’s integral inequality) Let f (x),g(x) be non-
negative continuous functions on [a,b] . Let p,q > 0 , 1

p + 1
q = 1 and f 1/p(x)g1/q(x)

be integrable on [a,b] . If 0 < m1 � f (x) � M1 and 0 < m2 � g(x) � M2 , then(∫ b

a
f (x)dx

)1/p(∫ b

a
g(x)dx

)1/q

� Γp,q

(
m1m2

M1M2

)∫ b

a
f 1/p(x)g1/q(x)dx, (2.1)
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where

Γp,q(ξ ) = ( p
√

p · q
√

q)−1 1− ξ
(1− ξ 1/p)1/p(1− ξ 1/q)1/q

·ξ−1/pq. (2.2)

Putting p = q = 2 in (2.1), (2.1) reduces an integral form of the Pólya-Szegö’s
inequality [1].

LEMMA 2.2. (Reverse Jensen’s inequality) Let p(x) be a positive continuous
function and f (x) be convex continuous function on I := [a,b] . For a � x � b, there
exist m, n and 0 � m, n � 1 and m+n = 1 such that x = ma+nb. Then

f

(∫ b
a p(x)xdx∫ b
a p(x)dx

)
� Ef (a,b)

∫ b
a p(x) f (x)dx∫ b

a p(x)dx
, (2.3)

where

E f (a,b) =
f (ma+nb)

mf (a)+n f (b)
. (2.4)

Proof. Since a � x � b , there is t (0 � t � 1) such that x = ta+(1− t)b . There-
fore ∫ b

a p(x) f (x)dx∫ b
a p(x)dx

f

(∫ b
a p(x)xdx∫ b
a p(x)dx

) =

∫ 1
0 p(ta+(1− t)b) f (ta+(1− t)b)dt∫ 1

0 p(ta+(1− t)b)dt

f

(∫ 1
0 p(ta+(1− t)b)(ta+(1− t)b)dt∫ 1

0 p(ta+(1− t)b)dt

)

�

∫ 1
0 p(ta+(1− t)b)(t f (a)+ (1− t) f (b))dt∫ 1

0 p(ta+(1− t)b)dt

f

⎛
⎜⎜⎝

a
∫ 1

0
t p(t +(1− t)b)dt+b

∫ 1

0
(1− t)p(t +(1− t)b)dt∫ 1

0
p(ta+(1− t)b)dt

⎞
⎟⎟⎠

=

f (a)
∫ 1
0 t p(ta+(1− t)b)dt∫ 1
0 p(ta+(1− t)b)dt

+ f (b)

(
1−

∫ 1
0 t p(ta+(1− t)b)dt∫ 1
0 p(ta+(1− t)b)dt

)

f

(
a

∫ 1
0 t p(ta+(1− t)b)dt∫ 1
0 p(ta+(1− t)b)dt

+b

(
1−

∫ 1
0 t p(ta+(1− t)b)dt∫ 1
0 p(ta+(1− t)b)dt

)) .

On the other hand, let

m =
∫ 1
0 t p(ta+(1− t)b)dt∫ 1
0 p(ta+(1− t)b)dt

and

n = 1−
∫ 1
0 t p(ta+(1− t)b)dt∫ 1
0 p(ta+(1− t)b)dt

.

It is clear that 0 � m , n � 1 and m+ n = 1. Hence, it easy follows the inequality in
Lemma 2.2. �
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THEOREM 2.1. For i = 1,2, let hi � 1 and 0 < ri � fi(σi) � Ri for σi ∈ (0,xi) ,
where xi are positive real numbers and define Fi(si) =

∫ si
0 fi(σi)dσi , for si ∈ (0,xi) . If

α > 1 and 1
α + 1

β = 1 , then

∫ x1

0

∫ x2

0

Fh1
1 (s1)+Fh2

2 (s2)

min{s1/α
1 ,s1/β

2 }
ds1ds2

� Mα ,β (h1h2)1/2x(1+α)/(2α)
1 x(1+β )/(2β )

2

(∫ x1

0
(x1− s1)

(
Fh1−1

1 (s1) f1(s1)
)β

ds1

)1/(2β )

×
(∫ x2

0
(x2 − s2)

(
Fh2−1

2 (s2) f2(s2)
)α

ds2

)1/(2α)

, (2.5)

where

Mα ,β = 2min

{
Γ−2

α ,β

(
rβh1
1

Rβh1
1

)
,Γ−2

α ,β

(
rαh2
2

Rαh2
2

)}
,

and Γα ,β is as in (2.2).

Proof. From the hypotheses, we have

Fhi
i (si) = hi

∫ si

0
Fhi−1

i (σi) fi(σi)dσi, i = 1,2.

Hence

Fh1
1 (s1)+Fh2

2 (s2) = h1

∫ s1

0
11/α ·

(
Fβ (h1−1)

1 (σ1) f β
1 (σ1)

)1/β
dσ1

+h2

∫ s2

0

(
Fα(h2−1)

2 (σ2) f α
2 (σ2)

)1/α ·11/βdσ2.

On the other hand

Rβh1
1 (s1)β (h1−1) � Fβ (h1−1)

1 (σ1) f β
1 (σ1) � rβh1

1 sβ (h1−1)
1

and
Rαh2

2 (s2)α(h2−1) � Fα(h2−1)
2 (σ2) f α

2 (σ2) � rαh2
2 sα(h2−1)

2 .

By applying Pólya-Szegö’s integral inequality in Lemma 2.1, we have

Fh1
1 (s1)+Fh2

2 (s2) � Γ−1
α ,β

(
rβh1
1

Rβh1
1

)
·h1s

1/α
1

(∫ s1

0

(
Fh1−1

1 (σ1) f1(σ1)
)β

dσ1

)1/β

+Γ−1
α ,β

(
rαh2
2

Rαh2
2

)
·h2s

1/β
2

(∫ s2

0

(
Fh2−1

2 (σ2) f2(σ2)
)α

dσ2

)1/α
.



1556 C.-J. ZHAO AND W.-S. CHEUNG

Hence
Fh1

1 (s1)+Fh2
2 (s2)

min{s1/α
1 ,s1/β

2 }

� Γ−1
α ,β

(
rβh1
1

Rβh1
1

)
h1

(∫ s1

0

(
Fh1−1

1 (σ1) f1(σ1)
)β

dσ1

)1/β

+Γ−1
α ,β

(
rαh2
2

Rαh2
2

)
·h2

(∫ s2

0

(
Fh2−1

2 (σ2) f2(σ2)
)α

dσ2

)1/α
. (2.6)

Integrating both sides of (2.6) over si from 0 to xi (i = 1,2) , we obtain

∫ x1

0

∫ x2

0

Fh1
1 (s1)+Fh2

2 (s2)

min{s1/α
1 ,s1/β

2 }
ds1ds2

� Γ−1
α ,β

(
rβh1
1

Rβh1
1

)
· x2h1

∫ x1

0

(∫ s1

0

(
Fh1−1

1 (σ1) f1(σ1)
)β

dσ1

)1/β
dx1

+Γ−1
α ,β

(
rαh2
2

Rαx1h2
2

)
· x1h2

∫ s2

0

(∫ s2

0

(
Fh2−1

2 (σ2) f2(σ2)
)α

dσ2

)1/α
dx2.

Notice that

rβh1
1 s1+β (h1−1)

1 �
∫ s1

0

(
Fh1−1

1 (σ1) f1(σ1)
)β

dσ1 � Rβh1
1 s1+β (h1−1)

1

and

rαh2
2 s1+α(h2−1)

2 �
∫ s2

0

(
Fh2−1

2 (σ2) f2(σ1)
)α

dσ2 � Rαh1
2 s1+α(h1−1)

1 .

By using Pólya-Szegö’s integral inequality again,

∫ x1

0

∫ x2

0

Fh1
1 (s1)+Fh2

2 (s2)

min{s1/α
1 ,s1/β

2 }
ds1ds2

� Γ−2
α ,β

(
rβh1
1

Rβh1
1

)
h1x2x

1/α
1

(∫ x1

0

(∫ s1

0

(
Fh1−1

1 (σ1) f1(σ1)
)β

dσ1

)
ds1

)1/β

+Γ−2
α ,β

(
rαh2
2

Rαh2
2

)
h2x1x

1/β
2

(∫ x2

0

(∫ s2

0

(
Fh2−1

2 (σ2) f2(σ2)
)α

dσ2

)
ds2

)1/α

=
1
2
Mα ,β

[
h1x2x

1/α
1

(∫ x1

0
(x1− s1)

(
Fh1−1

1 (s1) f1(s1)
)β

ds1

)1/β

+h2x1x
1/β
2

(∫ x2

0
(x2− s2)

(
Fh2−1

2 (s2) f2(s2)
)α

ds2

)1/α
]
, (2.7)
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where

Mα ,β = 2min

{
Γ−2

α ,β

(
rβh1
1

Rβh1
1

)
,Γ−2

α ,β

(
rαh2
2

Rαh2
2

)}
.

By using the arithmetic-geometric mean inequality c+d � 2c1/2d1/2 (for c,d nonneg-
ative reals) on the right side of (2.7), the inequality in Theorem 2.1 follows easy. The
proof is complete. �

REMARK 2.1. Putting α = β = 2 in (2.5), (2.5) reduces to (1.2) stated in the
introduction.

THEOREM 2.2. For i = 1,2 , let fi(σi) � 0 on (0,xi) , where xi are positive real
numbers and define Fi(si) =

∫ si
0 fi(σi)dσi , for si ∈ (0,xi). Let 0 < ri � pi(σi) � Ri and

define Pi(si) =
∫ si
0 pi(σi)dσi. Let φi be real-valued nonnegative, convex, and super-

multiplicative functions defined on [0,b] and 0 � ti � φi � Ti . If α > 1 and 1
α + 1

β = 1 ,

then ∫ x1

0

∫ x2

0

φ1 (F1(s1))+ φ2 (F2(s2))

min{s1/α
1 ,s1/β

2 }
ds1ds2

� Nα ,β ·Lα ,β (x1,x2)

(∫ x1

0
(x1− s1)

(
p1(s1)φ1

(
f1(s1)
p1(s1)

))β
ds1

)1/(2β )

×
(∫ x2

0
(x2− s2)

(
p2(s2)φ2

(
f2(s2)
p2(s2)

))α
ds2

)1/(2α)

, (2.8)

where

Nα ,β = 2min

{
Eφ1(0,b)Γ−1

α ,β

(
(r1t1)β

(R1T1)β

)
Γ−1

α ,β

(
(r1t1)α+β

(R1T1)α+β

)
,

Eφ2(0,b)Γ−1
α ,β

(
(r2t2)α

(R2T2)α

)
Γ−1

α ,β

(
(r2t2)α+β

(R2T2)α+β

)}
,

and

Lα ,β (x1,x2)= min

{
x2

(∫ x1

0

(φ1(P1(s1))
P1(s1)

)α
ds1

)1/α
,x1

(∫ x2

0

(φ2(P2(s2))
P2(s2)

)β
ds2

)1/β
}

.

Proof. From the hypotheses and applying reverse Jensen’s inequality in Lemma
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2.2, we have for i = 1,2

φi (Fi(si)) = φi

⎛
⎜⎝Pi(si)

∫ si
0 pi(σi)

fi(σi)
pi(σi)

dσi∫ si
0 pi(σi)dσi

⎞
⎟⎠

� φi(Pi(si))φi

⎛
⎜⎝
∫ si
0 pi(σi)

fi(σi)
pi(σi)

dσi∫ si
0 pi(σi)dσi

⎞
⎟⎠

� Eφi(0,b)
φi (Pi(si))

Pi(si)

∫ si

0
pi(σi)φi

(
fi(σi)
pi(σi)

)
dσi.

Hence

φ1 (F1(s1))+ φ2 (F2(s2)) � Eφ1(0,b)
φ1 (P1(s1))

P1(s1)

∫ s1

0
p1(σ1)φ1

(
f1(σ1)
p1(σ1)

)
dσ1

+Eφ2(0,b)
φ2 (P2(s2))

P2(s2)

∫ s2

0
p2(σ2)φ2

(
f2(σ2)
p2(σ2)

)
dσ2.

On the other hand, notice that

(r1t1)β �
(

p1(σ1)φ1

(
f1(σ1)
p1(σ1)

))β
� (R1T1)β ,

and

(r2t2)α �
(

p2(σ2)φ2

(
f2(σ2)
p2(σ2)

))α
� (R2T2)α .

By applying Pólya-Szegö’s integral inequality in Lemma 2.1, we obtain

φ1 (F1(s1))+ φ2 (F2(s2))

� Eφ1(0,b)Γ−1
α ,β

(
(r1t1)β

(R1T1)β

)
s1/α
1

φ1 (P1(s1))
P1(s1)

(∫ s1

0

(
p1(σ1)φ1

(
f1(σ1)
p1(σ1)

))β
dσ1

)1/β

+Eφ2(0,b)Γ−1
α ,β

(
(r2t2)α

(R2T2)α

)
s1/β
2

φ2 (P2(s2))
P2(s2)

(∫ s2

0

(
p2(σ2)φ2

(
f2(σ2)
p2(σ2)

))α
dσ2

)1/α

.

Hence
φ1 (F1(s1))+ φ2 (F2(s2))

min{s1/α
1 ,s1/β

2 }

� Eφ1(0,b)Γ−1
α ,β

(
(r1t1)β

(R1T1)β

)
φ1 (P1(s1))

P1(s1)

(∫ s1

0

(
p1(σ1)φ1

(
f1(σ1)
p1(σ1)

))β
dσ1

)1/β
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+Eφ2(0,b)Γ−1
α ,β

(
(r2t2)α

(R2T2)α

)
φ2 (P2(s2))

P2(s2)

(∫ s2

0

(
p2(σ2)φ2

(
f2(σ2)
p2(σ2)

))α
dσ2

)1/α

.

(2.9)
Integrating two sides of (2.9) over si from 0 to xi (i = 1,2), we have

∫ x1

0

∫ x2

0

φ1 (F1(s1))+ φ2 (F2(s2))

min{s1/α
1 ,s1/β

2 }
ds1ds2

� x2Eφ1(0,b)Γ−1
α ,β

(
(r1t1)β

(R1T1)β

)∫ x1

0

φ1 (P1(s1))
P1(s1)

×
(∫ s1

0

(
p1(σ1)φ1

(
f1(σ1)
p1(σ1)

))β
dσ1

)1/β

ds1

+x1Eφ2(0,b)Γ−1
α ,β

(
(r2t2)α

(R2T2)α

)∫ x2

0

φ2 (P2(s2))
P2(s2)

×
(∫ s2

0

(
p2(σ2)φ2

(
f2(σ2)
p2(σ2)

))α
dσ2

)1/α

ds2.

Moreover, notice that (
t1
R1

)α
�
(

φ1 (P1(s1))
P1(s1)

)α
�
(

T1

r1

)α
,

s1(r1t1)β �
∫ s1

0

(
p1(σ1)φ1

(
f1(σ1)
p1(σ1)

))β
dσ1 � s1(R1T1)β ,

and (
t2
R2

)β
�
(

φ2 (P2(s2))
P2(s2)

)β
�
(

T2

r2

)β
,

s2(r2t2)α �
∫ s2

0

(
p2(σ2)φ2

(
f2(σ2)
p2(σ2)

))α
dσ2 � s2(R2T2)α .

By applying Pólya-Szegö’s integral inequality again, we obtain

∫ x1

0

∫ x2

0

φ1 (F1(s1))+ φ2 (F2(s2))

min{s1/α
1 ,s1/β

2 }
ds1ds2

� x2Eφ1(0,b)Γ−1
α ,β

(
(r1t1)β

(R1T1)β

)
Γ−1

α ,β

(
(r1t1)α+β

(R1T1)α+β

)

×
(∫ x1

0

(
φ1 (P1(s1))

P1(s1)

)α
ds1

)1/α(∫ x1

0

∫ s1

0

(
p1(σ1)φ1

(
f1(σ1)
p1(σ1)

))β
dσ1ds1

)1/β
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+x1Eφ2(0,b)Γ−1
α ,β

(
(r2t2)α

(R2T2)α

)
Γ−1

α ,β

(
(r2t2)α+β

(R2T2)α+β

)

×
(∫ x2

0

(
φ2 (P2(s2))

P2(s2)

)β
ds2

)1/β (∫ x2

0

∫ s2

0

(
p2(σ2)φ2

(
f2(σ2)
p2(σ2)

))α
dσ2ds2

)1/α

� 1
2
Nα ,β Lα ,β (x1,x2)

{(∫ x1

0

∫ s1

0

(
p1(σ1)φ1

( f1(σ1)
p1(σ1)

))β
dσ1ds1

)1/β

+
(∫ x2

0

∫ s2

0

(
p2(σ2)φ2

( f2(σ2)
p2(σ2)

))α
dσ2ds2

)1/α
}

=
1
2
Nα ,β Lα ,β (x1,x2)

{(∫ x1

0

(
x1− s1

)(
p1(s1)φ1

( f1(s1)
p1(s1)

))β
ds1

)1/β

+
(∫ x2

0

(
x2− s2

)(
p2(s2)φ2

( f2(s2)
p2(s2)

))α
ds2

)1/α
}

. (2.9)

By using the the arithmetic-geometric mean inequality c+d � 2c1/2d1/2 (for c,d non-
negative reals) on the right side of (2.9), (2.9) becomes the inequality in Theorem 2.2.
The proof is complete. �

REMARK 2.2. Putting α = β = 2 in (2.8), (2.8) reduces to (1.4) stated in the
introduction.
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