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ON OPIAL–TYPE INTEGRAL INEQUALITIES AND APPLICATIONS

CHANG-JIAN ZHAO AND WING-SUM CHEUNG

(Communicated by I. Perić)

Abstract. In the present paper we establish some new Opial-type inequalities involving higher
order partial derivatives. Our results in special cases yield some of the recent results on Opial’s
inequality. As application, we prove the uniqueness of the solution of initial value problem
involving higher order partial differential equation.

1. Introduction and statement of results

In 1960, Opial [17] established the following integral inequality:

THEOREM A. Suppose x ∈C1[0,a] satisfies x(0) = x(a) = 0 and x(t) > 0 for all
t ∈ (0,a). Then the integral inequality holds∫ a

0

∣∣x(t)x′(t)∣∣dt � a
4

∫ a

0
(x′(t))2dt, (1.1)

where this constant a
4 is best possible.

The first natural extension of Opial’s inequality (1.1) involving the higher order
derivatives x(n)(s)(n � 1) instead of x′(s) is embodied in the following:

THEOREM B. [1] Let x(t) ∈ C(n)[0,a] be such that x(i)(0) = 0 , 0 � i � n− 1
(n � 1) . Then the following inequality holds∫ a

0

∣∣∣x(t)x(n)(t)
∣∣∣dt � 1

2
an
∫ a

0

∣∣∣x(n)(t)
∣∣∣2 dt. (1.2)

A sharp version of (1.2) is the following:

THEOREM C. [11] Let x(t) ∈C(n−1)[0,a] be such that x(i)(0) = 0 , 0 � i � n−1

(n � 1) . Further, let x(n−1)(t) be absolutely continuous, and
∫ a
0

∣∣∣(x(n)(t)
∣∣∣2 dt < ∞.

Then the following inequality holds

∫ a

0

∣∣∣x(t)x(n)(t)
∣∣∣dt � 1

2n!

(
n

2n−1

)1/2

an
∫ a

0

∣∣∣x(n)(t)
∣∣∣2 dt. (1.3)

A more general version of (1.3) is following:
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THEOREM D. [18] Let x(t) ∈C(n−1)[0,a] be such that x(i)(0) = 0 , 0 � i � n−1

(n � 1) . Further, let x(n−1)(t) be absolutely continuous, and
∫ a
0

∣∣∣(x(n)(t)
∣∣∣2 dt < ∞.

Then the following inequality holds for 0 � κ � n−1

∫ a

0

∣∣∣∣∣
n

∏
κ=0

x(κ)(t)

∣∣∣∣∣dt � K(n)a(n2+1)/2
(∫ a

0

∣∣∣x(n)(t)
∣∣∣2 dt

)(n+1)/2

, (1.4)

where

K(n) =
1

(n2 +1)(n+1)∏n−1
κ=0(n−κ −1)!

(
(n2 +1)(n+1)

∏n−1
κ=0(2n−2κ−1)

)1/2

.

Opial’s inequality and its generalizations, extensions and discretizations play a
fundamental role in establishing the existence and uniqueness of initial and boundary
value problems for ordinary and partial differential equations as well as difference equa-
tions [1, 2, 4, 14, 15]. The inequality (1.1) has received considerable attention and a
large number of papers dealing with new proofs, extensions, generalizations, variants
and discrete analogues of Opial’s inequality have appeared in the literature [3, 5–13,
16–26]. For an extensive survey on these inequalities, see [1, 15].

The first aim of the present paper is to establish a new Opial-type inequalities
involving higher order partial derivatives which is a generalization of inequality (1.4).

THEOREM 1.1. Let x(s,t) ∈C(n−1,m−1)([0,a]× [0,b]) be such that ∂ κ

∂ sκ x(s,t)|s=0

= 0 , 0 � κ � n − 1 and ∂ λ

∂ tλ x(s,t)|t=0 = 0 , 0 � λ � m − 1 . Further, let
∂ n

∂ sn

(
∂m−1

∂ tm−1 x(s, t)
)

and ∂ n−1

∂ sn−1

(
∂m

∂ tm x(s,t)
)

are absolutely continuous on [0,a]× [0,b] ,
and∫ a
0

∫ b
0

∣∣∣ ∂ n+m

∂ sn∂ tm x(s, t)
∣∣∣2 dsdt , exist. Then

∫ a

0

∫ b

0

∣∣∣∣∣∣
∏n

κ=0 ∏m
λ=0

∂ κ+λ

∂ sκ ∂ tλ x(s,t)

∏n−1
κ=0

∂ κ+m

∂ sκ ∂ tm x(s,t) ·∏m−1
λ=0

∂ n+λ

∂ sn∂ tλ x(s,t)

∣∣∣∣∣∣dsdt � M(n,m)a(n2+1)/2b(m2+1)/2

×
(∫ a

0

∫ b

0

∣∣∣∣ ∂ n+m

∂ sn∂ tm
x(s,t)

∣∣∣∣
2

dsdt

)(mn+1)/2

, (1.5)

where

M(n,m) =
1

(n2 +1)(m2 +1)(mn+1)∏n−1
κ=0 ∏m−1

λ=0(n−κ −1)!(m−λ −1)!

×
⎛
⎝ (n2 +1)(m2 +1)(mn+1)

∏n−1
κ=0 ∏m−1

λ=0

[
(2n−2κ−1)(2m−2λ −1)

]
⎞
⎠

1/2

.
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REMARK 1.1. Let x(s,t) reduce to x(t) and with suitable modifications, then
(1.5) changes to (1.4).

A result involving two functions and their higher order derivatives is embodied in
the following:

THEOREM E. [19] For j = 1,2 let x j(t) ∈ Cn−1[0,a] be such that x(i)
j (0) = 0 ,

0 � i � n− 1 . Further, let x(n−1)
j be absolutely continuous, and

∫ a
0 |x(n)

j (t)|2dt < ∞ .
Then ∫ a

0

{∣∣∣x2(t)x
(n)
1 (t)

∣∣∣+ ∣∣∣x1(t)x
(n)
2 (t)

∣∣∣}dt

� 1
2n!

(
n

2n−1

)1/2

an
[∫ a

0

(∣∣∣x(n)
1 (t)

∣∣∣2 +
∣∣∣x(n)

2 (t)
∣∣∣2)dt

]
, (1.6)

The second aim of the present paper is to establish a new Opial-type inequalities
involving higher order partial derivatives which is a generalization of inequality (1.6).

THEOREM 1.2. For i = 1,2, let xi(s,t) ∈ C(n−1,m−1)([0,a]× [0,b]) be such that
∂ κ

∂ sκ xi(s, t)|s=0 = 0 , 0 � κ � n−1 and ∂ λ

∂ tλ xi(s,t)|t=0 = 0 , 0 � λ � m−1 . Further, let
∂ n

∂ sn

(
∂m−1

∂ tm−1 xi(s, t)
)

and ∂ n−1

∂ sn−1

(
∂m

∂ tm xi(s,t)
)

are absolutely continuous on [0,a]× [0,b] ,

and
∫ a
0

∫ b
0

∣∣∣ ∂ n+m

∂ sn∂ tm xi(s,t)
∣∣∣2 dsdt , exist. Then

∫ a

0

∫ b

0

(∣∣∣∣∣ ∂ κ+λ

∂ sκ ∂ tλ x1(s,t)
∂ n+m

∂ sn∂ tm
x2(s,t)

∣∣∣∣∣+
∣∣∣∣∣ ∂ κ+λ

∂ sκ ∂ tλ x2(s,t)
∂ n+m

∂ sn∂ tm
x1(s,t)

∣∣∣∣∣
)

dsdt

�
√

2D(n,m)an−κbm−λ
∫ a

0

∫ b

0

[∣∣∣∣ ∂ n+m

∂ sn∂ tm
x1(s,t)

∣∣∣∣
2

+
∣∣∣∣ ∂ n+m

∂ sn∂ tm
x2(s,t)

∣∣∣∣
2
]

dsdt, (1.7)

where

D(n,m) =
1

4(n−κ)!(m−λ )!

(
(n−κ)(m−λ )

(2n−2κ −1)(2m−2λ −1)

)1/2

.

REMARK 1.2. For i = 1,2, let xi(s,t) reduce to xi(t) , respectively and with suit-
able modifications, then (1.7) changes to (1.6).

As application, we prove the uniqueness of the solution of initial value problem
involving higher order partial differential equation.

THEOREM 1.3. For the partial differential equation

∂ n+mφ
∂ sn∂ tm

= f (s,t,〈φ〉) (1.8)

together with the initial conditions

∂ κ φ(0,t)
∂ sκ = ακ (t), 0 � κ � n−1, (1.9)
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∂ λ φ(s,0)
∂ tλ = βλ (s), 0 � λ � m−1, (1.10)

where
〈φ〉 = (φ0,0,φ1,0, . . . ,φn−1,0,φ0,1, . . . ,φn−1,1,φ0,2, . . . ,φn−1,m−1)

and

φi, j =
∂ i+ jφ
∂ si∂ t j ,

we assume that f : ([0,s]× [0,t])×R
nm → R are continuous, and ακ : [0,s] → R ,

βλ : [0, t] → R are m and n times differentiable respectively, and α(λ )
κ (0) = β (κ)

λ (0) ,
0 � κ � n−1 , 0 � λ � m−1. Further, the function f satisfies the following condition,
i.e., for all (s, t,〈φ〉),(s,t,〈φ 〉) ∈ ([0,s]× [0,t])×R

nm,

| f (s,t,〈φ〉)− f (s,t,〈φ 〉)| �
n−1

∑
i=0

m−1

∑
j=0

|φi, j −φ i, j|.

Then the problem (1.8)–(1.10) has at most one solution on [0,s]× [0,t] .

2. Proofs of results

Proof of Theorem 1.1. From the hypotheses of the Theorem 1.1, we have for 0 �
κ � n−1, 0 � λ � m−1∣∣∣∣∣ ∂ κ+λ

∂ sκ ∂ tλ x(s,t)

∣∣∣∣∣� 1
(n−κ −1)!(m−λ −1)!

×
∫ s

0

∫ t

0
(s−σ)n−κ−1(t− τ)m−λ−1

∣∣∣∣ ∂ n+m

∂σn∂τm x(σ ,τ)
∣∣∣∣dσdτ. (2.1)

By using Cauchy-Schwarz inequality, we obtain∣∣∣∣∣ ∂ κ+λ

∂ sκ ∂ tλ x(s, t)

∣∣∣∣∣� 1
(n−κ−1)!(m−λ−1)!

(∫ s

0

∫ t

0
(s−σ)2(n−κ−1)(t−τ)2(m−λ−1)dσdτ

)1/2

×
(∫ s

0

∫ t

0

∣∣∣∣ ∂ n+m

∂σn∂τm x(σ ,τ)
∣∣∣∣
2

dσdτ

)1/2

=
1

(n−κ −1)!(m−λ −1)!
[
(2n−2k−1)(2m−2λ−1)

]1/2
sn−k−1/2tm−λ−1/2

×
(∫ s

0

∫ t

0

∣∣∣∣ ∂ n+m

∂σn∂τm x(σ ,τ)
∣∣∣∣
2

dσdτ

)1/2

. (2.2)
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Multiplying (2.2) by
∣∣∣ ∂ n+m

∂ sn∂ tm x(s,t)
∣∣∣ , we obtain for 0 � κ � n−1, 0 � λ � m−1

∣∣∣∣∣∣
∏n

κ=0 ∏m
λ=0

∂ κ+λ

∂ sκ ∂ tλ x(s,t)

∏n−1
κ=0

∂ κ+m

∂ sκ ∂ tm x(s,t) ·∏m−1
λ=0

∂ n+λ

∂ sn∂ tλ x(s,t)

∣∣∣∣∣∣
� sn2/2tm

2/2

∏n−1
κ=0 ∏m−1

λ=0(n−κ −1)!(m−λ −1)!∏n−1
κ=0 ∏m−1

λ=0

[
(2n−2k−1)(2m−2λ−1)

]1/2

×
∣∣∣∣ ∂ n+m

∂ sn∂ tm
x(s,t)

∣∣∣∣
(∫ s

0

∫ t

0

∣∣∣∣ ∂ n+m

∂σn∂τm x(σ ,τ)
∣∣∣∣
2

dσdτ

)mn/2

. (2.3)

Integrating the two sides of (2.3) over t from 0 to b first and then integrating the re-
sulting inequality over s from 0 to a and then applying the Cauchy-Schwarz inequality
to the right side again, we observe

∫ a

0

∫ b

0

∣∣∣∣∣∣
∏n

κ=0 ∏m
λ=0

∂ κ+λ

∂ sκ ∂ tλ x(s,t)

∏n−1
κ=0

∂ κ+m

∂ sκ ∂ tm x(s,t) ·∏m−1
λ=0

∂ n+λ

∂ sn∂ tλ x(s,t)

∣∣∣∣∣∣dsdt

� 1

∏n−1
κ=0 ∏m−1

λ=0(n−κ −1)!(m−λ −1)!∏n−1
κ=0 ∏m−1

λ=0

[
(2n−2k−1)(2m−2λ−1)

]1/2

×
(∫ a

0

∫ b

0
sn2

tm
2
dsdt

)1/2

×
(∫ a

0

∫ b

0

∣∣∣∣ ∂ n+m

∂ sn∂ tm
x(s,t)

∣∣∣∣
2
(∫ s

0

∫ t

0

∣∣∣∣ ∂ n+m

∂σn∂τm x(σ ,τ)
∣∣∣∣
2

dσdτ

)mn

dsdt

)1/2

. (2.4)

On the other hand, from the hypotheses of Theorem 1.1 and in view of the following
facts

∂ 2

∂ s∂ t

⎡
⎣
(∫ s

0

∫ t

0

∣∣∣∣ ∂ n+m

∂σn∂τm x(σ ,τ)
∣∣∣∣
2

dσdτ

)mn+1
⎤
⎦

= (mn+1)
∣∣∣∣ ∂ n+m

∂ sn∂ tm
x(s,t)

∣∣∣∣
2
(∫ s

0

∫ t

0

∣∣∣∣ ∂ n+m

∂σn∂τm x(σ ,τ)
∣∣∣∣
2

dσdτ

)mn

(2.5)

and (∫ a

0

∫ b

0
sn2

tm
2
dsdt

)1/2

=
a(n2+1)/2b(m2+1)/2

[(n2 +1)(m2 +1)]1/2
. (2.6)
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From (2.4), (2.5) and (2.6), we have

∫ a

0

∫ b

0

∣∣∣∣∣∣
∏n

κ=0 ∏m
λ=0

∂ κ+λ

∂ sκ ∂ tλ x(s,t)

∏n−1
κ=0

∂ κ+m

∂ sκ ∂ tm x(s,t) ·∏m−1
λ=0

∂ n+λ

∂ sn∂ tλ x(s,t)

∣∣∣∣∣∣dsdt

� M(n,m)a(n2+1)/2b(m2+1)/2

(∫ a

0

∫ b

0

∣∣∣∣ ∂ n+m

∂ sn∂ tm
x(s, t)

∣∣∣∣
2

dsdt

)(mn+1)/2

,

where

M(n,m) =
1

(n2 +1)(m2 +1)(mn+1)∏n−1
κ=0 ∏m−1

λ=0(n−κ −1)!(m−λ −1)!

×
⎛
⎝ (n2 +1)(m2 +1)(mn+1)

∏n−1
κ=0 ∏m−1

λ=0

[
(2n−2κ −1)(2m−2λ −1)

]
⎞
⎠

1/2

. �

Proof of Theorem 1.2. From the hypotheses of the Theorem 1.2, we have for 0 �
κ � n−1, 0 � λ � m−1∣∣∣∣∣ ∂ κ+λ

∂ sκ ∂ tλ x1(s,t)

∣∣∣∣∣� 1
(n−κ −1)!(m−λ −1)!

×
∫ s

0

∫ t

0
(s−σ)n−κ−1(t− τ)m−λ−1

∣∣∣∣ ∂ n+m

∂σn∂τm x1(σ ,τ)
∣∣∣∣dσdτ. (2.7)

Multiplying (2.7) by
∣∣∣ ∂ n+m

∂ sn∂ tm x2(s,t)
∣∣∣ , and using Cauchy-Schwarz inequality, we obtain

∣∣∣∣∣ ∂ κ+λ

∂ sκ ∂ tλ x1(s, t)
∂ n+m

∂ sn∂ tm
x2(s,t)

∣∣∣∣∣� 1
(n−κ −1)!(m−λ −1)!

∣∣∣∣ ∂ n+m

∂ sn∂ tm
x2(s,t)

∣∣∣∣

×
(∫ s

0

∫ t

0
(s−σ)2(n−κ−1)(t−τ)2(m−λ−1)dσdτ

)1/2
(∫ s

0

∫ t

0

∣∣∣∣ ∂ n+m

∂σn∂τm x1(σ ,τ)
∣∣∣∣
2

dσdτ

)1/2

=
sn−k−1/2tm−λ−1/2

(n−κ −1)!(m−λ −1)!
[
(2n−2k−1)(2m−2λ −1)

]1/2

∣∣∣∣ ∂ n+m

∂ sn∂ tm
x2(s, t)

∣∣∣∣

×
(∫ s

0

∫ t

0

∣∣∣∣ ∂ n+m

∂σn∂τm x1(σ ,τ)
∣∣∣∣
2

dσdτ

)1/2

. (2.8)
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Integrating the two sides of (2.8) over t from 0 to b first and then integrating the re-
sulting inequality over s from 0 to a and then applying the Cauchy-Schwarz inequality
to the right side again, we observe

∫ a

0

∫ b

0

∣∣∣∣∣ ∂ κ+λ

∂ sκ ∂ tλ x1(s,t)
∂ n+m

∂ sn∂ tm
x2(s,t)

∣∣∣∣∣dsdt

� 1

(n−κ−1)!(m−λ−1)!
[
(2n−2k−1)(2m−2λ−1)

]1/2

(∫ a

0

∫ b

0
s2n−2k−1t2m−2λ−1dsdt

)1/2

×
(∫ a

0

∫ b

0

∣∣∣∣ ∂ n+m

∂ sn∂ tm
x2(s,t)

∣∣∣∣
2
(∫ s

0

∫ t

0

∣∣∣∣ ∂ n+m

∂σn∂τm x1(σ ,τ)
∣∣∣∣
2

dσdτ

)
dsdt

)1/2

. (2.9)

Similarly ∫ a

0

∫ b

0

∣∣∣∣∣ ∂ κ+λ

∂ sκ ∂ tλ x2(s,t)
∂ n+m

∂ sn∂ tm
x1(s,t)

∣∣∣∣∣dsdt

� 1

(n−κ−1)!(m−λ−1)!
[
(2n−2k−1)(2m−2λ−1)

]1/2

(∫ a

0

∫ b

0
s2n−2k−1t2m−2λ−1dsdt

)1/2

×
(∫ a

0

∫ b

0

∣∣∣∣ ∂ n+m

∂ sn∂ tm
x1(s,t)

∣∣∣∣
2
(∫ s

0

∫ t

0

∣∣∣∣ ∂ n+m

∂σn∂τm x2(σ ,τ)
∣∣∣∣
2

dσdτ

)
dsdt

)1/2

. (2.10)

Thus, in view of the elementary inequality α1/2 +β 1/2 � [2(α +β )]1/2 , α � 0, β � 0,
we have

∫ a

0

∫ b

0

(∣∣∣∣∣ ∂ κ+λ

∂ sκ ∂ tλ x1(s,t)
∂ n+m

∂ sn∂ tm
x2(s,t)

∣∣∣∣∣+
∣∣∣∣∣ ∂ κ+λ

∂ sκ ∂ tλ x2(s,t)
∂ n+m

∂ sn∂ tm
x1(s,t)

∣∣∣∣∣
)

dsdt

� 1

(n−κ−1)!(m−λ−1)!
[
(2n−2k−1)(2m−2λ−1)

]1/2

(∫ a

0

∫ b

0
s2n−2k−1t2m−2λ−1dsdt

)1/2

×
{

2
∫ a

0

∫ b

0

∣∣∣∣ ∂ n+m

∂ sn∂ tm
x2(s,t)

∣∣∣∣
2
(∫ s

0

∫ t

0

∣∣∣∣ ∂ n+m

∂σn∂τm x1(σ ,τ)
∣∣∣∣
2

dσdτ

)
dsdt

+2
∫ a

0

∫ b

0

∣∣∣∣ ∂ n+m

∂ sn∂ tm
x1(s,t)

∣∣∣∣
2
(∫ s

0

∫ t

0

∣∣∣∣ ∂ n+m

∂σn∂τm x2(σ ,τ)
∣∣∣∣
2

dσdτ

)
dsdt

}1/2

. (2.11)
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On the other hand, in view of the following facts

∂ 2

∂ s∂ t

[(∫ s

0

∫ t

0

∣∣∣∣ ∂ n+m

∂σn∂τm x1(σ ,τ)
∣∣∣∣
2

dσdτ

)(∫ s

0

∫ t

0

∣∣∣∣ ∂ n+m

∂σn∂τm x2(σ ,τ)
∣∣∣∣
2

dσdτ

)]

=
∣∣∣∣ ∂ n+m

∂ sn∂ tm
x1(s, t)

∣∣∣∣
2
(∫ s

0

∫ t

0

∣∣∣∣ ∂ n+m

∂σn∂τm x2(σ ,τ)
∣∣∣∣
2

dσdτ

)
+
∣∣∣∣ ∂ n+m

∂ sn∂ tm
x2(s, t)

∣∣∣∣
2

×
(∫ s

0

∫ t

0

∣∣∣∣ ∂ n+m

∂σn∂τm x1(σ ,τ)
∣∣∣∣
2

dσdτ

)
(2.12)

and (∫ a

0

∫ b

0
s2n−2k−1t2m−2λ−1dsdt

)1/2

=
an−κbm−λ

2
[
(n−κ)(m−λ )

]1/2
. (2.13)

From (2.11), (2.12), (2.13) and in view the elementary inequality (αβ )1/2 � 1
2(α +β ) ,

α � 0, β � 0, we have

∫ a

0

∫ b

0

(∣∣∣∣∣ ∂ κ+λ

∂ sκ ∂ tλ x1(s,t)
∂ n+m

∂ sn∂ tm
x2(s,t)

∣∣∣∣∣+
∣∣∣∣∣ ∂ κ+λ

∂ sκ ∂ tλ x2(s,t)
∂ n+m

∂ sn∂ tm
x1(s,t)

∣∣∣∣∣
)

dsdt

� 2D(n,m)an−κbm−λ

[
2

(∫ a

0

∫ b

0

∣∣∣∣ ∂ n+m

∂ sn∂ tm
x1(s,t)

∣∣∣∣
2

dsdt

)

×
(∫ a

0

∫ b

0

∣∣∣∣ ∂ n+m

∂ sn∂ tm
x2(s,t)

∣∣∣∣
2

dsdt

)]1/2

�
√

2D(n,m)an−κbm−λ
∫ a

0

∫ b

0

[∣∣∣∣ ∂ n+m

∂ sn∂ tm
x1(s,t)

∣∣∣∣
2

+
∣∣∣∣ ∂ n+m

∂ sn∂ tm
x2(s,t)

∣∣∣∣
2
]

dσdτ,

where

D(n,m) =
1

4(n−κ)!(m−λ )!

(
(n−κ)(m−λ )

(2n−2κ−1)(2m−2λ −1)

)1/2

. �

Proof of Theorem 1.3. If the problem (1.8)–(1.10) has two solutions φ(s,t) , φ (s,t)
then for the function u(s,t) = φ(s,t)−φ(s,t) the following inequality holds

∫ s

0

∫ t

0

∣∣∣∣ ∂ n+m

∂σn∂τm u

∣∣∣∣
2

dσdτ �
n−1

∑
i=0

m−1

∑
j=0

∫ s

0

∫ t

0

∣∣∣∣ ∂ i+ ju
∂ si∂ t j

∣∣∣∣
∣∣∣∣ ∂ n+mu
∂σn∂τm

∣∣∣∣dσdτ. (4.4)
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For each term on the right side of (4.4), we apply the inequality (2.3) in Theorem 2.2
with rk = rn = 1, r = 2 and x1(s,t) = x2(s,t) = u(s,t) , to obtain

∫ s

0

∫ t

0

∣∣∣∣ ∂ n+mu
∂σn∂τm

∣∣∣∣
2

dσdτ �
(

n−1

∑
i=0

m−1

∑
j=0

Qi, j(s,t)

)∫ s

0

∫ t

0

∣∣∣∣ ∂ n+mu
∂σn∂τm

∣∣∣∣
2

dσdτ, (4.5)

where

Qi, j(s, t) =
√

2
4(n− i)!(m− j)!

(
(n− i)(m− j)

(2n−2i−1)(2m−2 j−1)

)1/2

sn−itn− j.

Here, Qi, j(s, t) are continuous functions with the property Qi, j(0,0) = 0. Thus, (4.5)
implies that u(s, t) = 0, i.e. φ(s,t) = φ (s,t) . �
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[17] Z. OPIAL, Sur une inégalité, Ann. Polon. Math. 8 (1960), 29–32.
[18] B. G. PACHPATTE, On some new generalizations of Opial inequality, Demonstratio Math. 19 (1986),

281–291.
[19] B. G. PACHPATTE, On Opial-type integral inequalities , J. Math. Anal. Appl. 120 (1986), 547–556.
[20] B. G. PACHPATTE, Some inequalities similar to Opial’s inequality, Demonstratio Math. 26 (1993),

643–647.
[21] B. G. PACHPATTE, A note on generalized Opial type inequalities, Tamkang J. Math. 24 (1993), 229–

235.



232 CHANG-JIAN ZHAO AND WING-SUM CHEUNG
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