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A MORE ACCURATE HALF-DISCRETE HILBERT-TYPE
INEQUALITY WITH A GENERAL NON-HOMOGENEOUS
KERNEL AND OPERATOR EXPRESSIONS
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Abstract. In this paper, by the use of the methods of weight functions and technique of real
analysis, a more accurate half-discrete Hilbert-type inequality with a general non-homogeneous
kernel and a best possible constant factor is given. The equivalent forms and some reverses are
obtained. We also consider the operator expressions with the norm and some particular examples.

1. Introduction

Supposc that p> 1, L+ 1 =1, f(x). () 0. f € L’(R.). g € LI(R,),

il ={ [ 7 wdx)? >0,

l|gllg > 0. We have the following Hardy-Hilbert’s integral inequality (cf. [1]):

= = fx)g)
/o /o ﬁdx‘ly< Sm(n/ )HprHqu, (1

where the constant factor - ( 75y i the best possible. If @, b, >0, a = {am}m_ €17,

1
b={by}r_ €, ||a\|p:{2m vam}? >0, ||b||4>0, then we stillhavethefollowing

discrete variant of the above inequality with the same best constant - ( Tk

§§m+ ey el el @

n sin(z/p

which is named Hardy-Hilbert’s inequality (cf. [1]). Inequalities (1) and (2) are impor-
tant in Analysis and its applications (cf. [1], [2], [3], [4], [5], [6]).
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In 1998, by introducing an independent parameter A € (0,1], Yang [7] gave an
extension of (1) at p =g =2. In 2009 and 2011, Yang [3], [4] gave some extensions
of (1) and (2) as follows: If A;,A4,,A € R, A1 + 4, = A, kj(x,y) is a non-negative
homogeneous function of degree —A, with

k() :/Nk,l(ul)tl'*ldt €R.,
0
9(x) =xPU=A)=1 g (y) = y10-R)71 f(x), g(y) >0,
retps®0)={Fillfllg =1 [ oWl <},
g€ Lyy(Ry), [|fllpo- |Igllg.w > 0, then we have

3)

/ON /ON K (x,)f (x)g(y)dxdy < k(41)

where the constant factor k(A;) is the best possible. Moreover, if k) (x,y) is finite
and k;, (x,y)x* =1 (k (x,y)y*271) is decreasing with respect to x > 0 (y > 0), then for
am,by =0,

- 1
a€lye= {a;lalm ={ o(n)]an|"}? < w} )
n=1

b= {baty €lay. llallpg, [bllgy >0, we have

oo oo

Y, 2 ka(m,n)amby < k(A)|lallp.ol[blq.v )

m=1n=1

where, the constant factor k(1) is still the best possible.

Clearly, for A =1, ki (x,y) = Hy, M= q, A = %, (3) reduces to (1), while (4)
reduces to (2). Some other results including the multidimensional Hilbert-type integral
inequalities are provided by [8]-[19].

About the topic of half-discrete Hilbert-type inequalities with the non-homogeneous
kernels, Hardy et al. provided a few results in Theorem 351 of [1]. But they did not
prove that the the constant factors are the best possible. However, Yang [20] gave a
result with the kernel ﬁ by introducing a variable and proved that the constant

factor is the best possible. In 2011, Yang [21] gave the following half-discrete Hardy-
Hilbert’s inequality with the best possible constant factor B (A1,45):

[r05 ==

= x—|—n

—dx < B(A, h) (5)

where, 111, >0, 0< L <1, A1+ =4,

oo 1 B
B(M,V):‘/O Wlu 1dl (M,V>O)
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is the beta function. Zhong et al. ([22]-[17]) investigated several half-discrete Hilbert-
type inequalities with particular kernels.

Using the way of weight functions and the techniques of discrete and integral
Hilbert-type inequalities with some additional conditions on the kernel, a half-discrete
Hilbert-type inequality with a general homogeneous kernel of degree —4 € R and a
best constant factor k (41) is obtained as follows:

/0 1) S k(o m)andx < k()| Fllpol ]|y ©)
n=1

which is an extension of (5) (see Yang and Chen [29]). At the same time, a half-discrete
Hilbert-type inequality with a general non-homogeneous kernel and a best constant
factor is given by Yang [30].

REMARK 1. (1) Many different kinds of Hilbert-type discrete, half-discrete and
integral inequalities with applications are presented in recent twenty years. Special
attention is given to new results proved during 2009-2012. Included are many general-
izations, extensions and refinements of Hilbert-type discrete, half-discrete and integral
inequalities involving many special functions such as beta, gamma, hypergeometric,
trigonometric, hyperbolic, zeta, Bernoulli functions, Bernoulli numbers and Euler con-
stant et al.

(2) In his five books, Yang ([3], [5], [4], [6], [31]) presented many new results
on Hilbert-type operators with general homogeneous kernels of degree of real numbers
and two pairs of conjugate exponents as well as the related inequalities. These research
monographs contained recent developments of discrete, half-discrete and integral types
of operators and inequalities with proofs, examples and applications.

In this paper, by the use of the methods of weight functions and technique of
real analysis, a more accurate half-discrete Hilbert-type inequality with a general non-
homogeneous kernel and a best possible constant factor is given. The equivalent forms
and some reverses are obtained. We also consider the operator expressions with the
norm and some particular examples.

2. Some lemmas

LEMMA 1. Suppose that (—1)'h)(t) >0 (t>0; i=0,1,2). Then for [ h(t)dt
2
< oo, we have

/1h(t)dt<n§1h(n)</% h(t)dt. (7)

Proof. Since h(t) is a decreasing convex function, by the decreasing property and
Hermite-Hadamard’s inequality (cf. [32]), we have

1

n+1 n+>
/ h(t)dt<h(n)</ . h(t)dt (n€N),

n n—s
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and then

oo b n+1 fd
/ nydr = S / h(t)dr < h(n)
1 n=1v" n=1

o ppil oo
< 2/ lzh(t)a’t:/l h(t)dt.
n=17""3 2
Hence (7) follows. The lemma is proved. [

NOTE. If h(f) = g1(t)g2(r) and (~1)ig\’(1) >0 (1 > 0; i=0,1,2, j =1,2),
then it is evident that (—1)'2)(r) >0 (r > 0; i =0,1,2).

LEMMA 2. Suppose that h(t) is a non-negative measurable function in R, a €
R, and there exists a constant & > 0, such that for any 6 € [0, &),

K(a+8) = / T n(e)e)-1gr € R.
0

Then we have
k(a+8) =k(a)+o(1) (6 —07). (8)

Proof. Forany 0 € [0, %), it follows

h(t)t<“‘%)‘17 1€ (0,1],
0

h()r 71 L g(t) =
h(t)t(‘”%)*l, 1€ (1,0).

Since we find
Og/ g(t)dt
0
1 E 00 &
:/ h(t)t(“*7°>*ldt+/ h(6)e @t 2 gy
0 1

©o 8 had 8
g/ h(t)t(“‘TO)‘ldt+/ ()@t 2y
0 0

:k<a—%>+k(a+%> €R,

then by Lebesgue control convergence theorem (cf. [33]), it follows
k(a+6) :/ h(1)e =91y
0
:/ ()i +o(1) (8 — 0%),
0

namely, (8) follows. The lemma is proved. [l
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DEFINITION 1. For x ¢ Ry, n €N, 1€ [0, %}, o € R, h(r) is a non-negative
measurable function in R, define two weight coefficients w(o,n) and W(o,x) as
follows:

won) i= (- [ h(x(n—r))x%, ©)
W(o,x) = x° ilh(x(n— r))m. (10)

LEMMA 3. As the assumptions of Definition 1, if there exists a constant K > 0,
such that 0 < w(o,n), W(o,x) <K, f(x) >0, a, >0, then
(i) for p > 1, we have the following inequality:

1
P

R < (n— o—1 P
h={Y Tp (mh(x(n—r))f(x)dx) }

{n:l
<{RWGxx1’ 147 () } (an
- 7 Vi
) :{ R ey — (Zh(x(n—r))an> dx}
+ n=1
< {iw(a,n)(n—r)qﬂ—@—laz} ; (12)
n=1

(ii) for p <0, or 0 < p < 1, we have the reverses of (11) and (12).

Proof. (1) For p > 1, by Holder’s inequality with weight (cf. [32]), it follows

h(x(n—1))f(x)dx

Ry
x(1=9)/a f(x) (n—1)1-0)/p
- R+h(x(n—‘l?) [(n—r)““”“’] l Ny dx

==

n— 1)1—0)(g-1) é
{ h(x(n_mwT;}
R, |||

— w(o,n)]i(n—1)»"° { h(x(n — T))jzn_ﬁfp(x)dx} " (13)

- A x1=o)(p—1) )
Sk (X("—T))Wf (x)dx

Ry

Then by Lebesgue term by term integration theorem (cf. [33]), we have
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N > (1-0)(p-1) z
J1 < {Z R+h(x(n—1:)))zn_7igfp(x)dx}

1 7)

B o ey ’
= R+,§' (x(”—f))mf (x)dx

_ { [ Wioaart o } (14)

Hence, (11) follows.
By the same way, we have

Y h(x(n—1))a, < [W(o, Px‘f { > h(x Taﬂ} ,

(15)
then by Lebesgue term by term integration theorem and the same way as in obtaining
(14), we have (12).

(ii) For p <0, or 0 < p < 1, by the reverse Holder’s inequality with weight (cf.
[32]), we obtain the reverses of (13) and (15). Then by Lebesgue term by term in-
tegration theorem, we still can obtain the reverses of (11) and (12). The lemma is
proved. [

LEMMA 4. As the assumptions of Lemma 3, then
(i) for p > 1, we have the following inequality equivalent to (11) and (12):

=
~

=7y h(x(n—7))anf(x)dx

n=17Ry

1 .
< { A W(ax)xf’“"“ff’(x)dx}p {Zw(an)(n—r)’“"“az} ;(16)
+ n=1

(ii) for p <0, or 0 < p < 1, we have the reverse of (16) equivalent to the reverses
of (11) and (12).

Proof. (1) For p > 1, by Holder’s inequality (cf. [32]), it follows

-it

),,*(1*6)
w(o,m)]7

1
l{iw(o,n)(n—r)qﬂ“)laz} . (17)
n=1

Then by (11), we have (16).

{ . h(x(n— T))f(x)dx] {[w(cy,n)] i (n—1)179"4q,

=~

<
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On the other hand, assuming that (16) is valid, we set

pim T

(w(o,n)]P=!

p—1
h(x(n— T))f(x)dx) , neN.

Then it follows ~
JAlp = w(o,n)(n— ryal=o)=1g0,
n=1

If JAl =0, then (11) is trivially valiAd; if JAI = oo, then by (14), (11) keeps the form of
equality (= o). Suppose that 0 < J; < . By (16), we have

0< Z w(o,n)(n— T)q(l—o)—joaz — flp -7
n=1

1

<{ /R W(cm)|x|$““’>‘1ff’<x>dx}”{iww,n)(n—r)q“">1az} < oo,
=+ n=1

It follows

j = {iw(mn)(n—r)q“-“)*az}p
n=1
{ W(Gx)xp 1P (x)d }p’
Ry

and then (11) follows. Hence, (16) and (11) are equivalent.
By Holder’s inequality and the same way, we can obtain

N

1
< { W (o, x)xP(1=0)=1 g (x )dx}”fz.
Ry
Then by (12), we have (16). On the other hand, assuming that (16) is valid, we set
~1
x40~ 1 9
=——— h(x e Ry).
f(x) [W(G )C (2 ) ()C +)
Then it follows
H = W(o,x)x"1=97 P (x)dx
Ry

By (16) and the same way, we can obtain

- { / +W(G,x)IXI’&““)lf”(x)dX}q

1

o q
{ZWGn \n—‘L’Hﬁ 7 1‘13} )

n=1
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and then (16) and (12) are equivalent.
Hence, (11), (12) and (16) are equivalent.

(i) For p <0, or 0 < p < 1, by the same way, we have the reverse of (16) equiv-

alent to the reverses of (11) and (12). The lemma is proved. [

LEMMA 5. If 6 € R,
o) :/0 h(u)u®'du e Ry,

then we have

o~

w(o,n) =k (0) eRy(neN).

Moreover, if
d
dt dr?
there exists constants L > 0, and Ny < O, satisfying

(h(1)t°1) <0, (h(1):°~1) > 0,

W) < = (1€ (0,00)),

1Mo

then we have R R
k(6)(1—V5(x)) < W(G,x) < k(&) (xeRL).
where,
IR S AR
B (x) - %(5)/0 h(t) O dr
= 0(x"@) € (0,1) (p(6)=6—10>0).

Proof. By (9), setting ¢t = x(n— 7), we find

w(a,n)z/ h(t)i® .
0
Hence, we have (18).

Moreover, by (7), setting z = x(y — 7), we obtain

W(o,x) < x /1 h(x(y— T))#

_/ "ldz/h“dt X&),
zT

dy

W(G,x) > x° h( - ))W

—/h )0 ldr = /h ) — /h )0 dr

0)(1—-05(x)) >

(18)

19)

(20)

21
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0 < Os(x) = /h )1 Lar

_/ oMo = 6T
k(G )(0 o)

Hence, we have (20) and (21). The lemma is proved. [

3. Main results and some reverses

Setting
Do (x) 1= 217 (x € RY), Wo(n) 1= (n— )77 "! (neN),
Do (x) := (1= V()"0 (96(x) € (0,1); xeRy),
we have

THEOREM 1. Suppose that p € R\{0,1}, %—i—é =1,71€[0,1], 0 €R, h(t) is
a non-negative finite measurable function in R, there exists a constant & > 0, such
that for any 6 € (6 — 8,0 + &),

o :/ h(1)i®'dt e Ry,
0

d? 5

d o) >0,

E(h(t)ta’l) <0,

and there exists constants L > 0 and 1My < G, satisfying

h(r) < L

1Mo

(1 € (0,00)). (22)

0< fllpwe = { [ Palo)f"(x)ar}? <=
0 < |lallgw, = {Z‘Pg(n)aZ}é < oo,
n=1

then we have the following equivalent inequalities with the best possible constant factor
k(o):

7= 3 [, hatr= Dans (e <K@l v 23)

: 1 ST
{}Z‘l T)Po- <R+h(x(n—r))f(x)dx) } < k()| f]]p.wq» (24)
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1

00 4q q
A= { J e (;h<x<n—r>>an> dx} <k©)llallgw,. (25

=1
where, k(G) = [ h(t):°\d1.
In particular, for T =0, setting W (n) :==n11=9=1 e have the following equiv-
alent inequalities with the best possible constant factor k(o) :

X [ hnanf () < K)ol lallyve 26)
n=17Ry
- nho
{znw—l( [ it } <k()|lpo0 @)
n=1 +

1
00 4q q
{ /R qu( h(xn)an> dx} <%0 lallgye- (28)
+ n=1

Proof. By Lemma 3, Lemma 4 and Lemma 5, we have equivalent inequalities
(23), (24) and (25). By Holder’s inequality, we still have

1
q

1< f{Z(n—T)q(lc)laZ} , (29)

T< { /R xP(1-0)-1 f”(x)dx}%ﬁ. (30)

For 0 < € < g8y, we set f(x), a, as follows:
o+&-1
= X P 0<x<l1
X) = ’ =
f) { 0, x> 1,

-1

ay = (n—1,')0_g , neN.

Then for 6 = 0 — 3» in view of (20), we find

GWo = {/Omx_lﬁdx}% {(1 e i(n—”v)_l_g};

Pla-oer °°<y—r>—1-€dy}’l’

1 1

ba-gerla-gef

le(1—7) " 4+ (1— 7)1,

[|f1]p.2lal

Il
M| =~ —
M| =
—
I
5]
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I:= N h(x(n— 7))anf (x)dx = /()1x71+£W(5,x)dx

Ri =1

> Z(&)/le—lﬁ(l —0(x"9))dx = é%(&)[l —£05(1)].

If there exists a constant K < %(6)7 such that (23) is valid when replacing %(G)
by K, then in particular, we have

k(6)[1 - €05(1)] < eI = K||fllp.0llallgw
<Kle(1—1) " f 4+ (1—-1)793,

Q=

and then by (8), k( ) < K(e — 0T). Hence K = %(G) is the best possible constant
factor of (26). N

By the equivalency, the constant factor k(o) in (24) ((25)) is the best possible.
Otherwise, we would reach a contradiction by (29) ((30)) that the constant factor K (o)
in (23) is not the best possible. The theorem is proved. [

THEOREM 2. As the assumptions of Theorem 1, if p <0 (0 < g < 1), f(x) >0,

ap 20, 0 <||f||po, < oo, 0<|lallgw, < oo, then we have the following equivalent
inequalities with the best possible constant factor k(o) :

2 1))anf (x)dx > k()| fl ., la]

R (€29

oo P % -~
{2 oo 1( [ h(x(n—T))f(x)dx> } >kO)Ifllpon ()

n=1

- Y
{/mx’m_1 (;h(x(n—r))an> dx} >7c\(0)\|a\|q7\yc. (33)

In particular, for T =0, setting Ws(n) as Theorem 1, we have the following equiv-
alent inequalities with the best possible constant factor k(o) :

2 ham)anf(x)dx > K| o
- pY # R
{r;nﬁcl (/RJr h(xn)f(x)dx) } > k(G)Hpr,@g, (35)
- q :
{/ o1 (2 h(xn)an> dx} >%(g)
Ry n=1

(34)

(36)
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Proof. We only prove that the constant factor K (o) in (31) is the best possible.
The rests are omitted. For 0 < & < géy, 6 =0 — %, we set f(x), a, as follows Theorem

L. If there exists a constant K > %(G), such that (31) is valid when replacing z(c) by
K, then in particular, by (20), we have

k(o oy —ex { [ 1x1+gdx}% {[o-9e}
< SK{/le”gdx}’l) {rg(n—f)lg};

. . 1 _
— K| llpoy||allyw, < el =e / W (G, x)dx
0

—~ 1 —~
< €k(G) / ey = R(3),
0

and then by (8), K < %(0) (¢ — 0™). Hence K = %(G) is the best possible constant
factor of (31). The theorem is proved. [

THEOREM 3. As the assumptions of Theorem 1, if 0 < p <1 (¢ <0), f(x) >0,
a, 20, 0< Hpr &, < 0<llallqwo < oo, then we have the following equivalent

inequalities with the best possible constant factor k(o) :

R (37

n;/m hx(n — D)anf (x)dx > KO I/1] 5l
< p) 7 R
{ ; 7)po-! ( " h(x(n— T))f(X)dx> } > k(0)|If1], 5, (38)

o a yi R
{/ U_ﬂi@h ) dx} KO lallyw (39

In particular, for T =0, setting Ws(n) as Theorem 1, we have the following equiv-
alent inequalities with the best possible constant factor k(o) :

;g/ll+h(xn)anf(x)dx>7€(0)|f|177&><r ¢ o
N
{ano 1( R hxn)f(x)dx) } >k(0)‘|f”ﬁ§c’ “h

o1 o q : ~
{/ (T(Z xn)a ) x} > k(0)]lallg.ys- 42)
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Proof. We only prove that the constant factor Z(G) in (37) is the best possible.

The rests are omitted. For 0 < € < |¢|8y, 6 = 0 — %, we set f(x), a, as Theorem 1.
Then we obtain

17115, I

n=

¥ — {/OIX_H_E(I —O(XP(G)))dx}p {(1 —1)_1—8+ i(n_f)—l—g}q

>{g-om) {u-ae o)

= 2{1—85(1)} [8(1_1)—1—{:‘_'_(1_1)_8]%'

Q= N

==

If there exists a constant K > (o), such that (37) is valid when replacing k(o)
by K, then in particular, by (20), we have

K{l "35(1)}% e(1—7) " E 4 (1— 7)€
< eK||f]|

1
o~ -~ 71 —~
p7&>0|\a| ¥ < El= 8/0 x "W (6, x)dx

~ 1 ~
< k(5) / I = R(3),
0

and then by (8), K < z(a) (¢ - 07T). Hence K = %(G) is the best possible constant
factor of (37). The theorem is proved. [

NOTE. For 7=0 in Theorem 1-3, we don’t need the assumption that 5—22 (h(1)°1)
> 0.

4. Operator expressions and some examples

For p > 1, we still set

Oy (x) =xP17971 (xeRy), ¥(n)=(n—1)71797" (neN),
wherefrom

o (n)) 7 = (=), (@ ()] =,

We define two real weight normal spaces L, o, (R1) and 1y, as follows:

Lyoo(Re) = { £l o, = { [, @alrPdns <),

lpws {a= {an};lallgw, ={i‘l’o(n)anq}5 <oo}.

As the assumptions of Theorem 1, in view of

J<k(O)Ifllpws, H <k(o)llallywo:
we give the following definition:
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DEFINITION 2. Define a first kind of half-discrete Hilbert-type operator

Ti:Lyo,(Ry) —1 (43)

1—
r¥o r

as follows: For f € L, o, (R4 ), there exists an unique representation YA] fe lp wlop)
1O
satisfying

(Tif)(n) = [ Wxln=D)F(0e(n € N). (44)

For a €1, y,, we define the following formal inner product of T, f and a as follows:
(Tif.a) == Y a A h(x(n—1))f(x)dx. (45)
n=1 +

Also we define a second kind of half-discrete Hilbert-type operator
T gy, — L%q):;q(RH

as follows: For a €1, y,,, there exists an unique representation Tha € Lq ola(Ry),
1 F o
satisfying

oo
~

(Ba)(x) := Y h(x(n—7))an(x € Ry). (46)

n=1

For f € L, o, (R;), we define the following formal inner product of f and Tha as
follows:

(1. 5= [ 3l = anf W @7)

Then by Theorem 1, for 0 < || f||.a » ||a|g,¥, < oo, We have the following equiv-
alent inequalities:

(Tif,a) = (f, T2a) < k(0)||f]l p.s llallg v (48)
HTlpr7\Il(l;I’ < k(G)|‘fHP7(I)G7 (49)
1T2al|, g0 < k(0)[al| g0, (50)

It follows that fl and fg are bounded with

[ [

71| = sup <k(o),
F#0)eLpo,®R:)  f]lpoo

~ 1Ball, g0

|2]] == sup % _ < k(o).

a(#@)élq#\yc Hqu,\Po'
Since the constant factor K (o) in (49) and (50) is the best possible, we have

T4l = 172l =k(o) = | h(on=dr e R &)
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EXAMPLE 1. (i) We set h(1) = 715 (0<o <A <1).

For &y = %min{m
A—0}>0,and G € (60— 8,0+ &), it follows

~ 1
k(o) = 19 Ldr
(©) 0o t+1
=t 1 [ 1 g1
= — xd
A Jo v—i—lv Y
T
Asinm(G/A)

and by the Note of Lemma 1, for 0 < 6 < 0+ 8 < A < 1,

d 1 6—_1) d2 1 "_1
— t 0, —( t° ) 0.
dt(t’l—l—l < dr? \th +1 -

Setting Mg € (0,0 — &), then we find 179 < & (< A). Since

E11-%7

t"o 0 o+ 1o
t )
e

— 0 (t —o0),

there exists a constant L > 0, such that h(r) = ﬁ < ,nLo (t € (0,00)).
Then by Theorem 1 and (51), we have

~ ~ T
T =Bl = —e. (52)
1T = |12 Zsin(22)

(ii) We set h(t) = (:+11>x (0 < 6 <min{A,1}). For § = i min{o,A —0,1—0} >
0, and ¢ € (0 — 8,0 + &), it follows

A~ °° 1 ~—l ~ ~
k(a):/o crt = BEA-) eR,,

and by the Note of Lemma 1, for 0 < 6 < o+ 6 < 1,

d 1 5. d? 1 s,
— 0 — ° 0.
dt((hum’ ) <o, dﬂ((xﬂ)k’ )>
Setting Mg € (0,0 — &), then we find g < & (< A). Since

t"o 0 O"" 1o
N t — , JEER—
(t+1)4 ( ) (t+1)4

there exists a constant L > 0, such that

—0 (1t — o),

ka(t,1) = (EE < t% (1 € (0,00)).

Then by Theorem 1 and (51), we have

ITi|| = ||| = B(0,A - 0). (53)
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(iil) We set h(r) = [f‘—jl (0<o <A<1). For § = min{o,A — 0}, and 6 €
(06— 0,0+ &), it follows

~ < Int =
k(G) = / 19 Ldr
(6) 0o t*—1

—s 1 < lnvy §71
= ﬁ/o v—lM dv

2
T
P a— GR Pl
[Asinn(a/x)] *
and by the Note of Lemma 1, for 0 < 6 < 0+ 8 < A < 1,

d< Int t3_1> <0, d? ( Int t3_1> o

dt\rx —1 di2 \t» — 1
Setting Mg € (0,0 — &), then we find Ny < 6(< 4). Since
(Ing)zMo " (Ing)zMo
0 =0, S0 (),

there exists a constant L > 0, such that h(r) = txlrfl < t%o (t € (0,00)).
Then by Theorem 1 and (51), we have

T

2
|T1|=|T2|=[7LSTE(%)} . (54

LEMMA 6. If C is the set of complex numbers and Coo = CU{0}, z; € C\{z|Rez
>0, Imz=0} (k=1,2,---,n) are different points, the function f(z) is analytic in Ce
except for zi (i=1,2,---,n), and z = oo is a zero point of f(z) whose order is not less
than 1, then for o € R, we have

= i &
o—1 o o—1
/0 F)x* tdx = m%Res[f(z)z \2k], (55)
where, 0 < Imlnz = argz < 2x. In particular, if z; (k=1,---,n) are all poles of order
1, setting @(z) = (z—2)f(2) (@e(zx) #0), then

/Ooof(x)xa*ldxz a i(—Zk)aq(Pk(Zk) (56)
|

SIN7To i

Proof. By [34] (p. 118), we have (55). We find
1— ™ = ] —cos2mo — isin2mor

= —2isinmo(cos o+ isinma) = —2ie™*sinmor.

In particular, since f(z)z% ' = ﬁ((pk(z)z“’l), it is obvious that

Res[f(Z)Zafl,—ak} = Zka71¢k(1k) = —eim(—zk)Wl(Pk(Zk)

Then by (55), we obtain (56). The lemma is proved. [l
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EXAMPLE 2. (i) For s € N, we set

1
m (O<a1< <as70<7t

For & = $min{o,A—0,1-06}>0,and G € (0

1 ~
—lo—ildl

h(r) = s, 0 <o <min{A,1}).
— 8,0+ &), by (56), it follows

(
g

J=10i#k) 4
s,0<5<0+6o<1,

/l sin(
and by the Note of Lemma 1, for 0 < A <
d t&—l e ta'—l

— = | <0, S\ — ] >0
t \IT_, (M5 + ) dr> \ TIi_, (s + &)
Setting 1o € (0,0 — &), then we find 19 < 6(< 4). Since

1Mo

iy (14 + )
1Mo

[T (P + )

—0 (t—0"),
— 0 (t—>z>o),

there exists a constant L > 0, such that

! <L (1e).

h(t) = Hizl(l‘k/s"‘ak) I

Then by Theorem 1 and (51), we have

e Y A SO _ N 1
171 = 1Bl = 3 sy 2 ' : (57)
7Lsm = (k) 4 T
(i) We set
1 T
(¢>0, O<y<§, 0<o<A<]l).

h(t) =
) t* 4 \Jet 2 cosy+ §
For &y = mm{a A—0}>0,and 0 € (0— 8,0+ &), setting z; = —\/TEeiV, =

‘[e 7, by (56), it follows

101

k&) = [
(©) 0 t’L—i—\/Et’L/zcosy—F—

A/ u2+\/_ucosy+4du

—d
k/ (u—21) u—zz) !
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S - (ﬁei7>%717.‘/5 : +<£e—w>%717_‘/z :
Asin(22) [\ 2 2(e~1V —ei?) 2 2(el —e 1)
- (L)
2 A sinysin(229)

and by the Note of Lemma 1,for 0 < 6 <o+ 8 <A <1,

d 10 1
—( ) <0,
dt \t* + \/ct* /2 cosy+ &

42 t&—l
—( ) >0
dr? \it* 4 \Jeth 2 cosy+ §
Setting 19 € (0,0 — &), then we find Ny < & (< 4). Since
1Mo

t* +\Jet*2cosy+
1Mo

t* +\Jct* 2 cosy+ §

—0 (t—07),

— 0 ([—)oo),

there exists a constant L > 0, such that

1
h(t) = < —
) t* +Jcr*Peosy+§ T 1o

Then by Theorem 1 and (51), we have
\/E> 2 2msiny(1—22)

Tl = ||T :(— )
113l =[T2]] 2 lsinysin(z’tT")

(7 € (0,00)).

(58)

EXAMPLE 3. (i) We set

<b+t7

h(t) =In(——
O =In{_—%5

) 0<a<bh,0<o<y<]).

For & = $min{c,y— 0} >0, and G € (6 —&,0+ &), it follows

k(6) = /Ow In <M>t5*1dt

a+t7

o byl -
:/ ln<—y + )yf"*ldy
0 ay’+1

and by the Note of Lemma 1, for 0 < 6 < o+ 8 <y < 1,

d b+1"\ = d? b+17\ =
< ( >071> ’ _(1 -1 '
dt(n a+tY ! <0 dr? n<a+ﬁ>t >>O
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Setting 1o € (0,0 — &), then we find 179 < G < y. Since

b+1¥ b+t
tn01n< i >—>O (t—07), tr’oln( i >—>0 (t — o0),
a+tY a+tY

there exists a constant L > 0, such that

b+t7) L

< — (1€ (0,)).
a+t? tMo < (0,))

h(t) =In (

Then by Theorem 1 and (51), we have

|T1|—|T2|—<

385

(59)

(ii) We set h(t) = e P (p>0,0< 0 <y<1). For § = Imin{o,y— 0} >0,

and ¢ € (60— 8,0+ &), it follows
~ °° p= =pt¥ 1 _& [* o_
k(o) :/ e P g 2 —p Y/ e w7 du
0 0

Y
{ ~
yp% F(%) eR,,

and by the Note of Lemma 1, for p >0,0< o <o+ 8 <y<1,

d2 Y & 1
d?(efp’ ) >0.

d -
E(e*"’yt"*l) <0,

Setting 1o € (0,0 — &), then we find 1y < G. Since
Me=P” 0 (1 —0%), Me=P" 0 (t — o),

there exists a constant L > 0, such that i(r) = e P < [%0 (t € (0,00)).
Then by Theorem 1 and (51), we have

~ ~ 1 (¢
17l =15l = —1(2).
w7 MY

(iiiv) We set h(r) = arctanpt ™7 (p >0, 0 < 6 < min{1,7}). For & =
1-y,1-0}>0,and 6 € (60— &,0+ &), it follows

%(5)

o 1 /e .
/ 1 Narctanpr~")dt = :/ (arctan pr~7)dt®
0 G Jo

c—y—1
%[(arctanpt N +/ lyptidt]

+(pt~7)?

(60)

I min{o,
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&

p

- 20

/w LD
0o l+4u

QA

p%T[ o pYﬂ:

- = . S 1N A~ = €R+a
26sinm(—5,+5) 20cosm(3;)

<

and by the Note of Lemma 1, for 0 < 6 < 0+ & < 1,

d . - P
—(t° tarctanpr %) <0, (19 'arctanpr~7) > 0.

dt dr?
Setting 1o € (0,0 — &), then we find 1y < G. Since
tMarctanpt " — 0 (t —0"), t"arctanpt ™’ — 0 (1 — o),

there exists a constant L > 0, such that

L
h(t) = arctanpt 7 < s (1 € (0,00)).

Then by Theorem 1 and (51), we have

o
prm

ZGcosn(%)'

ITil| = || T3] = (61)

EXAMPLE 4. We set

h(r) = (min{z,1})7

(max{r, 1]y (V<o <Arr<1l=y)

For &) = %min{G—H/,?Ler—G,l—G—y} >0, and 6 € (6 — 8,0 + &), it follows
~ = i Y
k(G) :/ a(r T (min{r, 1)7 51,
0

max{z,1})A+7
A+2y
= — — R
Grnh-o+p "

and

h(t)t = =
) (max{r, 1})*+7 =, 1>,

AF7—G6H1?
is strict decreasing with respect to r € R
There exists a constant 1o € (—y,min{c — &, A +7}), such that g < &, y+1no >
0 and A +y— 1o > 0. In view of

~ t"™(min{7,1})7 {t”*”ﬁ 0<t<1,

tMh(t) = =
) (max{z,1})A+y Ty 121

5-1_ (min{r,1})7°" {t”a‘l, 0<r<l,

)

we have th(t) —0 (t—07), and tMh(t) — 0 (¢ — o). Hence, there exists a constant
L > 0, satisfying h(r) < WLO (1 €(0,00)).
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Therefore, by the Note of Theorem 3, for 7 =0 in Theorem 1 and (51), we have

= = A+2y
Ti|| = ||Tz|| = . 62
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