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MORE JORDAN TYPE INEQUALITIES

D. AHARONOV AND U. ELIAS

(Communicated by J. Pecari¢)

Abstract. The function tan(mx/2)/(mx/2) is expanded into a Laurent series of 1 —x?, where
the coefficients are given explicitly as combinations of zeta function of even integers. This is
used to achieve a sequence of upper and lower bounds which are very precise even at the poles
at x==+1.

Similar results are obtained for other trigonometric functions with poles.

1. Introduction

Jordan’s inequality,

sinx T T
<—< 10, ——><x< o,
X 2 2

SIES

has numerous extensions and generalizations. (To simplify the notation we agree that
for x = 0 the value of sinx/x is 1). An exhaustive review of the literature is available in
[6]. One of the many types of generalizations is a sequence of the two sided inequalities.
The first of them is the inequality

2 1, 5 5, _ sinx 2 2 T T
S (M ea) < TS T (4, D << 1.1
7r+7r3( *) X T 3 ( *) 2 5SS (1.

| D
S

I
[\

by Ling Zhu [10]. It is followed by

2 1,5, 5 12— 5, 5, sinx
Z 4 —4 - —4 < — 1.2
g; T(TC —4x)—|— 7'[5 (7T —4.X)

by [11]; Finally Ling Zhu verifies [12] the general

N
sinx
2 an(M?—4x) +ay (TP —4? )N < = < 2 (M2 —4x2) "+ by (TP —4x?)N L,
n=
(1.3)
Mathematics subject classification (2010): 26D05.
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where a, are given by a recursion formula. See also [6, Section 3.7].
Later (1.3) was extended in [13] to

Za2nr rr—x* +aN+1 r(r2_x2)N+1 Za2nr r—x* +ﬁN+l r(rZ_x2)N+1

(1.4)

for |x| < r < m/2. The proofs of inequalities (1.1)—(1.4) are based on a monotone

version of the I’'Hospital rule: If g'(x) # 0 and f'(x)/g'(x) is increasing on (a,b), so
is the quotient (f(x) — f(a))/(g(x) —g(a)).

The two sided inequalities (1.3) are closely related to the infinite expansion of [§]

sinx 2 i
_:E_an‘l

2 2\n
. L 2 g2 (1.5)

where R i (=1)"! <n>2n and (—1)*R; > 0. See also [6, Section 2.3]
—_ | — — . 0, 3.

T A Di(n—k)! k

Identity (1. 5) is verified by a straightforward rearrangement of a double power series.

By direct integration one achieves also
—1 —4x%) + E
cosx = X
41

Similar ideas were developed for Bessel functions in a paper by Baricz and Wu
[2] and are summarized in [3]. In [3, p. 145] the author uses the notation _Z,(x) =
2PT(p+ 1)x~PJ,(x), normalized so that _#,(0) = 1. Without normalization the result
of Baricz and Wu are formulated as

v r_(p+k)1p+k(”)

k[ (r2_x2)k+ap(r2_x2)N+l < x PUp(x)

k=0 o+ " (1.6)
r K\r
2kk1;+ (r2 x2)k ﬁp(r2 x2)N+1

N
<X

k=0

for all N and for |x| < r, where 0 < r < j,41,1 and j,41,1 denotes the first positive
zero of Jp,1(x).

The aim of this study is to develop similar ideas for the the trigonometric functions
which have singularities, namely, the tan,cot,sec and cosec functions. Our attention
was drawn to this subject in an attempt to refine the inequality of Becker and Stark [4]

2
8/n < tan(7x/2) < 1 ’
1 —x2 mx/2 1 —x2

tan(7x/2)

x/2
and lower bounds and these inequalities are closely related to a Laurent series expansion
in powers of 1 —x%. The same approach will be applied also to cot,sec and cosec.

—1<x<l. (1.7)

Our main result (Theorem 1) is that the function admits a sequence of upper
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In spite of the similarity, there are several essential differences between our result
and those of Ling Zhu for sinx/x and of Baricz for the Bessel functions.

(a) Bessel functions and, consequently sinx = x~1/2J /2(x), are solutions of sim-
ple linear second order differential equations. This is a useful tool in [3]. Unfortunately,
we do not know any simple linear differential equation for the tan function. On the con-
trary, the results for tan(mx/2)/(7wx/2) are influenced by its poles at x = +1.

(b) We start our study with the infinite series and the upper and lower bounds ap-
pear as consequences of this alternating series. We do not use the monotone 1’Hospital
rule. Our method uses partial fractions expansions.
tan(7x/2)

x/2
of > —x?, with 0 < r < 1. This expansion has different properties from that which
correspondsto r = 1.

In analogy with (1.4) and (1.6) we also expand into a Laurent series

2. Inequalities and series for the ran function

In this section we present an infinite series expansion for the tan function and two
sets of upper and lower bounds, one with an even number of terms and one with odd
number of terms.

THEOREM 2.1. (a) We have the infinite expansion

tan(mx/2) _ 8 ! S & it 1 2k
Tﬂ_?ll—xﬁkg( D e (1= X)], @.1)
where
[p/2] B B
= [2 )y <2p " 1>C(Zm)— (2; 11)] . p=12,.... (22
m=1 —

All the coefficients T, are positive. The infinite series in (2.1) converges for |x| < 3.

(b) For all even number 2N and —1 < x < 1, we have the pair of inequalities

8 1 &l 1ka+11 N 1 — 22N
;1_—362""2(_)@( —x7)" + Honyi (1 =x7)

k=0
tan(n:x/Z) < 8 1 + %( l)k Tk+l (1 Z)k
nx/2 T om | 1-x2 & 4k+1 ’
(2.3)
where 5
T n Ty
Honi1 = e <1+Z—4—2+—--~—42N)

Ty
and 0 < Hyyy1 < =l

42N+1 The left hand side inequality of (2.3) is strict for x =
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(¢) Forall odd number 2N + 1 and —1 < x < 1, we have

8 1 T 2k tan(7x/2)
—[1_—;@ 2 Ve < =
2.4

L + S ket 2\k 2\2N+1
-2 > (=1) 4k+1(1—x) — Hoyio(1 —x7) ,
=0

where

2
T n Don+i
H2N+2:_?+<1+7_4_2+_“'+42N+1

Ty
and 0 < Hyyyp <

42N+2 The right hand side inequality of (2.4) is strict for x =

3
EXAMPLES. The first coefficientsare Ty =1, T, =2{(2) — (l) =nm%/3—3 and

T3=-2 (3) c2)+ (5) = —6{(2)+10=10 — 1. Accordingly,

2 2
2 2 T 10 — 72
H==—-1 Hy=— (% —-1-2L) =
S T : (8 4) 8

The first two special cases of (2.3) (for 2N =0) and (2.4) (for 2N+ 1=1) are

2 2 _ 2
8/m= m -8 . tan(7mx/2) . 8/m 2

< < > 25
27 mx/2 1—x*  n? @5)
and
8/m? 3_n2—9(1_x2)< tan(mx/2) _ 8/m? +£_ 10—n2(1_x2) 2.6)
1—-x2 72  6n2 Somx/2 T 1—-x2 n? n? R

Proof of Theorem 2.1. For sake of convenience we divide the proof into several
steps.
(i) The mﬁmte expansion for tan. Our starting point is the partial fraction ex-
8
Z —Zz which holds in every domain which contains no
= (2n+1)2m2 — 4z

poles. It follows that

pansmn tanz =

tan(7x/2) _% @

7x/2 §2n+1 - Z n(n+1)+ (1 —x2)
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Each term of the series may be expanded into a geometric series, provided that |1 —
x| <4n(n+1) for n=1,2,...,i.e., for |x| < 3. This yields

tan(mx/2) 8 1 & (—1D)k(1 =Xk
-3 e (S0

. (2.8)
s 1 s 1 (“DF | _ o
:ﬁll_)ﬂ—i_; (,;n"“(nﬂ)"“) s (I=x)"|.
- 1
The expansion (2.1) will follow if we show that the sums 7, = 2 ———— are

= nP(n+1)P
given explicitly by (2.2) for p = 1,2,.... The proof is based on the following identity
[7, Ex. 39, p. 246]: If xy =x+y, then for every m,k > 1,

x’"y"=2<m+,f__1j_ ) ’+Z<m+k - )y". 2.9)

j=1
(2.9) may be verified by mathematical induction on m and k. We take in (2.9) m =k =
1 1
p,X=——,y= n—+l’ and conclude that
I G [<—1>f -
S S A — — + | . 2.10
nP(n+1)P j:z‘l p—1 ni (n41)J ( )

To calculate 7,, we sum (2.10) for n=1,2,... and separate j =1 from j=2,...,p:

con-cr g () (Bt

p—1 n’

() e 50 oo
() g (oo

Lo M2p—j—1 2p—1
Since 2 < p—J ) = ( P ), formula (2.2) is verified and part (a) of the

theorem follows.
i 1
We remark that similar sums Z < (n—1/2)P(n+1/2)P

are mentioned in [9, p. 70,

(373)] for p=1,2,3 and 4.
(ii) The inequalities. Let us write the series (2.1) as

tan(mx/2) 8 | 1 k Tiv 1 21k
o2 w [1——x2+ %(—1) et =2+ R (v)
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with the remainder term

m m 71’er+2 /
Rm-‘rl(x) ( 1) +1 +12 4[+,n+2 1 xz)('

For each x, 0 <x < 1, the series

< Toymi2 ;
Fm-‘rl(x)ZZ( 1)[451:2::2(1 x2)(

and its derivative series

- T ,
( (+m+2 2\(—
x):2x€z_ (-1) 1£4Hm+2(1 )t

are alternating series with smaller and smaller terms. Indeed,

1 = 1 1 1 1

—<Tp=) ——<—0(p) <82 < =,

20 = F n;np(nﬂ)v 276 (P) < 3562 < 3
thus

T€+m+2 1 1 D+m+3

ACHm+2 7 Dltmt2 gl+m+2 > Y l+m+2 gl+m+3 ~ pAlm+3
and similarly

71?er+2 (+m+3
€4€+m+2 (€+ 1)4€+m+3

Thus, by properties of alternating series, Fy,(x) and F,,, (x) are positive functions
for 0 < x < 1. Consequently Fy,4(x) increases for 0 < x < 1, and is bounded from

below and from above by

= i T
0< 2(_1)k k‘+ = :En+1(0) gFm-&-l(X) gFm+1(1) = m+2'
=0

4l+m+2 4m+2
The lower bound of F,,;(x), Zﬁ"n—ﬁ - 4;’,’;3 + —--- may be written as a finite sum: For
x=0,(2.1) yields
o T
1+2(—1)"4k—ﬂ , 2.11)
k=0
so
T2 Ty
0 <Hypo 1= 4m+2  gm+3
) (2.12)
_ 1| L D Tt
= (=" [ g (”Z‘Iﬁ‘ D )|

Consequently R, 1(x) = (—1)"*1(1 —x?)"*'F,.((x) is bounded for m = 2N and
for m = 2N — 1, respectively, by

Ton+2
_(1 _x2)2N+1 yEIES < R2N+1(x) < _(1 —X2)2N+1H2N+2 < O,

0<(1-x)Hoys1 < Ron(x) < (1—

22N oy
2N
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and parts (b) and (c) of the theorem follow.
Th i ; 2ymit Imia _ (1 — )
e remainder term satisfies |Ry,+1(x)| < (1 —x*) 2 S T3
it decreases rapidly, in particular near the poles x = 1. For example, for x = 0.9 and
m =4 we have Rs5(0.9) < 0.193/2'7 ~2.107°,

The bounds in (2.4) and (2.3) are also very precise near the poles x = £-1. Indeed,
the difference between the m-th upper and lower bounds (m odd or even) is less then

, hence

7;n+3 2\m+1
43 (I =)™ < 23mt8 (1-
It is interestiong to compare the convergence of the series (2.1) with that of the

Taylor series [14, Section 3:14]

2)m+1 .

tan(7x/2) 8 >
—— L2 = 14+ = Y A2k +2)x 1 2.13
/2 o 2Ok <1, (2.13)

where A(p) =X 11/(2n+ 1)P denotes the Dirichlet lambda function. Since 1 <
A(p) < 1+2/37, the remainder of the series (2.13) after m terms is

8 oo 8 x2m+2
;kizﬂ/l(Zk—f—Z)x Pk (l+0(1))

Here o(1) is uniformly small for large values of m. On the other hand, we saw above

8 o(1
that the remainder of the series (2.1) after m terms is — (1 — x2)mH # .
After extracting m-th root from the two remainders for large m, we compare, up
to 1+0(1), x> with (1 —x?)/8. The consequence is that after m terms, for large m, the
Taylor series (2.13) yields a smaller remainder for |x| < 1/3, while for 1/3 < |x| < 1,

the series (2.1) has a smaller remainder. [

tan(7x/2)
Comx/2

Due to (1.4) and (1.6) it is also natural to expand into power series of

22, Formally we follow (2.7) and (2.8):

tan(mx/2) 8 & 1 8
nx/2 n2 B

) ! (=D* 2 2Nk 4
N\ L e T e | )| @b

with

<%
I
DM

— —. (2.15)
S (n+55)r(n+ e

Note that 7,(r) differs from 7}, by it’s range of summation and it is not defined for
r=1.
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Equations (2.14) and (2.8) are superficially similar. However, they describe differ-
ent phenomena. (2.8) describes the function tan(mx/2)/(7x/2) in the interval (—3,3),
including its singularities at x = 1. Expansion (2.14) is valid when |r? —x?| <
(2n+1)2—7? forall n=0,1,2,.... Assuming r < 1, this holds when |r? —x?| < 1 —7?,
ie.,

2 —1<x? <1,

which includes the points x = =+ and their neighborhoods. Note that in the complex
plane |r> — z%| < C is the interior of a lemniscate with focal points z = 4.
Inequalities analogous to (2.3) and (2.4) may be deduced from expansion (2.14).
We do not attempt to calculate the sums (2.15) explicitly as functions of r. Rather we
shall obtain a recursive formula for the coefficients 7},(r).
The function tanx satisfies the first order, quadratic Riccati differentialzequation
tan(n:x/Z) satisfies xd—u =1—-u+ n—x2u2 for
/ 2 dx 4

—x? and u(x) = v(z), then v(z) satisfies

y =14y It easy to see that u(x) =

x| < 1.If welet z =12

dv 2
) Ay P L 2

dz 4 (r —y

(T (r tan(7r/2
) k;l(l)zk’ (0): ( / )
4K+ mr/2
and comparison of coefficients lead to the following quadratic recursion formula for

Ti(r), 0<r<1:

for —1+7r* < z < r?. Substitution of v(z) = = Zk ol—

2
~ - tan(;r/2
Tl(r) =5 ( / )a
2 mr/2
PTy(r) = n? =27, (r)—|—r27~"12(r) (2.16)
k=1
(k+ D)’ Tiya(r) = —(4k+2)Tsr + 17 ZT,HTk ,+1+42T,+1Tk p k=12,
Jj=0 Jj=0

3. Inequalities for the secant function

Expansions and inequalities of similar type are available for the cot,sec and cosec
functions. In this section we present the results for the secant function. We remind, in
analogy with inequalities (1.7) and (4.1 ), that

1 T 4/
X _ /

—— <sec—
1—x2 2 T 1—x¥

—l<x<l. 3.1)

To prove (3.1), it is sufficient to show that the even function (1 —x*)sec(mx/2) in-
creases for O < x < 1. This indeed holds, since by (1.7)

n? 5 tan(mx/2)

jx((l— ?)see(ms/2)) = 2usee(es/2) | (1 - 1| 20, 52)
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The constants in (3.1) follow now by the limit values for x =0 and as x — 1~
Our aim is to generalize the right hand side of (3.1) into an infinite sequence of

inequalities.

THEOREM 3.1. (a) We have the infinite expansion

4 1 - S
sec(mx/2) = P [1 — _;Zb( 1)k4iﬁ (1— x2)k] : (3.3)
where
B 2p—2) <2p—2) <2p—2m—2) <2p—2m—2)
Sy=(—1) - +2 - 2
)= (1) [(p_z S s (7 ) nezm)
(3.4

for p=1,2,... and m denotes the Dirichlet eta function. All the coefficients S, are
positive.
(b) For all even number 2N and —1 < x < 1, we have the pair of inequalities

4 1 2 K Skt 1 2\k
E W—E( 1) 4k+1(1—)€) < SCC(TUC/Z)
0 (3.5)
4 1 &t K Skt 1 2k 2\2N '
S E l—x2_ 2( 1) 4k+1(1—x) —J2N+1(1—X) y
k=0
where
T S 5 Son
Tver=—4+ <I_Z+4_2_+ +42N)
Son
and 0 < Joyi1 < 42N+1 The right hand side inequality of (3.5) is strict for x =
(c) For all odd number 2N + 1 and —1 < x < 1, we have
41 1 e St
— - _ Z( 1)k4kil (1 _x2)k+J2N+2(1 _x2)2N+l
0 (3.6)
4 1 2t kSk+1 2\k '
g SeC(TEx/Z) < E m— ]{ZO( 1) 4k+l (1 X ) s
where
T S, 8 Son+1
v =7 - <I_Z+4_2_+"'_42N+1
Sont2

and 0 < Joyio < The left hand side inequality of (3.6) is strict for x =0

42N+2°
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EXAMPLES. The first coefficients are §; = 1, S, = —1421(2) =n%/6—1 and
S3=2-2n(2) =2—n?/6. Accordingly,

n V3 1
J:__ l J:——l _ = — .
1=zt 2=y 1T
For 2N =0 we geton —1 <x< 1
4 1 1 4 1 T
I P P N~ | —— 1+
77:{1—)c2 4] sec(mx/2) 77:[1—)62 +4}
and for 2N+1=1,

47 1 1 -3 5 47 1 1 #%-6 5
- - 1-2%)| < )<= |—5—+—-(1- :
n[l—xz i ”] sec(mx/2) n:[l—xz T ”]

< —1D)"2n+1
Proof. We start with the partial fraction expansion secz =7 ngf) % .
Then for —1<x<1,

sec(mx/2) = %’;%
-2 S
- :l—lxz _kg(i %) (—1)“2;#]
E :l—leg(‘”k%(l—x%k ,

= (=1 12n+1
where S, = z M
= nP(n+1)P
The coefficients S, may be presented explicitly by finite sums of the Dirichlet 7
function. Let us multiply (2.10) by 2n+1=2(n+1) — 1 and separate j = 1 from
2<jsp:

E e v

+i<2p_j_l>[2(_.1)j+(_1.)j+2 L1

= p—1 ni—1 n’ (n+1)-1  (n+1)7]"

>0 forp=1,2,....

We multiply the last equation by (—1)"~! and sum it for n= 1,2, .... With the Dirichlet
eta function

N )N C VG
np)=2—r—  Xoqp s el ezl 6D

n n=1
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we get

(=1)"S,

= (2;__12) 1)+ (=n(1)+1)]

+é§ <2pp—_jl—1> [2(—l)m(j—1)+(—1).fn(j)+2(—n(j_1)+1)_(_n(j)H)}
(202 & (201 & (2L N o '
— ()2 () £ B G-

_ <2p—2>+ <2p—2>+ 2[<2p—2m—1> _2<2p—2m—2>}n(2m)
p—1 I4 2<m<p p—1 p—1
:<2p—2)_<2p—2)+2 [<2p—2m—2>_<2p—2m—2)}n(2m)
p—2 p—1 2<m<p p—2 p—1

PoMp—ij—1 2p—2 2p—2
Here we used the facts that 2 ( p—J ) = < P ) = < P ) and that
=\ p-l p p=2

2p—2m—1 ) 2p—2m—=2\ (2p—2m-—2 2p—2m—2
p—1 p-1 ) \ p-2 p—1 )
Thus, (3.4) is proved.
The inequalities (3.5) and (3.6) are verified as in Theorem 2.1. [

The coefficients 7, and S, are easily related. In (3.2) we substitute sec(mx/2) and
tan(7x/2)
x/2
and the result is

, respectively, by the series (2.1) and (3.3) and compare powers of 1 —x2,

n—1
St =Tup1+ X, Ter1Snk -
k=0

4. Inequalities for other trigonometric functions

We outline some other results which may be verified by similar arguments. For
the cotangent function, let us recall the inequality [5, Eq. (17)]

2x? X2
2 <1—7txcot(7tx)<?1_x2 . 4.1)
It is possible generalize the left hand side of (4.1) into the infinite expansion
1 — mxcot(mx) = 2x° L+i(—1)k£(1— 2)k (4.2)
X X) =20\ P2 yTEs; X , .
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c o 22p oo 22p
P N v T M R
2p—2m—1 2p—1
:(_1)17 Z 22m+1< 4 m )C(Zm)—( 4 )_2217—1 . p>1.

2<2m<p p_l p_l

(4.3)

All Cp-s are positive. The inﬁnite series in (4.2) converges for |x| < 2. For example,

Ci=3,C=—11+8((22)=13x%— 11, C; =42 —-24((2) =42 — 472

Inequalities in the style of Theorems 2.1 and 3.1 may be proved for 1 — mxcot(mx).

1
(4.2) is obtained from the expansion 7xcot(mx) = 1 — 2x° . For the calcula-
p 22
=t —x

-2 2

tion of C, in (4.3), it is useful to take in (2.9), m=k=p, x= —,y = and sum
n n

the result for n = 1,2,.... For the summation of the series, one has to use the binomial

PoM2p—j—1
identity Y ( P ’1 )2/ 227-1, 17, p. 167, Eq. 5.20].
J=1 -
For the cosecant function we remind, in analogy with (1.7), (3.1) and (4.1), the
double inequality [5, Eq. (19)]
(% /6)x? 2x?

- < mxcosec(mx) — 1 < T2 —l<x< L (4.4)

The right hand side of (4.4) may be generalized into the expansion

< D,
xcosec(mx) — 1 = 24 [1_)62 _;Zo( 1)k 4,5111(1 x2)k1, (4.5)
where
o n22p oo n 122p
g‘ g‘ n+2
2p—2m—1 2p—1 0
—(-1r| 3 z2m+1< poame )n(zm)—221’1+< b ) :
2<2m<p p_l p_l
Here Dy =1, Dy = —5+8n(2) = 31> —5, D3 =22 —-24n(2) =22 — 272
1 - (—=1)"
Expansion (4.5) follows from the partial fraction expansion cosecz = — —2z Z (2 )2 .
b4 =z

D, is calculated similarly to Cp,.
If we substitute the series (4.2) and (4.5) into the identity

» — ((1—x*)mxcosec(mx)) = mxcosec(mx) [— 2%+ (1—x%)(1 - nxcot(nx))}

and compare powers of 1 — x?, it follows that C, and D,, are related by

n—1 n—2
nDy+4nDy_ = Cy+2C,_1+ Y, DiCri+ 3, DiCoi—1-
k=1 k=1
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5. Inequalities for Bessel functions

Finally we show that our methods are applicable also to Bessel functions and they
provide a short proof of (1.6), based on other principles than those of Baricz and Wu in
[2].

An expansion of the form
x PTy(x 2 cx(r? —x (5.1)

holds for all x in the complex plane. To see this, put z = r> —x2, i.e., x = V1?2 —z.

Since x~7J,(x) is an even analytic function in the whole complex plane, it follows
that x~7J,(x)

is analytic for all z and may be expanded as Y Ockz Con-
—
sequently (5.1) holds for all x. To calculate the cy-s, let us apply the identity [1, Eq.
9.1.30]

1d\", _ -
(E E) (x pJP(x)) =(=1)"x (p+m)-]p+m(x)7 m=172,...
to expansion (5.1). Since (L-4)" (12 —x2)k = (=2)"k(k—1)--- (k—m+1)(r? —x2)k",
we get
(=)™ P, 2 cxk(k—1) - (k—m+1)(r — )k,
—(p+m)
For x = r we obtain that ¢, = - Tl P ‘+m(r) . Consequently,
m:
o —(ptk) g
R T i LGN U N (5:2)

=6 2kk!
To prove the inequalities (1.6), we have to estimate the remainder of the expansion
(5.2), namely

- Nt g, (r)

—(p+k) g
2 2\N+1 r +(r) 2 aven-t
= (rF —x)N* 72,%’; (r-—x°) .
k=N+1
Let j, denote the first positive zero of J,(x). It is well known that j, | < j,41,1 and
that J,(x) > 0 in (0, j,.1). See Figure 1.

If r satisfies 0 < r < j, 11,1, all the coefficients in the tail series

& PR ()

RN(X) _ Z oo (,,2 _x2)k—N—1
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Figure 1: Figure 1. The first zeros of Jo(x), Ji(x) and J5(x)

are positive for all N, hence Ry(0) > Ry(x) = Ry (r). So, in the left hand side of (1.6),
r PN T v (1) . .
; and on the right hand side of (1.6),

% =Rv(r) = 5wy 11,

& *PTL ()
_ _ —2(N+1) Ptk
Pp=Rn(0)=r k:%jrl 26!

B, may be written as a finite sum. As lim,_ox"7J,(x) = 1/2’T(p+1), we get from
(5.2) for x =0 that
1 & T PIpa(r)

2T(p+1) ,EO 2%k

Thus,
5, — 1/2PT(p+1) = 3o P20, 1i(r) /2!
P F2(N+1) )

Inspired by a remark made by the referee, we suggest the following problem: Find
similar inequalities for other special functions, based on the above methods.
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