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NEW CONVERSES OF THE JESSEN AND LAH-RIBARIC INEQUALITIES

ROZARIJIA JAKSIC AND JOSIP PECARIC

(Communicated by I. Peri¢)

Abstract. New converses of the Jessen and Lah-Ribari¢ inequalities for continuous convex func-
tions with applications to means, the Holder inequality, the Hadamard inequality, and the in-
equalities of Giaccardi and Petrovi¢ are given.

1. Introduction

Let E be anonempty set and L be a linear class of real-valued functions f: £ — R
having the properties:

Ll: f,ge L= (af+bg)cL forall a,b € R;
L2: 1€L,ie.,if f(t) =1 forevery r € E, then f € L.
We also consider positive linear functionals A: L — R. That is, we assume that:
Al: Alaf+bg)=aA(f)+bA(g) for f,g € L and a,b € R;
A2: felL, f(r) >0 forevery r € E = A(f) > 0 (A is positive).
Jessen [5] gave the following generalization of Jensen’s inequality for convex func-

tions (see also [7, p. 47]):

THEOREM 1.1. ([5]) Let L satisfy properties L1,L2 on a nonempty set E, and
assume that ¢ is a continous convex function on an interval 1 C R. If A is a positive
linear functional with A(1) =1, then forall f € L such that ¢(f) € L we have A(f) €1
and

¢(A(S)) <A(9(f))- (1.1)

The following result is proved in [1] by Beesack and Pecari¢ (see also [7, p. 98]):

Mathematics subject classification (2010): 26A51, 26E60, 97H30.
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vex functions, generalized means, arithmetic means, Holder’s inequality, Hadamard’s inequality, inequalities
of Giaccardi and Petrovic.
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THEOREM 1.2. ([1]) Let ¢ be convex on I = [m,M] (—eo <m <M < o). Let
L satisfy conditions L1,L2 on E and let A be any positive linear functional on L with
A(1) = 1. Then for every f € L such that ¢(f) € L (so that m < f(t) < M for all
t € E), we have

M —A(£)9(m) + (A(f) —m)¢(M)

T (1.2)

Alo()) <\

Let (Q,7, 1) be a measurable space consisting of a set Q, a ¢ -algebra </ of
parts of Q and a countably additive and positive measure g on o/ with values in
R U {eo}. For a -measurable function w: Q — R, with w(x) > 0 for y-a.e. (almost
every) x € Q, consider the Lebesgue space

Ly(Q,u) :={f: Q— R, fis u —measurable and [, w(x)|f(x)|du(x) < eo}.

S.S.Dragomir [3] gave the following converse of Jensen’s inequality:

THEOREM 1.3. ([3]) Let ¢: I — R be a continuous convex function on the in-
terval of real numbers I and m,M € R, m < M with [m,M)| C;, where ; is interior of
I. Let w> 0 suchthat [wdu =1.If f: Q— R is W -measurable, satisfies the bounds

—o<m< f(t) KM <o for lL-a.e. t €Q

and such that f,¢ o f € L,(Q, ), then

0< /Q w()o(f(1)du () — ¢ (Fa)

¢~ (M) — ¢’ (m)

M —m (1.3)

< (M_fQ,w)(fQ,w _m)
< (M= m) (oL (4) — o/, m).

In this paper we shall give new converses of Lah-Ribari¢’s and Jessen’s inequal-
ity for positive linear functionals. Also, we shall give applications of these results to
generalized means, power means, Holder’s inequality, Hadamard’s inequality and to
inequalities of Giaccardi and Petrovic.

2. Results

The results in this section are converses of Lah-Ribari¢’s and Jessen’s inequality
for positive linear functionals.

THEOREM 2.1. Let ¢ be a continuous convex function on an interval of real num-

bers I and m,M € R, m <M with [m,M] C1, where I is the interior of 1. Let L satisfy
conditions L1,L2 on E and let A be any positive linear functional on L with A(1) = 1.
If f € L satisfies the bounds

—oo<m < f(t) <M <o foreveryt € E
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and ¢o f €L, then

2.1

<

(M —m)(¢" (M) — ¢’ (m)).
If ¢ is concave on I, then the inequalities in (2.1) are reversed.

Proof. First we assume that ¢ is convex.
The first inequality follows directly from Theorem 1.1. By Theorem 1.2, we have

A0 —9(a0) < A g m + A= g 41y p(a () =5

Then, by the convexity of ¢ we have the gradient inequality:
o(t) —o(M) = 9L (M)(t — M)
for any 7 € [m,M]. If we multiply this inequality with z —m > 0, we deduce
(t=m)o(t) — (t=m)¢p(M) > " (M)t =M)(t —m), t€[mM].  (2.2)
Similarly, we get
(M= 0)0() — (M~ 1) (m) > ¢, (m)(t —m)(M—1), 1€ [mM).  (23)
Adding (2.2) to (2.3) and dividing by m — M, we deduce that for any ¢ € [m, M]

(t —m)¢p(M) + (M —1)¢(m)
M—m

(M —1)(t—m)
M—m

— (1) < (¢~ (M) =9/ (m). (2.4)

Substituting # with A(f) in (2.4), we obtain

(M—A(f)ASf) —m)
M—m

B< (2. (M) — 9! (m))
which is the second inequality in (2.1).
To prove the third inequality in (2.1), we notice that for every ¢ € [m,M], the

M—1)(t— 1
M < —(M —m) is valid, and the proof is completed.
M—m 4

If ¢ is concz;/e, then —¢ is convex, so we can apply (2.1) to function —¢ and
obtain reversed inequalities for ¢. [J

inequality

THEOREM 2.2. Let us suppose that the assumptions from Theorem 2.1 hold. If
f € L satisfies the bounds

—oo<m < f(t) <M <o foreveryt € E
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and ¢o f €L, then

M-A)
O = 00
< EOD =0 5 ths— iy )
_ 0100 =0l (m)
M—m

(M —m)(¢” (M) — ¢/, (m)).

(M —A(f)A(Sf) —m) (2.5)

<

N

If ¢ is concave, the inequalities in (2.5) are reversed.

Proof. Let us assume that ¢ is convex.
The first inequality in (2.5) is obtained from (1.2) by subtracting ¢(A(f)) from
both sides of the inequality. If we replace ¢ with f(¢) in (2.4), we obtain

g%%%MM+%%%%wy¢mm
« M= FO) @) = m) (¢ (M) — ¢/ (m)).

M—m

Due to the linearity of A, when we apply it to the previous inequality, the second
inequality in (2.5) follows:

M —A(f) A(f)—m
T_mﬂm)‘Fﬂ‘P(M)—A((P(f))
<Oy 1 f11f - m).

Since the function g(7) = (M —t)(t —m) is concave, from Jessen’s inequality it follows
that A([M — f][f —m]) < (M —A(f))(A(f) —m), which gives us the third inequality in
(2.5):

(O Z ) g g 11— m)
< W= 0) (1 A aty) —m).

To prove the last inequality in (2.5), we notice that for every ¢ € [m,M], the inequality

M—1t)(t— 1
% < Z(M —m) is valid, and thus the proof is completed.
—m

If ¢ is concave, then —¢ is convex, so we can apply (2.5) to to function —¢ and
obtain reversed inequalities for ¢. [J
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3. Applications

3.1. Generalized means

DEFINITION 3.1.1. Let I = {(a,b), —oo < a<b < oo, andlet y: I — R be con-
tinuous and strictly monotonic. Suppose that L and A satisfy the conditions L1,L2
and A1,A2 with A(1) =1 on a non-empty set E, and that y(f) € L for some f € L.
Generalized mean with respect to the operator A and y for f € L is defined by

My (f.A) =y ' A(y(f)). G.1.1)

We need the following result (generalization to functionals of the general means
inequality found in [4]):

THEOREM 3.1.1. ([4,p.75, Theorem92]) Let I = {a,b), —o < a < b < o, and
let y,y: I — R be continuous and strictly monotonic. Suppose that L and A satisfy
the conditions L1,L2 and A1,A2 with A(1) =1 on a non-empty set E, and let f € L
be such that w(f),x(f) € L. Then the following inequality is valid

My (f,A) < My(f,A), (3.1.2)
provided either ¥ is increasing and ¢ = y oy~!
¢ = x oy~ is concave.

is convex, or X is decreasing and

THEOREM 3.1.2. ([7, p. 108, Theorem 4.3]) Let L, A, v and y be as in The-
orem 3.1.1, but with I = [m,M], —eo < m < M < . Then for every f € L such that
m< f(t) <M, t € E we have

(w(M) —y(m)A(x(f) — (x (M) — 2 (m))A(w(f)) < y(M)x (m) —X(M)W(g)l» 5
provided that ¢ = y oy~ is convex. The inequality in (3.1.3) is reversed if .q)'is
concave.

The following results are converses of the inequality for generalized means:

THEOREM 3.1.3. Let L,A,y,x satisfy conditions of the Theorem 3.1.1. Let I D
[m,M], —co < m <M < o, and let us assume that the function ¢ = y oy~ is convex.
Then for every f € L such that m < f(t) <M for t € [m,M] and y(f),x(f) € L we
have

0 <x(My(f,A)) = x(My(f,A))

ow 1Y —lyow ! (m
< (My — AW () A () —my) XY =) oy T (my)

My —my,

(My —my)([xow '] (My) =[x oy '] (my)) (3.1.4)

<

e

where [my,My| = y(Im,M]). If ¢ is concave, then the inequalities in (3.1.4) are
reversed.
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Proof. Function ¢ = y o w~! is obviously continuous. Let us assume that ¢ is
convex.

Since m < f(r) < M for ¢ € [m,M], we have my < y(f(r)) < My for every
t € [m,M] (if y is increasing, then my, = y(m) and My = y(M); if y is decreasing,
then my, = y(M) and My, = y(m)). Conditions of Theorem 2.1 are satisfied, so we
can obtain (3.1.4) by substituting m < my,, M < My, ¢ < o v land f< yofin
2.1).

Now let us assume that ¢ = y o y~! is concave. Then the function —¢ = —y o
W~ is convex, so we can obtain reversed inequalities by replacing ¢ with —¢ in
3.14). O

1

THEOREM 3.1.4. Under the same assumptions as in the previous theorem, if the
function ¢ = y oy~ is convex, the following inequalities are valid:

0 < Y —A(y(f)) Aw(f)) —w(m)

x(m)+ X (M) = x (My(f,A))

y(M) — y(m) y(M) —y(m)
ow-11 —Tyow Y. (m
< Loy M) POy T ) g ag, — ) tytr) — )
v~ My
ow-11 —Tyow Y. (m
ey EW)Zleoy 1) 4y, agy () atuir) - my)
v v
< 5y —my)([zo w1 (My) ~ oy Timy)) 3.1.5)

where [my,My| = y([m,M]). If ¢ is concave, the inequalities in (3.1.5) are reversed.

Proof. Function ¢ = y o w~! is obviously continuous. Let us assume that ¢ is
convex.

Since m < f(tr) < M for t € [m,M], we have my < y(f(t)) < My for every
t € [m,M] (if y is increasing, then my = y(m) and My = y(M); if y is decreasing,
then my = y(M) and My = y(m)). Conditions of Theorem 2.2 are satisfied, so we
can obtain (3.1.5) by substituting m < my,, M < My, ¢ < o vy~ land f < yofin
(2.5).

Now let us assume that ¢ = y o y~! is concave. Then the function —¢ = —y o
W~ is convex, so we can obtain reversed inequalities by replacing ¢ with —¢ in
(3.1.5). O

1

3.2. Power means
DEFINITION 3.2.1. Suppose that L and A satisfy the conditions L1,L2 and A1,A2
with A(1) =1, on a non-empty set E. For f € L, the power mean M"/(f,A) is defined
for r € R with: y
G _J@agm)yr o ir#0
w70 ={ oy 7 2o @21
where f(1) >0 forr € E, f" €L for r€ R and logf € L.
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From Theorem 3.1.1 ([4, p. 75, Theorem 92]) it follows as a special case:

THEOREM 3.2.1. Let —oo < 1 < 5 < oo and let us assume that the assumptions
from Definition 3.2.1 are valid. Then

MU(f,A) < MUI(f,A). (3.2.2)

We can also obtain Goldman’s inequality for positive linear functionals from (3.1.3)
as a special case (see [2, p. 203]):

(M — ") (MEL(f,A))P = (01° = MV (. A)) < MO — b (323)

for 0 < r < s or r <0 <s, and the inequality is reversed for r < s < 0.
Similarly, for r =0 and s € R we obtain

(MY (f,A)) log % — (M* —m*)log(M(£,A)) <m'logM — M*logm.  (3.2.4)

When we apply theorems 2.1 and 2.2 to the power means, we obtain the following
results:

THEOREM 3.2.2. Suppose that L and A satisfy the conditions L1,L2 and A1,A2
with A(1) =1, on a non-empty set E. Let 0 <m < f(t) KM < oo fort €E, 7, f* €L
forrnseR, r<sandlogf L.

If0<r<sorr<0<s then:

0< (MY(f,4))" — (MU (f,A))°
Ky - ; . . M~ —ms—"
<M= AUAUT) — ) e (325)
S r r S—r S—r
< (M7 =) (M ).

> 2 - Al Al —m) T (3.2.6)

If s=0 and r <0, then:

0 < log(M(f,A)) —log(M"(f,A))

L —AG)AG) =) a2
r Mrm"
1 (Mr _mr)2

<
S 4 M'mr




204 R. JAKSIC AND J. PECARIC
If r=0and s > 0, then:

0< (MY(f,4)) — (MO)(f,A))
s(e.\'M _ e.\'m)

< (logM —A(log f))(A(log f) —logm)m (3.2.8)

M
< %(esM_esm)lOgE.

Proof. If we put x(1) =¢* and w(t) = 1", we have ¢(t) = x(y~'(t)) =",
which is continuous, and convex for 0 < r <s and r < 0 < s. Function v is strictly
increasing for » > 0, and the conditions of Theorem 2.1 are satisfied, so we can obtain
(3.2.5) by replacing m < y(m) =m’, M — y(M)=M", ¢(t) < yow (1) =1"/" and
f < yof=f" in(2.1). Function y is strictly decreasing for r < 0, so we can obtain
(3.2.5) by replacing M « y(m) =m’, m «— y(M) =M", ¢(t) < yoy (1) ="
and f < wo f=f"in (2.1).

In case r < s < 0, function y(t) =1" is strictly decreasingand ¢ (¢) = y (v~ (1)) =
15/" is concave, so we obtain (3.2.6) by making substitutions M < y(m) =m’", m <
W(M) =M", ¢(t) = —goy (1) = —*" and f < yo f=f"in(2.1).

In case r < 0 and s =0 we put x(r) =logsr and y(r) =¢". Then ¢(r) =

1
x(w~1(t)) = —logt is continuous and convex, and  is strictly decreasing for r < 0,
r
so the conditions of Theorem 2.1 are satisfied and we can obtain (3.2.7) by making
1
substitutions M « y(m) =m", m < y(M) =M", ¢(t) < y oy '(t) = ~logt and
r
fewof=f"in(2.1).

Incase r=0, s >0, weput y(t) =¢° and y(¢) =logt. Then ¢(¢t) = x (v~ '(¢)) =

¢" is continuous and convex, and V is strictly increasing. The inequalities (3.2.8) are

now obtained by replacing m < y(m) = logm, M — y(M) =logM, ¢(t) < xo
vy l(t)=e" and f < yof=1logfin(2.1). O

THEOREM 3.2.3. Under the same hypothesis as in the previous theorem, if 0 <
r<sorr<0<s, then:

M —A(f") o A(T)—m’ s raqls] s
O< Mr_mr m + Mr_mr M (M (f?A))
M~ —ms—r
g; Mr_Zr A([Mr_fr”fr mI’D
M7 — ST
< I (M - A)) A — ) (3.29)
< i(Mr _ mr) (M.Yfr _ mS*}")
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If r<s<O0, then:

M AW AUD =

s [s] K
M" —m’" M —m" M (M (f’A))

> = ————— (M = A(f))(A(f") —m) (3.2.10)

~ 4r
If s=0 and r <0, then:
0< AU g 4 PAUD 0 bt rog(u)(7.4)
_ﬂ —ﬂW—T)
r M'm"
L =AU AT =) .
r M'm"
1, . , 1 1
S M ‘””(W‘W)'
If r=0and s > 0, then:
IOgM—A(Ing) s A(lng) - logm s [s] s
S logM — logm " logM —logm M= (ME(£,4))
sM __ sm
< SToghlTogmlogM —log(f)]log() ~ logm)
sM __ sm
< SToghl Togm (108M —Alog())][A(log()) ~ lognm] (3:2.12)

M
< %(eSM — ") log —
Proof. All the inequalities can be obtained directly from (2.5) by making the same

supstitutions as in the proof of the previous theorem. [

THEOREM 3.2.4. Suppose that L and A satisfy the conditions L1,L2 and A1,A2
with A(1) =1, on a non-empty set E. Let f(t) >0, 0<m < f(t) <M <o fort €E,
[ ffeLforrscR, r<sandlogfelL.

If r<0<sorr<s<O0,then:

0< (7(1,A)) — MUl(r.4)Y
< SO —AP)A) )

4L(MS _ mS)(Mr—s _ mr—S)'
S

(3.2.13)

N
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If0<r<s, then:

0> (MV(f,4))" — (MP(£,4))"
Tongs S s s M —m
z (M = A(P)AS) —m’) = — (3.2.14)

4-_2(MX _ mS)(MrfS _ mrf.\')'

If s=0 and r <0, then:

WV

0< (MI(£,A))" — (MO (F,4))

Mr_ r
< (logM — A(logf))(A(log f) — logm)% (3.2.15)
< r Mr r 1 M
If r=0 and s > 0, then:
0 > log(M (f,A)) - log(M"!(f,4))
1 ) o) o) S 1
> (M- AGAGP) ) (32.16)

WV
£
S
|
SM
7N\
S|-
I
3|~
SN—

Proof. Ifweput x(t)=1" and y(r) =1°, we have ¢ (1) = x(y~'(t)) =+'/*, which
is a continuous function, convex for r <0 < s and r < s < 0. Function y is strictly
increasing for s > 0 and the conditions of Theorem 2.1 are satisfied, so we can obtain
(3.2.13) by replacing m — y(m) =m’, M — y(M) =M*, ¢(t) — yoy '(t) =1/
and f < yof=f%in (2.1). If r <s <0, function y(z) = ¢* is strictly decreasing,
so we obtain (3.2.13) by making substitutions M < y(m) = m*, m — y(M) = M*,
0(1) = xoy H(1) =1 and f — yo f=f* in(2.1)

In case 0 < r < s function ¢ () = x(y ' (1)) =+"/5 is concave and y(r) =1 is
strictly increasing, so we obtain (3.2.14) by making substitutions m < y(m) = m*,
M y(M) =M, ¢(1) = —goy (1) =~/ and f < yo f=f" in(2.1),

In case r <0 and s =0 we put x(r) =t" and y(r) = logr. Then ¢(r) =
x(y~1(t)) = ¢ is a continuous, convex function and  is strictly increasing, so the
conditions of Theorem 2.1 are satisfied and we can obtain (3.2.15) by making sub-
stitutions m « y(m) = logm, M < y(M) = logM, ¢(t) < yowy '(t) = ¢" and
fewof=logfin(2.1).

Incase r=0, s >0, weput y(t) =logt and y(¢) =¢*. Then ¢(¢) = x (v~ '(¢)) =

1

—logt is a continuous, concave function and  is strictly increasing. The inequalities

s

(3.2.16) are now obtained by replacing m < y(m) =m*, M — y(M) = M*, ¢(t) <
1

—xoy (1) = —;logt and f < yo f=f"in(2.1). O
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THEOREM 3.2.5. Under the same hypothesis as in the previous theorem, if r <
s<0orr<0<s, then:

M —A(f) -
MS —mS

A(fY) —m®

0<
MS —mS

M — (MV)(f,A))

+

Mrfs_ r—s ) ) ) )
< A =PI =)
MI’—S_ r—s ) ) ) i
< S (M - AP A — ) (3.2.17)
r s N r—s r—s
< 4—S(M —m ) (M —m").

If0<r<s, then:

o3 A A gy
> T A P - )
> LI (- AP AL ) (218
> (M —m) (M =),

If s=0 and r <0, then:

o logM —A(logf) . A(logf)—logm  ,

— [r] r
logM — logm " logM — logm (M"(f,A))
r(M"—m")
< ot Togm(logM ~ log(f)][log(f) ~ logm])
r(M"—m")
< Toghl _ogm (10M —Allogf))(A(log f) —logrm) (3.2.19)

M
< g(M’—m’)log%.

If r=0and s > 0, then:

0> MAD o AV 00 bt g 1.4)
1 1
> o A = (£)][() = )
> -t (M = A AL ) (3220
> l(MS—mS) (L — L) .
s M.\ ms

Proof. All the inequalities can be obtained directly from (2.5) by making the same
supstitutions as in the proof of the previous theorem. [J
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REMARK 3.2.1. It is easy to see that MI(f,A) = (MI="1(f~1 A))~! holds for
every f € L and r € R. Using that result, we can obtain Theorem 3.2.4 from Theorem
3.2.2, and Theorem 3.2.5 from Theorem 3.2.3 by replacing f <+ f~', —r < s and

—S§S < r.

3.3. The Holder inequality

THEOREM 3.3.1. [7, p. 113] (Ho6lder’s inequality for positive functionals) Let L
satisfy conditions L1,L2, and A satisfy conditions A1,A2 on a non-empty set E. Let
p>land g=p/(p—1). If w,f,g >0 on E and wfP wg9,wfg € L, then we have

A(wfg) <AYP(wfP)AY4(wg) (3.3.1)

Incase 0 < p <1 and A(wg?) >0 (or p<0 and A(wf?) > 0) the inequality in (3.3.1)
is reversed.

THEOREM 3.3.2. [7, p. 114, Theorem 4.14] Let L and A satisfy conditions
L1,L2, and A1,A2 on anon-emptyset E. Let p>1 and q=p/(p—1),and w, f,g >0
on E with wf? wgd, wfg € L. If 0 <m < f(t)g~9/?(t) < M for t € E, then

(M —m)A(wf?) 4+ (mMP — MmP)A(wg?) < (MP —mP)A(wfg). (3.3.2)

If p <0, then (3.3.2) also holds provided either A(wfP) >0 or A(wg9) > 0. If 0 <
p < 1, then the reversed inequality in (3.3.2) holds provided either A(wf?) > 0 or
A(wg?) > 0.

The following results are converses of Holder’s inequality:

THEOREM 3.3.3. Let L satisfy conditions L1,L2, and A satisfy conditions A1,A2
on a non-empty set E. Let p>1 and q=p/(p—1). If w,f,g >0 on E and
wfP wgd, wfg €L, A(wg?) > 0, then we have

0 < A(wfP)AP/(wg?) — AP (wfg)

))p(M”*1 —mP!)
M—m

(M —m)(MP~ —mP~ 1 AP (wg?) (3.3.3)

< (MA(wg?) — A(wfg))(A(wfg) — mA(wg? AP (wg)

<

Ea IS

where m < f(1)g~UP(t) <M for t € E. If A(wfg) > 0, then the inequalities (3.3.3)
also hold for p < 0. In case 0 < p < 1 the inequalities in (3.3.3) are reversed.

Proof. Function ¢(¢) =¢? is continuous, and convex for p > 1 and p < 0. We

A
define functional B(f) = A((w];) for w € L such that w > 0 and A(w) > 0. B(1) =
w
A(w) . . . .
m =1, so B satisfies the conditions of Theorem 2.1. Now we can obtain the in-
w

equalities (3.3.3) from (2.1) by replacing A <> B, w <> wg? and f « fg~9/P.
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For 0 < p <1, ¢(r) =" is concave, so we obtain the reversed inequalities in the
same way as above. [J

THEOREM 3.3.4. With the assumptions in Theorem 3.3.3, if p > 1 or p <0 the
following inequalities are valid

qy _ — q

MA(wg?) A(ng)mp+A(ng) mAwg?) ,
M—m M—m
MP—1 — g1

" q[pf — Fo—9/P][fo—0/P _
A IM — fg7 ][ fg mj)
p  MPl—mpl

T A(wg?) M-m

‘;—)(M—m)(Mp’l —mP A (wg) (3.3.4)

0<

—A(wf?)

4

(MA(wg?) —A(wfg))(A(wfg) —mA(wg?))

<

where m < f(1)g~9/P(t) <M for t € E. If 0 < p < 1, the inequalities in (3.3.4) are
reversed.

Proof. Function ¢(¢) =t? is continuous, and convex for p > 1 and p < 0. We

A
define functional B(f) = A((WJ;) for w € L such that w > 0 and A(w) > 0. B(1) =
w
A
% =1, so B satisfies the conditions of Theorem 2.1. We can obtain the inequalities
w

(3.3.4) from (2.5) by replacing A < B, w <> wg? and f — fg~9/7.
For 0 < p <1, ¢(¢) =t is concave, so we obtain the reversed inequalities in the
same way as above. [J

THEOREM 3.3.5. Let L satisfy conditions L1,L2, and A satisfy conditions A1,A2
on a non-empty set E. Let 0 <p <1 and g=p/(p—1). If f,¢ >0 on E and
fP.gl, feeL, A(g9) > 0, then we have

0<A(fg) —AYP(fP)AY9(g7)
L (A" — AU A(P) — mA(gh)) Mt =m e
A AU AT) - () T

LP(M_m)(M—l/q —m9)A(g7) (3.3.5)

<

s

<

N

where m < fP(t)g(t) < M for t € E. If A(fP) > 0, inequalities (3.3.5) hold for
p < 0. Incase p > 1 the inequalities in (3.3.5) are reversed.

A
Proof. We define functional B(f) = A((w];) for w € L such that w > 0 and
w
A(w) . .
A(w) > 0. B(l) = ——= =1, so B satisfies the conditions of Theorem 2.1. Func-

A(w)
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tion ¢ (1) = t/r s continuous, and for p < 1 convex, so we can obtain the inequalities

q p
(3.3.5) from (2.1) by replacing A < B, w < Af 7 and f < f
g
For p > 1, the function ¢ () = ET concave, SO we obtam the reversed inequal-
ities in the same way as above. [J

THEOREM 3.3.6. With the assumptions in Theorem 3.3.5, if p < 1 the following
inequalities are valid

0 MARYN —AUT) 1yp  AUT) —mARY gy

M—m M—m A(fg)
1 MY _ =14
S E%A(gfq["”gq—f”][f”—mgq})
1 M—l/q_ —1/q
S pAG) M—Z (MA(g?) —A(fP))(A(fP) —mA(g7))
s ﬁ(M_m)(M_l/q—m‘” )A(g") (3.3.6)

where m < fP(t)g~9(t) <M fort €E. If p > 1, the inequalities in (3.3.6) are reversed.

Proof. We define functional B(f) = ﬁ for w € L such that w > 0 and

| w)
A(w) > 0. B(l) = % =1, so B satisfies the conditions of Theorem 2.1. Func-
w

tion ¢(z) = t1/r s continuous, and convex for p < 1, so we can obtain the inequalities

q P
(3.3.6) from (2.5) by replacing A — B, w < g and f < f—
A(g?) gr
For p>1, ¢(1) = 1Y/ is concave, so we obtain the reversed inequalities by ap-

plying (3.3.6)to —¢. U

THEOREM 3.3.7. Let L satisfy conditions L1,L2, and A satisfy conditions A1,A2
on a non-empty set E. Let p>1or p<0and g=p/(p—1). If f,g >0 on E and
g4, fg €L, A(g?) > 0, then we have

0 <A(fP)AP/4(g7) — AP(fg)
< p(MA(g?) — A(f8))(A(fg) —mA(g))

(M — m)(MP~ — mP~1)AP (g9) (3.3.7)

-lkl"B

where m < f(t)g'=9(t) <M for t CE. In case 0 < p < 1 the inequalities in (3.3.7)
are reversed.
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Proof. Function ¢(r) = ¢? is continuous, and convex for p > 1 and p < 0. We
A
define functional B(f) = () for w € L such that w > 0 and A(w) > 0. B(1) =

A(w)
A(w) . . . .
m =1, so B satisfies the conditions of Theorem 2.1. Now we can obtain the in-
equalities (3.3.7) from (2.1) by replacing A <> B, w <> g? and f < fg' 9.
For 0 < p < 1, the function ¢(¢) =¢” is concave, so we obtain the reversed in-
equalities in the same way as above. [l

THEOREM 3.3.8. With the assumptions in Theorem 3.3.7, if p > 1 or p <0 the
following inequalities are valid

0< MAGD=AUg) ,  AUL =AY ) oy
M—m M—m
=1 _ jp—1
%A(g*’f [Mg? — fgl[fg —mg?))
<L Mp=t —p—1
A(g?) M—m

< B —m)(07~ = 1A (g%) (3.3.8)

N

p

(MA(g") —A(f8))(A(fg) —mA(g))

where m < f(t)g'~9(t) < M for t € E. If 0 < p < 1, the inequalities in (3.3.8) are
reversed.

A
Proof. We define functional B(f) = A((WJ;) for w € L such that w > 0 and
w
A(w) . ..
Aw) > 0. B(l)= Aw) =1, so B satisfies the conditions of Theorem 2.1. Func-
w

tion ¢(¢) =¢? is continuous, and convex for p > 1 and p < 0, so we can obtain the
inequalities (3.3.8) from (2.5) by replacing A <= B, w <> g7 and f « fg' 9.

For 0 < p <1, ¢(¢r) =1t is concave, so we obtain the reversed inequalities by
applying (3.3.8) to —¢. [

REMARK 3.3.1.

(i) Under the assumptions of theorem 3.3.6, for p < 1 from the first inequality in
(3.3.6) we can obtain the inequality

(M—m)A(fg) <A(fP)(M'P —m'/P) — A(g?) (mM"/P —Mm'/P).  (3.3.9)
If p > 1, the inequality (3.3.9) is reversed.

(i) Analogously, from theorem 3.3.8 for p > 1 or p < 0, we can obtain the following
inequality

(M —m)A(f?) + A(g?) (mMP — MmP) < A(fg)(MP —mP).  (3.3.10)
If 0 < p < 1, the inequality (3.3.10) is reversed.
This inequality can also be obtained from (3.3.2) for w = 1.
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3.4. Hadamard’s inequality and generalizations

THEOREM 3.4.1. ([6]) (Hermite — Hadamard's inequality) Let —oo < a < b <
oo and f: [a,b] — R. If fis convex, then

a+b Lo fla)+f(b)
f( 5 )éb_a/u f(t)dtgf (3.4.1)

If f is concave, the inequalities in (3.4.1) are reversed.

The following two results are obtained by applying Theorem 2.1 and Theorem 2.2
to Hamadard’s inequality.

THEOREM 3.4.2. Let a < b and let us assume that fis a continuous convex func-
tion on an open interval of real numbers I D [a,b]. Then

o< by [ (252)

< 7 b—a)(L ()~ F(a). (3:42)

If f is concave, the inequalities in (3.4.2) are reversed.
Proof. Inequalities (3.4.2) are obtained from (2.1) by replacing

1
b—a

b
A =5 [ 1@ f0) =1 ad ooy,

If f is concave, the reversed inequalities follow from the convexity of —f. [

THEOREM 3.4.3. Let a < b and let us assume that f is a continuous convex func-
tion on an open interval of real numbers I O [a,b]. Then

a b
LU IOR Y A

(b—a)(fL(b) — fi(a)). (3.4.3)

0<

<

AN —

If f is concave, the inequalities in (3.4.3) are reversed.
Proof. Inequalities (3.4.3) are obtained from (2.5) by replacing

1

AG) = 5—

/bf(t)dt, ft) =t and ¢« f.

If f is concave, the reversed inequalities follow from the convexity of —f. [J
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REMARK 3.4.1. Let a < b and let us assume that f is continuous convex function
on an open interval of real numbers / D [a,b]. By combining the above results, we
obtain

TOZIO) L a) (1. 0) — ) < 5 J2 F (0
< 752+ 30— ()~ Fl(a)

If f is concave, the inequalities in (3.4.4) are reversed.

(3.4.4)

The following result is a generalization of Hadamard’s inequality for positive lin-
ear functionals given in [8]:

THEOREM 3.4.4. ([8]) Let ¢ be a continuous convex function on an interval
1D [m,M], where —eo < m < M < oo. Suppose that f: E — R satisfies m < f(t) <M
foreveryt €E, feL and ¢(f) € L. Let A: L — R be a positive linear functional
with A(1) =1, and let p = py, q = qy be nonnegative real numbers (with p+q > 0)
for which

A(f) = pirl’;if]M. (3.4.5)
fhen M 6(m) + g0 (M)
pm-q P q
o) <Al() < PRI (3.46)

Applying Theorem 2.1 and Theorem 2.2 to the previous theorem, we obtain:

THEOREM 3.4.5. Let ¢ be a continuous convex function on an open interval of
real numbers 1 D [m,M], where —oo < m < M < oo. Suppose that f: E — R satisfies
m< f(t) <M foreveryt €E, f €L and ¢(f) €L. Let A: L — R be a positive linear
functional with A(1) =1, and let p = py, q = q7 be nonnegative real numbers (with
p+q > 0) for which

A(f) = %. (34.7)
Then
0<A(¢(f))—¢<%)
< Grr M =m0l (M) — gL (m) (3.4.8)

< (M= m) (oL (4) — o/, m).

If ¢ is concave, the inequalities in (3.4.8) are reversed.

Proof. We first need to observe that since m < A(f) < M, there always exist p >0
and ¢ >0, p+q > 0 satisfying (3.4.7).
pm+qgM

P+q
is concave, the reversed inequalities follow from the convexity of —¢. [J

Inequalities (3.4.8) are obtained from (2.1) by replacing A(f) < IfF @
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THEOREM 3.4.6. Under the same assumptions as in the previous theorem, we
have

0< p¢(m)+q¢ (M)

e D)
S N )
< Gy (M =m0 (M) — 6!, (m) (349)

< S (M =m0 (M)~ 9L(m).

If ¢ is concave, the inequalities in (3.4.9) are reversed.

pm—+gM

P+q
If ¢ is concave, the reversed inequalities follow from the convexity of —¢. O

Proof. Inequalities (3.4.9) are obtained from (2.5) by replacing A(f) <

REMARK 3.4.2. Under the same assumptions as in last two theorems, we have

POm T adM) Lo (M)~ 9l (m) < AG(F)

p+q 4
(3.4.10)
pm—+gM 1 , ,
So(F )+ g (= m) (ol (4) — 0l (m))

If ¢ is concave, the inequalities in (3.4.10) are reversed.

3.5. The inequalities of Giaccardi and Petrovié¢

THEOREM 3.5.1. (Giaccardi, [10]) Ler p be a nonnegative n-tuple and x be a
real n-tuple such that

n
—)C() Ep.]'x/ l / l: 1,...,"; (3.5.1)

X0, Zp,-x,- € [a,b]
i=1

n
2 PiXk 7 Xo-

k=1
If f: [a,b] — R is a convex function, then

n

éf (x; <Af(2ple>+3(z i—1>f(X0) (3.5.2)

i=1

where . .
A= ZEIPRITX0) oy XEipi (3.5.3)
Yy PiXi — X0 Yy PiXi — X0
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The succeeding results is a converse of Giaccardi’s inequality obtained directly
from Theorem 2.2:

THEOREM 3.5.2. Let [a,b] be a closed interval and let I D [a,b] be an open
interval of real numbers. Let p be a nonnegative n-tuple and x be a real n-tuple such
that

n n n
(x,-—xo)(ijxj—xi)EO, i=1,..m Zpkxk # X0, X0, Zp,-xie[a b
k=1 i=1

=1
' (3.5.4)
If f: I — R is a continuous convex function, then
O<Af<zple>+3<zpt—l> szfxz
% Eipl (M —x;)(x; —m)
Yie 1sz1 YLipxi  NSLM)—fl(m) &
< S pi )(2:7:1[71- m) M—m ;P:
l / / S
< g (M—m)(fL.(M) = £i.(m) 3. pi (3.5.5)
i=1

where m = min{xo, >} | pixi}, M =max{xo, X1, pixi}, and A, B are definedin (3.5.3).
If f is concave, the inequalities in (3.5.5) are reversed.

Proof. Let f be a convex function. The inequalities (3.5.5) are obtained from

n P o
(2.5) by substituting A(x) = M
i=1Pi
inequalities follow from (3.5.5) by substituting f < —/ which is convex. L[]

and ¢ < f. If f is concave, then the reversed

The well-known Petrovié’s inequality [9] for convex function f: [0,a] — R is
given by

ifxl <f(2x,> +(n—1)£(0) (3.5.6)

where x;,i = 1,...,n are nonnegative numbers such that xj,...,x,, 27, x; € [0,4].

The following result follows directly by applying Theorem 2.2 to Petrovi¢’s in-
equality, but can also be obtained as a special case of Theorem 3.5.2 for p; = ... =
pn=1and xp =0.

THEOREM 3.5.3. Let f be a continuous convex function on an open interval of
real numbers 1 D [0,a] If x1,...,xn € [0,a] are real numbers such that Y x; € (0,a],
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0<F(n)+ 0= 170 - 3 1(w)

i=1 i=1

/_ n X)) — / 0) & n
<f ( z—ln ) f+( )in(zxj_xi)

i=1%i =1 j=1

SEIRVATI RS 30 6:57)

<

u%im—ﬂm»ém

A~

If f is concave, the inequalities in (3.5.7) are reversed.

Proof. Let f be a convex function. The inequalities (3.5.7) are obtained from

1
(2.5) by substituting A(x) = —¥" ,x; and ¢ < f. If f is concave, then the reversed
n

inequalities follow from (3.5.7) by substituting f <» —f which is convex. [l
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