athematical
nequalities
& Papplications

Volume 17, Number 1 (2014), 223-232 doi:10.7153/mia-17-17

ON OPIAL-TYPE INTEGRAL INEQUALITIES AND APPLICATIONS

CHANG-JIAN ZHAO AND WING-SUM CHEUNG

(Communicated by I. Peri¢)

Abstract. In the present paper we establish some new Opial-type inequalities involving higher
order partial derivatives. Our results in special cases yield some of the recent results on Opial’s
inequality. As application, we prove the uniqueness of the solution of initial value problem
involving higher order partial differential equation.

1. Introduction and statement of results

In 1960, Opial [17] established the following integral inequality:

THEOREM A. Suppose x € C[0,d] satisfies x(0) = x(a) = 0 and x(t) > 0 for all
t € (0,a). Then the integral inequality holds

[ awola< [‘woya (1)

where this constant g is best possible.

The first natural extension of Opial’s inequality (1.1) involving the higher order
derivatives x")(s)(n > 1) instead of x/(s) is embodied in the following:

THEOREM B. [1] Let x(r) € C™[0,a] be such that x)(0) =0, 0 <i<n—1
(n = 1). Then the following inequality holds

/ x(z)x@)(z)‘dzglan /
0 2 Jo

A sharp version of (1.2) is the following:

THEOREM C. [11] Let x(1) € C""=V[0,a] be such that x(0) =0, 0<i<n—1
2

(x(")(t)‘ dt < oo

x(")(t)’zdt. (12)

(n>1). Further, let x"=V)(t) be absolutely continuous, and [
Then the following inequality holds

n <_ . n
/O () (t))dt\zn! <2n_1) a/o

A more general version of (1.3) is following:

x(”)(t)‘ dr. (1.3)
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THEOREM D. [18] Let x(t) € C""~1[0,a] be such that x)(0) =0, 0<i<n—1

2
(n>1). Further, let X"~V (r) be absolutely continuous, and [y (x(")(t)‘ dt < eo.

Then the following inequality holds for 0 < k <n—1

a (n+1)/
0| dr < K(n)a" 012 (/O x(n)(t))zdt> o 2, (1.4)
where
I R+ D+ 7
K(n)= o .
(n2+ 1) (n+ DITZh(n—x— D! \ [T Zh(2n— 2Kk — 1)

Opial’s inequality and its generalizations, extensions and discretizations play a
fundamental role in establishing the existence and uniqueness of initial and boundary
value problems for ordinary and partial differential equations as well as difference equa-
tions [1, 2, 4, 14, 15]. The inequality (1.1) has received considerable attention and a
large number of papers dealing with new proofs, extensions, generalizations, variants
and discrete analogues of Opial’s inequality have appeared in the literature [3, 5-13,
16-26]. For an extensive survey on these inequalities, see [1, 15].

The first aim of the present paper is to establish a new Opial-type inequalities
involving higher order partial derivatives which is a generalization of inequality (1.4).

THEOREM 1.1. Let x(s,¢) € C"=1"=1)([0,a] x [0,b]) be such that %x(s,tﬂ;o
=0, 0<x<n—1 and %x(s,t)h:o =0, 0< A <m-—1. Further, let

g:l (‘9::1 llx(s t)) and as,, - (%x(s,t)) are absolutely continuous on [0,a] x [0,D],
and

Iy fo aaxz(;::,,x(s t)‘ dsdt, exist. Then

a b T 25 (s,1) i i

/ / k=0 112=0 5592\ dsdt < M(n,m)a"+D/2p*+1)/2
Hn—l grtm ( l) _Hm—l onti ( l) X )
k=0 Jskgrm*\5) =0 ggngik X\5
gntm 2 (mn+1)/2
(/ / snatm ) det> ) (15)
where
1
M(n,m) =

(2 + 1)(m?+ 1) (mn+ DT T} g (n— K — 1) (m — A — 1)}

12
(n*+ 1) (m* +1)(mn+1)

Ll [(2n— 20— 1) (2m—22— 1)]
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REMARK 1.1. Let x(s,7) reduce to x(¢) and with suitable modifications, then
(1.5) changes to (1.4).

A result involving two functions and their higher order derivatives is embodied in
the following:

THEOREM E. [19] For j = 1,2 let x;(t) € C"~'[0,a] be such thar x\(0) =0,

0 <i<n—1. Further, let xﬁ"il) be absolutely continuous, and [y |xj (t)\zdt < oo,

Then )
fy (b @+ puont o a

< % (2,1”_ 1)1/251" UO <x§")(z))2+ \xg%))z) dt} , (1.6)

The second aim of the present paper is to establish a new Opial-type inequalities
involving higher order partial derivatives which is a generalization of inequality (1.6).

THEOREM 1.2. For i = 1,2, let x;(s,t) € C"~1"=1)(]0,a] x [0,b]) be such that
%xi(s 1)]s=0=0,0< k<n—1and %xi(s,t)\,zo =0, 0< A <m—1. Further, let

% (99[’:1 Iy (s, t)) and g,, ; <g;:7x, (s, t)) are absolutely continuous on [0,a] x [0,D],

t ) dsdt

n-m 2
and [ fo '(ﬁ,,;tmxl(s t)‘ dsdt, exist. Then

Al

0 K+A ortm

L Qrtm
EEEPA x1( I)sz(saf) +

oot 25 gy 1)

2

n+m n+m 2
<V2D(n,m)a" K" JL/ / H i’@tm (s,1) +’8i”8tmx2(s’t) ]dsdt, (1.7)
where
B 1 (n—xK)(m—A) 172
Dlnm) = S im =) ((2n—2K—1)(2m—27L—1)> '

REMARK 1.2. For i=1,2, let x;(s,7) reduce to x;(t), respectively and with suit-
able modifications, then (1.7) changes to (1.6).

As application, we prove the uniqueness of the solution of initial value problem
involving higher order partial differential equation.

THEOREM 1.3. For the partial differential equation

8n+m
o = fs..(9)) (18)

together with the initial conditions

9%9(0,7)

s =ou(t), 0<k<n—1, (1.9)
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%:ﬁl@), 0<A<m—1, (1.10)
where
(@) = (00,0,01,05--sPn—1,0,00,15- - -+ Pn—1,1,P0,25- - -, Du—1,m—1)
and St
1= g3
we assume that f : ([0,s] x [0,7]) x R"™ — R are continuous, and o : [0,s] — R,

By, :[0,¢] — R are m and n times differentiable respectively, and Oc,(( )(O) = ﬂ/{K)(O),
0< kK <n—1,0<A <m— 1. Further, the function f satisfies the following condition,
i.e., forall (s,t,{(9)),(s,2,(9)) € ([0,s] x [0,7]) x R"",
n—1lm—1
‘f(s7tv<¢>) svt7 Z Z |¢l7j ¢l7j|

i=0 j=0

Then the problem (1.8)—(1.10) has at most one solution on [0,s] x [0,1].

2. Proofs of results

Proof of Theorem 1.1. From the hypotheses of the Theorem 1.1, we have for 0 <
k<n—1,0<A<m—1

QKA 1
- <
a0 S G A=
// YR — gy Al o x(o,1)|dodt (2.1)
donatn ' '

By using Cauchy-Schwarz inequality, we obtain

oKt 1 s ot Anre1) i) 1/2
as;cat;[x(S,t) < k1) (m—2—1)! /O/O(S—G) (t—71) dodt

) 1/2
( de‘L’)

- N

1/2
(n—x— 1) (m—A—1)! [(2n—2k—1)(2m—2/1—1)]

(4

an+1n

80"81”’

0,7)

n7k71/2tm7l71/2

an+1n

80"81”’

0,1)

’ 1/2
de‘L’) . (2.2)
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Multiplying (2.2) by );;;_gj;,x@,z) , we obtainfor 0 <k <n—1,0<A <m—1

=013 8s"811 x(s,1)

1 gxtm 1 gnti
H}:C 0 8s"9tmx(s t) HT:O asnatlx(sat)

- Sn2/2tm2/2
h m—1 n—1 yym—1 1/2
T T (= = 1)1 — A — )T ) [(2n—2k—1)(2m—27t—1)
mn/2
8n+m an.:,.m 2
X ‘&v”&tm s, ‘ ( 0"81’" 0,7) dcdr) . (2.3)

Integrating the two sides of (2.3) over ¢ from O to b first and then integrating the re-
sulting inequality over s from O to a and then applying the Cauchy-Schwarz inequality
to the right side again, we observe

A
b n m 9Kt
/a/ K:OH)L=O PRSI X(S,t) dsdt
IT

—1 QKtm 1 gnti
=0 25eamx(s,1) - T g Zgrx(s,1)

1
n—1 m—1 1/2
b T h (n— i — 1)1 — A — DU TZh T [(Zn 2k—1)(2m—27L—1)]

a rb 1/2
X (/ / s”ztmzdsdt>
0 JO
— b mn 1/2
><< / / ( deT) dsdt) . (2.4)
0 Jo

On the other hand, from the hypotheses of Theorem 1.1 and in view of the following

N

an+m

8s”8tm St

an+1n

80"81’”

0.7)

facts
8"+m 2 mn—+1
8s8t ( EETEFTRICR deT)
8n+m 2 mn
= (mn+1) '8 ”8tm st 80"81’“ 0,7)| dodt (2.5)
and

a b, 5 1/2 a("2+1)/2b(’”2+1)/2
" dsdt = . 2.6
([ freraa) = e (20)
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From (2.4), (2.5) and (2.6), we have

gK+A
?C:O HZI:O OsKoth X(S7 t)
n—1 gKtm m—1 _9nth dsdt
k=0 JdsKorm (Sat)'H)L:() asnath(sat)

e (mn+1)/2
< M(n,m)a"*+)/2pm*+1)/ (/ / o 2dsdt>
= ’ 8s"8tm ’

where
M(n,m) = 1 :
(n?+1)(m? + 1) (mn+ DT I —y(n — k= 1)!(m — A —1)!
12
2 2
" (n*+1)(m=+1)(mn+1) O

b=t [2n 2K—1)(2m—21—1)}

Proof of Theorem 1.2. From the hypotheses of the Theorem 1.2, we have for 0 <
k<n—1,0<A<m—1

3K+/l
skt

// yrRl (f — gyl

Multiplying (2.7) by |5

1

) S e i A D)

S

an+m

Jdondtm

xi(o,7)|dodr. (2.7)

, and using Cauchy-Schwarz inequality, we obtain

S”Btm s X2 (S t)

3K+A gntm
prEmaliCill

shorm
st 1/2
X (// (s—0)2 =KD (j—g)2(m=A~ 1d0d1:> (
0Jo

snfkfl/Ztmflfl/Z

8n+m
Fygrn 2 (51)

5 1/2
deT)

1

20| S T m A= !

S

aner

80"81’"

0,1)

aner
Ty 2 (:1)

(n—Kk—1)(m—A—1)! [(2n—2k—1)(2m—2x—1)]1/2

(L4

an+m

) 1/2
Songm! 0,7) dO'dT) . (2.8)
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Integrating the two sides of (2.8) over ¢ from 0 to b first and then integrating the re-

sulting inequality over s from O to a and then applying the Cauchy-Schwarz inequality
to the right side again, we observe

1 @b k1 am2a1 172
< 1/2</0/0 s t dsdt)
1)}

(n—k—1)!(m—A—1)! [(2n—2k—1)(2m—27t—

0 K+A ortm

35R g1 (5:0) 5 G xa (8,1 dsd

grtm gn+m 2 1/2
dodt | dsdt . (29
952 5 dongpn! 0,7)| dodt | ds (2.9)
Similarly
aKHL ortm

sz(S7Z)WXI (SJ) dsdt

a b
Iy
1 @b k1 am2a1 172
< n m
< 1/2</0/0 s t dsdt

(n—k—1)!(m—A—1)! [(2n—2k—1)(2m—27t—1)}

(L e (1)

Thus, in view of the elementary inequality o'/ 4 /2 < [2(ac+B)]'/?, >0, B >0,

we have
/ / ( —8S’<817Lx2(s’t)—8s”8tmxl (s,1) ) dsdt

1/2
< 1 /a/bs2n—2k—lt2m—2)L—1dsdt /
_1)}1/2 00

(n—k—1)!(m—A—1)! [(2n—2k—1)(2m—27t

an+m 2

95! St

an+m

80"81’”

0,1)

1/2
deT)det) . (2.10)

) K+A gntm

8K+)L gntm
DsKIth i t)85"8tmx2(s7t)

+

a bl gntm ontm 2
. 2~/0 /O asnat’” 5,1 ao-naTm T) dodt | dsdt
ontm 2 s ot | gntm 2 1/2
2// st 1(s:1) /0/0 W?@(G,T) dodrt | dsdt . (2.11)
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On the other hand, in view of the following facts

gntm gntm 2
asat Jorgpn 107 “dods Jongpn2(0:7)| dodt
an+1n an+1n 2 n+m 2
= |95 ( Forgen2(0:7) d"‘”) ’a g 250
an+m 2
Songm! 0,7)| dodt (2.12)
and
a rb 1/2 n—Kpm—2A
(/ / S2n2k1t2mzz1dsdt> _ a**b - (2.13)
0 Jo
z[(n_ K)(m—x)}

From (2.11), (2.12), (2.13) and in view the elementary inequality (ot3)"/? < %(a +B),
o >0, >0, wehave
t ) dsdt

IV ( asear 25 g1 (1

JKTA gntm
asgt ) g2 1) ¥

8K+)L gntm

<2D(n,m)a" *b"* |2 / / o )2d dt
S e a5’ ’
1/2
an+1n 2
([ ot )|
8n+m 2 8n+m 2
a7 Epm A
< V2D(n,m)d""*b / / [ S gl (s,1)] + 85"8tmx2(s’t) ]dcdr,

where

B 1 (n—K)(m—21) 172

Dlnm) = o im =) ((2n—2x—1)(2m—2/1—1) - U

Proof of Theorem 1.3. 1f the problem (1.8)—(1.10) has two solutions ¢ (s,), ¢ (s,7)
then for the function u(s,t) = ¢(s,¢) — ¢(s,z) the following inequality holds

aner

domdT" 't

8n+m

donaTmn

aerju

dsioti

dodr < Elmzl/ /

i=0 j=0

dodr. (4.4)
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For each term on the right side of (4.4), we apply the inequality (2.3) in Theorem 2.2
with ry =r, =1, r=2 and x;(s,7) = x(s,1) = u(s,?), to obtain

grtmy, |2 n—1lm—1 grtmy, |2
EFTEET dodt < 26 Y, 0ij(s.1) EPTEE dodt, (4.5)
i=0 j=
where
CN( 2
Qi,j(S,l‘) _ \/z : (n l)(m ]) : i
4n—i)!m— )N \(2n—2i—1)2m—2j—1)

Here, Q; j(s,t) are continuous functions with the property Q; ;(0,0) = 0. Thus, (4.5)
implies that u(s,t) =0, i.e. ¢(s,) = (s,z). O
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