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WEIGHTED NORM INEQUALITIES FOR THE
g-LITTLEWOOD-PALEY OPERATORS ASSOCIATED
WITH LAPLACE-BESSEL DIFFERENTIAL OPERATORS

A. AKBULUT, V. S. GULIYEV AND M. DZIRI

(Communicated by L.-E. Persson)

Abstract. In this work we define and study Poisson integral associated with Laplace-Bessel
differential operators. We establish weighted inequalities with a general weight for the g-
Littlewood-Paley functions and the commutator g defined by (1.2) associated with Laplace
Bessel differential operator.

1. Introduction

The study of the g-Littlewood-Paley theory enjoys a natural motivation and arises
a great interest. Many works and topic have been studied. To our knowledge, for Eu-
clidean analysis it is investigated, at first, by Stein in [8]. In his study of these operators,
Stein uses two approaches. The first is the theory of singular integrals in the context
of Hilbert space-valued functions, and the second in the theory of harmonics functions.
Later, these operators play an important role in questions related to multipliers, Sobelev
spaces and Hardy spaces.

Over the past 20 years considerable effort has been made to extend the classi-
cal Littlwood-Paley theory on the Bessel-Kingman hypergroups [12] and the Chebli-
Trimeche hypergroups [1].

In this paper we consider harmonic analysis associated with the following system
of partial differential operators

D; =&, 1<j<n
, ) (1.1)
Ano = aa_r+ ajl%‘kzzglai_jz’ (r,x) €]0,o[xR",

where o > —%.
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Some problems of harmonic analysis that are associated with Laplace-Bessel op-
erator A, o are investigated, for example, [3, 5, 6, 7]. We point out that in [7] the author
proved the L, ,,-boundedness of B-maximal functions.

In this paper, we are interested in problems related to weighted inequalities for
the g-Littlewood-Paley functions associated to the Laplace-Bessel differential opera-
tors. More precisely, building on the results of harmonic analysis associated with A,, 4
we establish the L, inequalities with a general weight for the g-Littlewood-Paley
functions in connection with the Laplace-Bessel differential operator A, . Also, we
give an application of great importance which deals with the L, ,, boundedness of the
commutator

g (f)(x) = g((b(x) = () ) (), (1.2)

where & is a positive integer and b € BMO(R"™).

The article is organized as follows: In section 2 we include definitions and auxil-
iary results of harmonic analysis associated with the Laplace-Bessel differential opera-
tor. In section 3 we define and establish some estimates and properties of the Poisson
integral related with the operator A, . Section 4 deals with maximal operator associ-
ated with A, . Also we establish some results for this operators that are essential to
investigating the g-Littlewood-Paley functions . The subject of section 5 is to estab-
lish weighted inequalities with a general weight for the g-Littlewood-Paley functions
and the commutator g defined by (1.2) associated with Laplace Bessel differential
operator.

Throughout the paper C denotes a positive constant whose value may vary from
line to line.

2. Harmonic analysis related with D;;1 < j<n and A, o

In this section we recall basic definitions and some facts. We consider the system
of partial differential operators

(2.1)

D; =&, 1<j<n
J
An,a:la+A7

where [ is the Bessel operator with respect to the first variable r given by

02 20+10
la:_ — =

or r o dr

02
Ay) € C" and x = (x1,x2,...,x,) € R", we put (A,x) =Y | Axi, [|A] =/ (A,4).
By [13, 14 ] we have

and A=3%"_, ‘922 is the Laplacian operator on R”". On the other hand, if A = (41,45, ...,
: i

PROPOSITION 2.1. For (u,A) € R"™1, the following system of equations

Dj(r,x) = —iAjv(rx),
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Anov(rx) = —(u* +A%)v(r,x),

v(0,0) = 1; %(o,x) =0 (2.2)

has a unique infinitely differentiable solution on R"*! even with respect to the first
variable given by

Qua (rx) = jo(riw)e ", (2.3)
where
o
o) = ZOE IS e 6 and jols) =1, if 5 =0,
N

the functions Jo, are the Bessel functions of the first kind and order oo and T is the
Euler function.

We have for all (u,1) € R,

sup  |@yp (rx)| = 1.
(rx)eR+1

The shift operator 7., associated with Laplace Bessel operator A, o is defined
on the space of continuous functions even with respect to the first variable by

T
T f(5,y) = \/;0(67;:)%)/0 F(V 2452+ 2rscos0,x+y)sin®* 0d6.  (2.4)

Denote by
e dvy(r,x) the measure defined on R by

dVe(r,x) = rP* drdx. (2.5)

e L,o(R"™), 1 < p < oo, the space of measurable functions f on [0,c0[xR"
satisfying

- 1
Hf”L,w — </R"/O \f(r,x)\l’dva(nx))) " < oo, forl < p <eoo

and
1Al = |2 = es55UP ) gy cquet | (1,2)] < oo for p = eo.

It is natural to define the convolution product generated by the shift operator.

DEFINITION 2.2. The convolution product of f,g in L; o(R%"™") associated with
Ao is defined, V(r,x) € [0,+eo[xR", as follows

(f*ag)(nx) = /n AN ‘Zr,x)f(svy)g(&y)dv&(S7y)'
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Note that, the following properties are valid:
i) For all (r,x),(s,y) € R™ (u,1) € R"*!, we have

O ) (1X) P ) (5,Y) = Ty Pup (5,Y).

ii) Let f be in Ly (R™™), then for all (s,y) € R we have

/n/ow Tsy S (1x)d Ve (r,x) :/]R" /wa(r,x)dva(r,x).

iii) If f € Ly o(R), 1< p < oo, thenforall (s,y) € R%™, the function 7, ) f
belongs to L, o(R""") and we have

||‘Z.¥,y)f||Lpﬂ < ||fHLpoc

V) im I 7o f = =0.
iv) W)lgl(oﬁon 0 f = fllLy.

VIf f €L o(RY) and g € Ly o(R%H1), then fxq g belongs to Ly (R%™) and
the convolution product is commutative and associative.
vi) For p,q,r € [0,°0] such that %—l— Ll] —1= %7 the map

(f,8) = [*ag

extends to a continuous map from L, o(R") x L, o(R%™) to L, o(R%!) and we
have

1 *a gllire < 1MLy oll8lLya- (2.5)

DEFINITION 2.3. The Fourier transform associated with the partial differential
operators D; and Ly o is defined on L o(R%"!) as follows, for all (u,A) € R,

Fal) @A) = [ [ 000 (00dva(r).

The following properties are valid.
i) Let f € Ly o(R™™"). Then for all (r,x) € [0,4co[xR", we have, ¥(u,1) €
Rr_;_—&-l;
Fa( Ty () (M A) = @) (1,%) Fo (f) (1, A).
ii) For f,g € Ly o(R%)

Fa(f*a8)(A) = Fa(f)(1,A) - Falg)(l,A).

PROPOSITION 2.4. (see [14])
1) Forall f € L17a(R’fl), we have

| Za ()l < [ fll1,00-

2) The Fourier transform % is a topological isomorphism from S,(R""1) (the
space of infinitely differentiable functions on R"*!, even with respect to the first vari-
able, rapidly decreasing together with all their derivatives) onto itself.
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3) (Plancherel theorem): The Fourier transform %y is an isometric automor-
phism of L27a(R'J’r+1). In particular

|- Za(f)

4) (Inversion formula): Let [ € Llﬁa(RTI) such that Z(f) € Ly o(R%" 1), then

Fo (N 1A) = CanFalf) (1, —1),

where
1

(2m)m22(T (o +1))2°

Ca,n -

3. Poisson kernels and Poisson integrals related with A, o

The main goal of this section is to define the Poisson integral associated with the
Laplace-Bessel differential operator A, o, and give some estimates that are useful in the
sequel of the paper.

Consider p;, t > 0 to be the function defined on R’fl by

()= [, [ R ), ), (3.1)

where
‘u2a+l
(27)n22(T (o + 1))?

The function p; may be called Poisson kernel.

dy(u,A) = dpdA.
PROPOSITION 3.1. Forall t >0 and (r,x) € R™!, we have

20T (0 + 2) t
D20 (o +1) (242 + ‘x‘z)our% '

pi(rx) =
Proof. By the following well known relation

g
_ e le &
Va>0, e “=

dt

identity (3.1) becomes

2,52

1 - s e o
pi(rx) = (F(a+1))2(2n)"22°‘/n/0 ( b T“) o) duda.

Therefore, from the fact that

oo _ﬁ 2 23a+lr(a+l)sa+le_ Z
/O e T jo (ru)u M dp = P :
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we obtain

Sr2

20+l = 222 e de 12
= — s l<xvl>dx> o ety
pe (r7X) (27‘5)”t2°‘+21—‘(a + 1) /O </n ¢ ¢ \/% y g

Thus the following relation, true for all b > 0,

1 2 1 ¥
/ e—bl ezly _ P’
n

21 Jw Varh
yields
2a+1 ©° *S(‘rqu‘z"‘rl) a+n+l
pi(1x) = n(n+1)/2]"(a_|_1)tn+2a+2/0 e s T ds.

So, the result is deduced by using the change of variable 7 = s(rzj# + 1)) .

PROPOSITION 3.2. I. Forall t > 0, the kernel p; >0 and

/ ) /Owl’t(”ax)dva(r,x) =1

2. Forall (r,x) € R™! and t > 0, the function

pi(rx) =172 2p, (;(r,x)) )

3. Forall (u,A) € R" ! we have

Falp) () = WD

4. The function p;(r,x) satisfies the following equation

(Ama + aa—;)p,(r,x) =0.

Dt *o Ps = Pt+s-

Proof. 1. Itis clear that p; > 0. On the other hand

oo tr2a+1
=d / / drd
Hpt”Ll‘r”‘ G Jan Jo 2+ 2+ |x|2)a+% e

where
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By change of variables we can see that

”ptHLl,a = da,nll b,
with ,
11=/ (14 52) (@ 3) 2ot g
0
and
I / ! d
2= ———=du
()

or, by easy calculation,

Therefore
IPellLy o = danli -l = 1.

3. From relation (3.1) we have p,(r,x) = CynZFo(h)(r,—x), with h(u,A) =
e 1WA g

gl

Fo(p) (1, 2) = CanFa( Fo(h) (1, 1),

with 5

Fo(h)(r,x) = Fo(h)(r,—x).
Therefore, using the proposition (2.4), 4) we obtain
1/2

Falpe)(p,4) = e (HHA)

The assertion 4) is obtained by applying the Fourier transform %, Finally the
assertion 5) is obtained from assertion 3) by the following relation.

Pz+.\~

)« ps(rx). O

However, for ¢ > 0 and for all f € L, o(R""™) we put

u((r’x)7t) = Pt *a f(rax)a

the function u is called the Poisson integral of f associated with Laplace-Bessel dif-
ferential operators.
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LEMMA 3.3. For all measurable function f bounded on Rfl and continuous in
(0,0) we have

lim/ /wpt(r,x)f(nx)rzaHdrdx:f(O,O).
nJo

t—0

Proof. By proposition 3.2, 1) we deduce

/Rn /Oool?t(nx)f(r,x)dv(r,X)—f(070) :/Rn /prt(r,x)(f(nx)—f(O,o))dv(nx),

But f is bounded on R”*! and continuous in (0,0) then, for all B > 0 there exists
o > 0 such that

[ posoavinn - 10,0 < g-ﬁ-z|f|w,a//ﬂﬂ|x|2>ap,(r,x)dv(r,x).

So, the lemma is obtained from the fact that
lim// rx)dv(rx)=0. U
fim [ ] POV

By using this lemma, properties of the shift operators and Fourier transforms as-
sociated with the Laplace-Bessel differential operator A, o, we deduce the following
propositions.

PROPOSITION 3.4. Forall f € Lp.,a(R’fl), 1 < p < oo, the function u defined
on Rf’ﬁl by

u((r,x),t) = (f*apt)(r7x)

satisfies the equation
2

<An7a + %)pt(r,x) =0

and
thl;% ||u(7t) - f”Lpﬂ =0.

PROPOSITION 3.5. Let f be continuous and bounded on R'J’r+17 then the function
u defined on Rfl by

u((rrx)’t) = (f*apl)(r’x>

satisfies the equation
82
(An,a + ﬁ) pi(r,x) =0

and
linau((nx),t) = f(r,x) uniformly.

—!
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The Poisson integral also has the following property:
Forall f € S.(R"1),

0= [ [ e Fa A e v, 2),

Now, we will give some estimates of the Poisson integral and its partial derivatives.
We denote by 2, (R%"!) the space of infinitely differentiable functions on R”*!, even
with respect to the first variable, and with compact support.

PROPOSITION 3.6. Let f € 9,(R""!) be a positive function and p > 1.
i) For |(r,x)| = V/r? +x2 large we have

w((rx),1) < C(2 + P + [x?) (@), (32)

i)
%((r,x),t) <y etmsd), (3:3)

iii)
T ()0 < €2 4 L) (5 34

iv)
S (o) <CE+ P ), 1 <, 3

Proof. Since f € 9,(R""!), then there exists A > 0 such that supp(f) C [0,A] x
B(0,A).

u(r0).) = poraf () = [ [ oy TP 53) (590 (5.9).

On the other hand
Tla+1) .
Ty Pi (8 / r2 452+ 2rscos B, x+y)sin’* 040
( )Pt( ) = \/—F(OH— ) Jo Pt(\/ y)

~ T(a+1)Cq /ﬂ tsin’* @ 76

VAD(+ 5 Jo (2424 2rscos 0+ 12+ [x+y|2)0 "
where e .
290 N (o + B2

Co= ( 2 ).

Nz
Thus i) is obtained by using the fact that for ||(r,x)|| large and (s,y) € [0,A] x B(0,A)
and 0 € [0, 7|

tsin®* @ t

(72 + 52+ 2r5c08 6 + 12+ |x + y[2)* "7

n+3 7

<
(P24 x)* 7
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and .
1 < (P2 ).

ii) Relation (2.7) allows us to obtain

du

apt
S 520:0)| < Il | 2

< Ct—(2a+n+3) .

~

Hf”Lla

The assertions iii) and iv) are obtained the same way as ii). [

PROPOSITION 3.7. Let f € 2.(R"1) be a positive function, p > 1 and a weight
function w satisfying the following condition

A
/ / w(r,x)dVe(r,x) = O(A"T92) A — oo, (3.6)
B(0,A) Jo

Then we have
i)
A a2up
hm/ / (r,x),0)tdtw(r,x)d vy (r,x) / / SP(nx)w(rx)dvy (r,x).
OA n

A—soo

i)
lim/ / Aot ((r,x),0)tdtw(r,x)dve (r,x) = 0.
0,4)Jo

Proof. Let f € Z,(R"1),

A 82up
/ / —5 ((nx),)tw(r,x)dtd vy (r,x) / / H(r,x,A)w(r,x)dVvy(r,x)
B(0,A) ot B(0,A)

and a positive function

A 821417
H(r,x,A) = A W((r,x),t)tdt
such that
HGoe ) = [1 20 (.0~ [ ()0
duP

= AZE((10),4) — 0 (13),4) + (,),0)

du?
—Aa—((r,x),A) —uP((r,x),A) + fP(r,x).

On the other hand by relations (3.2) and (3.3) we have

‘up(r,x’A” < CA—(n+2a+2)p
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and

ou?

A 7(("»)6)714)‘ <p ‘%((r,x)ﬁ) P~ ((r,x),A)| < CA™ (20420,

From the above estimates and the condition of the weight functions (3.6) we obtain

p
8u x),A) — up(r,x7A)] w(r,x)dvy (r,x)| < CAU—P)+2042),

B(0,A)

Thus

A—oo JB

fim / o /O ! [A%((nx),A) — u(5,,A) | () Ve (1) = 0.

Therefore we get

A—soo

A82up
i 17
hm/m/ - (n)Dtdiw(nx)d Ve (nx) = /]R/ FP(rx)w(rx)dve (r,x).

This achieved 1).
To prove ii) we see that

Then

A
/ / An,aup((r,x),Z‘)tdlw(r’x)dva(nx)
B(0,A) J0O
_ A1 9 2a+18u1’
_/B(o,A)/o WE[V W]((F,X),t)tdtw(r,x)dva(r’x)

n A )2 p
—l—Z/ 0. / ou ,)tdtw(r,x)d Ve (r,x).
i=1 A)

Thus the assertion ii) is obtained, similarly to i), by using Proposition 3.6. [

4. Maximal operators associated with Laplace-Bessel differential operators

We will make use of the Laplace Bessel maximal function associated with the
differential operators A, . The maximal function is defined by (see [5, 6, 7])

Aaf ) =uplBO.G" [ Ty (1750 )avels.)

>0

where
B(0,8) = {(s,y) e R . s 4 |y|* < €.
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An almost everywhere positive and locally integrable function @ : Rf’ﬁl — R will
be called a weight. Denote by L, .o (R"!) the set of measurable functions f(r,x),
(r,x) € R""! with finite norm

P
171500 = ( Jo |f<r7x>|Pw<r,x>r2°‘“drdx> <o, 1< p<en.
+

DEFINITION 4.1. [7] The weight function @ belongs to the class Ap,a(RTl)
for 1 < p < eo,if

swp (B0l [ ols)sH dsdy
xeR’}jl,r>0 B((rx)1)

1 p=1

(B0l [, o T asy) <o
B((rx).1)

and ® belongs to Alﬂa(R'ﬁl), if there exists a positive constant C such that for any

(rx) eR™ and 1 >0

IB((r,x),1)] " / w(s,y)s?* dsdy <C  essinf  w(s,y).
* JB(0) (s)€B((r0)0)

The properties of the class Ama(RTl) are analogous to those of the B. Mucken-
houpt classes. In particular, if w € A o(R%™), then w € A,_¢ o(R%"!) for a certain
sufficiently small € >0 and w € A,, (R%™) forany p; > p.

Note that, |(r,x)|* € Ay o(RT™), 1 < p < oo, ifand only if —(n+20+2) < a <
(n+20+2)(p—1) and |(r,x)|* € A (R%*1), if and only if —(n+20+2) < 2 <0.

The following theorem was proved in [7].

THEOREM 4.2. I) Let 1 < p < oo. Then the following two conditions are equiva-
lent:
(i) There is a constant C > 0 such that for any f € Lp.,w,a(R’fl) the inequality

/ . (//a(f)(r,x))pa)(nx)rz‘”ldrdx<C/ B £ (r,x) [P @ (r,x)r?* L drdx
R R

holds.
(ii) @ € Ap (R,
2) Let p = 1. Then the following two conditions are equivalent:
(i) There is a constant C > 0 such that for any f € L1 ¢.o (RTI) the inequality

o(r,x)r?*drdx < %Hf 11,00
{(r0)€B((0,0),) = Mo f(rx)>1}

holds.
(ii) @ € Ay o(RET).
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5. The Littlewood-Paley g-function

In this section we define the g-Littlewood functions and establish the L, ,, in-
equalities.

DEFINITION 5.1. We define the g-Littlewood-Paley functions associated with the
Laplace-Bessel differential operators for f € S.(R"*!) by the following

g0 = [ [ 1Vl Prar] 7, () € B

where u((r,x),?) is the Poisson integral defined by u((r,x),t) = p; * f(r,x) and

2

8“ 2
+ 8_xi((rvx)7t)| .

\Vu((r,x),1)|> = '%((r,xm %((m),t)l2 +i

In the Bessel case (n = 0) the L, norm of g(f) is comparable with L, norm
of f for p €]1,eo[ (see [1, 12]). In the following we prove the same results for our
g-function when p €]1,2].

PROPOSITION 5.2. Let @ a positive, non-increasing in Ly (dvy) locally inte-
grable function on R’fl, we have

sup | @ s f(r,x)| < [|Pllzy o Aaf (1),

t>0

where @; is the dilation of ® given by

@, (r,x) =t~ "2 2D(r /1, x /1),

Proof. As in the Euclidian case ([11], p. 57) we prove the proposition. [J

THEOREM 5.3. Let p €]1,2] and ® € A, o(R™). Then there exist two con-
stants By, o and Cp o such that for all f € Ly o o we have

‘f”LpA,wA,D!'

Proof. First step. The inequality B,,7O¢||fHLpWX < Hg(f)||Lp‘w‘a.

Let fEL27w,a(RT_l)mLp7w7a(R’_q~_+l), h6L2,w,a(RT_l)qu,w,a(Rﬁ:_l), %_’_%1:1.

BP’OC”fHLp,w,a < Hg(f)”Lp#w#a < vaa

12
Let f € 2.(R"!). Since the operator g defined by g(f)(r,x) = [f5° |Vu((r,x),t)|2tdt} ,

(r,x) € R where u is the Poisson integral satisfies

g(f+h)<g(f)+zgh),

then it suffices to proof the theorem for f > 0.
Let us start proving the inequality on the right side.
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Case p < 2. By using the fact that

2
Aaup((rvx)7t) = (An,a + %) up((nx),t) =0,

we obtain
Aat((rx).1) = plp — D ((1),0) | Var( (1), 1) .
Then
BN < = [0 P(52),0) A (10)0) e
S plp—1) o e e
1 2=p [
<m<§gop|u((r,x)7t)|) /O|Aaup((r,x)7t)|tdt
1 — 5
<oy AN Lal ),
where .
) (x) = suplu(r0).1)
and .
L)) = [ At (0.0
It follows that
1 P/2 .
(A ()P < (m) (ALY (1) 2 PP (1 () (1)) 2.

Applying Holder inequality we get

1N o
e < (o) DI LD

Lp‘w‘a Ll,w,oc :
From Propositions 5.2 and 3.2 we have
A (f) ()P <N pell7, , Aol f(rx)|P = Ao f(rx)]P.

Therefore from Theorem 4.2 we deduce

||'ﬂ(f)HLp.w.a g CPﬂ”fHLp.w.a'
Furthermore. Proposition 3.7 allows us to deduce
P < [, [ [ Anan () )t (r)ava )
< [ [ 1rear otradva(,
n 0

(5.5)
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So, from relations (5.1), (5.4) and (5.5) we have
Hg(f)”Lp#w#D! < CP’OC ‘f”LpA,wA,D!'

Case p =2. By relation (5.1) and Proposition 3.7 we have

/ ‘f rx |2dva(rx) ||fH%2woc

Hg( )||2wa\ 2 Jpn
We have shown that

1&NNp.0.0 < CpallFllLpoa forl <p<2.

Using a standard duality argument, we can prove the converse inequality. In fact for
fe Lp7w7a(Ri+l) we define the g -function for f by

@l = ([ 15 orar)”.

Obviously
81(f)(rx) <g(f)(rx). (5.6)

Asin [1, 9] we prove that for f € Ly 4 o (R™™)
ler (o0 = 201112200+

From this relation and by polarization identity we get for all f € Ly 4 o (RN
Lyoo®1) and h€ Ly o,a(RE) NLgo.a(RE) such that £+ 1 =1,

//frx 1X)0(r,x)d Ve (r,x)

_4/n/ / :((7 X),0)dr (1, x)dVe (1,%),

where u and v are the Poisson mtegral of f respectively of A.
Applying Holder inequality and the relation (5.6), we obtain

’/ /Omf(”)mw(nx)dva(r,x)

<4/R" /Owgl(f)(”,x)gl(h)(r,x)w(r,x)dva(r’x)
<4Cpolh

q,0,00 ||g1 (f) HLp.w.or .
Since

Wty =sup{| [, [ #0RGD Va0, [y <1},

then we get
Apal fllLyoa < N8 Lpon
where
Apo=(4Cpa) .

This completes the proof of theorem 5.3. [
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Application

Coifman and Meyer in [4] proved that the L, boundedness of the commutator
[b,T] defined by

[b,T]f(x) = b(X)T f(x) = T (bf)(x)

could be obtained from the weighted L, estimate for 7 with A, weight when b €
BMO and T is a standard Calderén-Zygmund singular integral operator, where A, is
the weight function class of Muckenhoupt. In 1993, Alvarez, Babgy, Kurtz and Pérez
[2] developed the idea of Coifman and Meyer, and established a general boundedness
criterion for the commutators of linear operators. Their results can be stated as follows.

THEOREM 5.4. Let E a Banach space, 1 < p,q < . Suppose that the linear
operator T : Cy — M(E) satisfies the weight estimate

||T(f) ‘ |L[)A,w < 6‘ |f| ‘Lp,w

forall we A, and C depends only on n,p and éq(w) (the A, constant of w), but not
on the weight w. Then for any positive integer k and b € BMO(R"), the commutator

Ty (f)(x) = T((b(x) = b(-))*f) (x)
is bounded on L, ,(E) for all u € A, with norm
C(pyn,k,Cy))11B] Faro-

THEOREM 5.5. Let p €]1,2] and @ € A, (R"Y). Then for any positive k and
b(x) € BMO(R"'Y), the commutator

gox()(x) = g((b(x) = b())" ) (x)
is bounded on Ly ¢ o(R"™) with norm
C(p7n7k76p705 (W)) ‘ |b‘ |IIC?M07

where Cp (W) is (the A, constant of w).

Proof. From Theorem 5.3 we have for all p €]1,2] and w € A, o(R%™)

Hg(f) | ‘Lp,wﬂ < CPAX | ‘f‘ |Lp5w,oc7

then the result is obtained by Theorem 5.4. [J
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