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NECESSARY AND SUFFICIENT CONDITIONS FOR
THE BOUNDEDNESS OF THE MAXIMAL OPERATOR
FROM LEBESGUE SPACES TO MORREY-TYPE SPACES

V. 1. BURENKOV AND M. L. GOLDMAN

(Communicated by L. Maligranda)

Abstract. 1t is proved that the boundedness of the maximal operator M from a Lebesgue space

Ly, (R") to a general local Morrey-type space LM,,g.,(R") is equivalent to the boundedness

of the embedding operator from L, (R") to LM,,g,,(R") and in its turn to the boundedness of

the Hardy operator from L o (0,00) to the weighted Lebesgue space L o ,(0,%0) for a certain
P2

weight function v determined by the functional parameter w. This allows obtaining necessary
and sufficient conditions on the function w ensuring the boundedness of M from L, (R") to
LM,,0.,,(R") forany 0 <8 < oo, 0 < pa < p; <o, p1 > 1. These conditions with p; = py =1
are necessary and sufficient for the boundedness of M from L;(R") to the weak local Morrey-
type space WLMg,,(R").

1. Introduction
For x € R" and r > 0, let B(x,r) denote the open ball centered at x of radius r.

Moreover, let B, = B(0,r).
Let f € L{?°(R"). The maximal operator M is defined for all x € R" by

Mfw) =sup e [ 17 0)lay

t>0 |B(X,t
B(x,t)
where |B(x,?)| is the Lebesgue measure of the ball B(x,?).

DEFINITION 1. Let 0 < p, 6 < e and let w be a non-negative measurable func-
tion on (0,%0). We denote by LM, (R") the local Morrey-type space, the space of
all functions f € Lﬁ;"' (R™) with finite quasi-norm

i

= [|{Ww\r

a0 = WAy,
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and by WLM g ,,(R") the weak local Morrey-type space, the space of all functions
f € WLI*(R") with finite quasi-norm

w2ty ) = || w1 T,

)

LG(O"X’)
where || f{lwz,(s,) denotes the weak L,-quasinorm of f on B,:
1 . 1 .
1 w8, = 11 Xp, llwr, ey = supt? (f x5, )" (1) = sup 17 (fx, ) (). (1)
>0 0<r<|B,|

Here y,, is the characteristic function of the set  C R" and f* denotes the non-
increasing rearrangement of f:

fr(r)=inf{7: As(7) <1}, 1>0,
where A7(7) = [{x € R":|f(x)| > t}|,7 > 0 is the distribution function of the function
f.

Note that
1Ny = Iy I g, ey = 1wy -

DEFINITION 2. Let 0 < 8 < co. We denote by g the set of all functions w
which are non-negative, measurable on (0,e), not equivalent to 0 and such that for
some ¢t >0

[WlLg(t,00) < o0 (2)

REMARK 1. In [6] it was proved that if w is a non-negative measurable function
on (0,e0) which is not equivalent to 0, then the space LM ,,(R") is non-trivial, i. e.
consists not only of functions equivalent to 0 on R”, if and only if w € Qg. For this
reason it will always be assumed that w € Qg .

Let A,B be some sets and ¢,y be non-negative functions defined on A x B. (It
may happen that ¢(o,) = +o or (o, ) =+ for some o € A, € B.) We say
that ¢ is dominated by y (or ¥ dominates @) on A X B uniformly in o € A and write

o(o,B) Sy(e,B) uniformly in o €A

or
y(e,B) 2 o(a,B) uniformly in €A,

if for each B € B there exists ¢(f8) > 0 such that

¢(a,B) <c(B)w(e,pB)

for all @ € A. We also say that @ is equivalent to W on A X B uniformly in o, € A and
write
o(o,B) = y(o,B) uniformly in ax €A,

if @ and y dominate each other on A X B uniformlyin oz € A.
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LEMMA 1. [7] Let 0 < 8 < o and wy, wy € Qg. Then for each 0 < p < oo the
equality
LM g v, (R") = LM gy, (R™)

holds if and only if !
[WillLg(r,00) = W2l Ly (1,0 uniformly in 7 € (0,00).

The boundedness of the maximal operator from LM g, ,,, to LM, ,,, for general
wi and wy was studied in [9], [10], [5], [6], and [4]. See detailed exposition of this
and related problems in recent survey papers [2], [3]. In [5], [6], and [4], for a certain
range of the parameters p,0; and 6, necessary and sufficient conditions on w; and
wy were obtained ensuring the boundedness of M from LMy, ,,, to LMy, ,, , namely
the following statement was proved.

THEOREM 1. If n€ N, 1 <p <o, 0<0; < 6 < oo, wi €89, and wy € Qg,,

then the condition
()
wy(r)| —
2 t+r

uniformly in t € (0,00) is necessary and sufficient for the boundedness of M from
LM g, v, (R") to LM g, ,,(R"). Moreover,

S willg, ) 3)
L92 (Ov'x’)

- 1
) sup [alley )

“)

W2(7)<I+Lr)%

‘ ‘M ‘ ‘ LM[)BI Wy (R")—>LM,,@2M;2

uniformly in wy € Qgq, and wy € Qg, .
If p =1, then condition (3) is necessary and sufficient for the boundedness of M
from LM g, ,,, (R") to WLMg, ,,,(R") and

(&)

~ -1 "\
M1y W 2310 ) = 500 1l 20 (1)

t<co Lg, (0,0)

uniformly in wi € Qq, and wy € Qg, .

In (4) and (5) we assume that (+0) ! =0 and 0 (4o0) =0.
In [5], [6] this was proved under the additional assumption 6; < p. The general
case was considered in [4].

If 6, < 6, then sufficient conditions on w; and w, for the boundedness of M
from LM g, ,,, (R") to LM,g, ,,,(R") are given in [4]. However, the challenging prob-
lem of finding necessary and sufficient conditions on w; and w, ensuring the bound-
edness of M from LM, ,,, (R") to LM, ,,, (R") for the case 6, < 6; is still open. In

1 By the above convention this means that, given 0 < p < oo, for each 0 < 6 < oo, wy, wy € Qg there
exist ¢y, ¢ > 0 such that
ctlwWillLg o) < W2llzgr,e) < 2lWillLg (1,00)
for all 7 € (0,0). So, for a fixed 0 < p <o, ¢; and ¢; may depend on 0 < 0 < oo, wy, wa € Qp, but are
independent of € (0,e0). However, for the whole range of the parameter p, ¢; and ¢; may also depend on
p.
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this paper we give its solution for a very particular case in which 6 = oo and w;(r) =1.
In other words we find, for all admissible values of the parameters pi,p2, and 6, nec-
essary and sufficient conditions on w ensuring that the maximal operator is bounded
from L, (R") = LM, .1 (R") to LM, ,,(R").

2. Preliminary observations

We start with the following simple observations aimed at clarifying necessary as-
sumptions on 0 < py,p2,0 < oo for which for certain w € Qg the operator M can be
bounded from L, (R") to LM,,q ,,(R").

REMARK 2. Let 0 < 8 < oo, we Qg, and 0 < p; < py < oo. Then there exists
ro > 0 such that [[wl|z, () > 0. We can find f € L, (R") such that f ¢ Ly, (By,).
Then Mf ¢ L,,(By,) and therefore Mf ¢ LM, ¢ ,,(R"), because

[ fHLM 6.0 (R HMf||L,,2(B,0) HW”Lg(r()pO)'

Thus, in the problem of the boundedness of the maximal operator M : L,, (R") —
LM,,6,,(R") one should assume that py < py.

REMARK 3. Assume that 0 < 8 < e, w € Qg, and p; = p» > 1. Then for each
p>0
Iw(r) M5, L, 8:) Lo (p.)

1%, 12, (Bp)

1M1, ®r)— LM, ., (RY) =
Since ||M)(Bp ”Lm B,) = HxBP HLm (8,) forall r > p, it follows that
HMHLP1 (R") LM g, (R7) 2 [WllLg(p.e0)
forall p > 0. Hence
1Ml (rr)—La, .0 ®7) Z [WllLg(0.00) -

On the other hand, by applying the classical L,, -estimate for the maximal func-
tion, it follows that

”W(r)HMf”L,,l(B,)||Lg(0,oo)

1Ml (r)—La, g, (R7) =

feL, (R Hf”L,,l(R )
f#0
W) f 1]z, ) llg (0,00)
~ sup H = HW”LQ ,%0)
feLy, (R fllz,, @)
f#0

uniformly in w € Qg . Thus

1Ml (&r)—La,, 0,0 ®7) = [WlLg(0.) (6)
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uniformly in w € Qg.
For similar reasons by the equality || Xs, lwz,8,) = | Xs, ||, (8,) and the bounded-
ness of M from L;(R") to WL;(R") it follows that

M|z, () —wintyg,, (&) = W] Lg(0,02) (7

uniformly in w € Qg .
Equivalences (6) and (7) also follow by equivalences (4) and (5) with w; =1,
wy =w, 0 =, 6, = 0, because

o5

If p1=p2=1, then [[M|1, mr)—1p,y,,(rr) = forall 0 < 6 < co and w € Q.
This follows if one considers the test-functions yp, and passes to the limit as € — (

sup

= Wl g (0,0) -
0<1<o0 0(0)

Ly (va)

Summarizing, if one investigates the boundedness of M from L, (R") to
LM,,g.,,(R"), then one should always assume that

0<B<oo, 1<p1<oe, O<prp<prif p1>1, O<pa<1if pj=1,

and w € Q.

REMARK 4. What happensif 0 < p» < p;? If p; > 1, then by applying Holder’s
inequality and the boundedness of M from L, (R") to L, (R") it immediately follows
that

11 (L L
1M 11, (5 < )72 P (IM S, ey S 77270 £l e

uniformly in » > 0, where v, is the volume of the unit ball in R", and

W) IM I, 8, L0)

M|z, &m) 1M, o, &) = SUp
nl P2, FeLy, (R ||fHLp1
f#0
< ||
< [ w0y 0.
uniformly in w € Q. Hence the condition
11
77wy .y < = ®)

is sufficient for boundedness of the maximal operator M from L, (R") to LM, ,,(R").

However, in spite of the fact that Holder’s inequality is sharp, it appears that this
simple sufficient condition is also necessary if and only if 6 = . If 6 < e it is
not necessary (though is rather close to being necessary). In this case necessary and
sufficient conditions are much more sophisticated (see Theorem 4.)
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If p» < 1, then condition (8) with p; =1 is also sufficient for the boundedness of
M from L;(R") to LM,,q,,(R"). This follows since by the boundedness of M from
L (Rn) to WL (Rn)

1M £l ) = 1), ) < IOV, ) 05
< (sup (M) @) 1! ||L,,2(o7.3,.)

0<r<|B,|

= (1= p2)72 (™) M F s Al @

uniformly in r > 0.

REMARK 5. Equivalence (6) and the way how it is obtained mean that the us-
age of the spaces LM, ¢ ,,(R") does not contribute much to the study of the prop-
erties of M f for f € L, (R") because (6) follows directly by the classical estimate
for |Mf]| L,, (rn) - The same refers to the case in which the space LM,g, w(R™) is re-
placed by the space LM,,g.,,(R") with p < p; and 6 = eo. The situation is different
if pp < p; and B < e as Theorem 4 and Remark 8 below show.

3. Main results

Let fi(x) = f*(va]x|")., x € R", be the radially symmetric non-increasing rear-
rangement of /. Recall that forall 0 < p <eoand 0 < r < o0

1Ay < 1 Nzy0,08,0) = 1fllz, 5, 9
and
1A,y = 11z, 0.00) = N il (mr) - (10)
Also, forall 0 < p<eoand 0 < r L oo
1A llwe, i) < 1 lweyo,m,) = 1 fellwe,3,) (11)
and
A llwe, ey = 1 lwey0.00) = [ fellwe, e - (12)

Denote by 9t(R") the space of all functions measurable on R” and by K'(R")
the cone of all functions f of the form f(x) = g(|x|), x € R", where g is non-negative
and non-increasing on [0, o).

Note that for all 0 < p < e and forall 0 <r < oo

1flweyey = Sup 17 (fut)*(6) = Sup 17 (F 0y, (1)

0<r<|By| >0

= Sup 17 f (O, ()= sup 7f7(1), FEK'RY).  (13)

>0 0<t<|By|

In particular
l % n
Hf*HWLp(B,) = sup trf(t), feMR").

0<r<|By|
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LEMMA 2. Letn€ N and 1 < p < oo,
If p>1, then

IMflL, 5, S 1 Fellz,m,)

uniformly in f € Lﬁf’c(]R") andin r € (0,00], and if p =1, then

\Mfllweys,) Sl

uniformly in f € L'(R") and in r € (0, c0].

407

(14)

15)

Proof. The proofs of this and the next lemma are based on the following inequal-

ity: there exist a;, ay > 0 such that for all f € M(R")
t t
ay s * ap s
A r@ar<ony o< [ £
0 0

for all # > 0. (See, for example, [1].)
Let p > 1. By (9), (16) and the Hardy inequality

t
* l *
1My ) < 1) o) < 2| [ £ (2)ar
0

Lp(0,]B/])
<P a8 = Palfls, -

If p =1, then by (11), (13) and (16)

IMfllwe, ) < M) Nlweyo,8,) = sup t(Mf)*(2)

0<t<|By|
t

<ay sup [ fA(r)dt=a|lf |l 0,8 = 2 fllL,B) O

0<t<|By| 0

LEMMA 3. Let n €N and 1 < p < oo. Then

Ul S WM F Ly 361 <P oo
LB\ M £, (5, if p =1

uniformly in f € K(R") ﬂLg’“(R”) andin r € (0,09 .
Proof. Since |f| < Mf almost everywhere on R", for p > 1 by (14)
1Al < (IMFllz, i) Sl i) = 1L, @)

uniformly in f € K*(R") DLL"C(R") and in r € (0,0) .

(16)

7)
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If p =1 then, taking into account that for f € K} (R") N Li*¢(R") one has Mf €
K (R"), hence by (13) and (16) it follows that

IMfllwe,,) = sup t(Mf)*(r)

0<t<|By|
t

>ar s [ @dr=ailF sy =alf e =alfle)
0<t<|B,\O

for all f € K'(R")NLY“(R") and for all r € (0,00). This inequality together with
inequality (15) imply equivalence (17) for p=1. [

Denote Ly(R") = L,(R") N K (R").

THEOREM 2. Let n €N, 0 < py < p1 <o, 0< 0 < oo, and w € Q.
L. If py > 1, then M is bounded from L, (R") to LM, ,,(R") if and only if

Ll [(R") C LM, 0,,(R"),

and

HMHLPI ]R”)—»LMZGw HMHLl (R")—LM, 6. J(R") (13)

~ |1l (19)

Ll (R™) —>LM 20, ,(R™) = HIHL‘Pl R")—LM, P20, w(R")

uniformly in w € Qg , where I is the corresponding embedding operator.
2. If p1 = p2 =1, then M is bounded from L (R") to WLM,g ,,(R") if and only

if
Li(R") C LMyg,,,(R"),
and
M|, (®r)—wiLmyg,, (R7) HMHLi R WLM;g 0 (RY) (20)
||I||LL RY) LMy, (RY) — 11|y () — Ly, (R) (21

uniformly in w € Qg.

Proof.
1. Proof of equivalence (18) for all 0 < p, < p; < e. Note that by taking the
spherical coordinates inequality (16) takes the form

ai
|B|x|lB/ f-()dy < (Mf |B.x.| [ 16

Bly

Therefore a
(Mf).(x) < (f)+(v)dy a—f(Mf*)*(X)-

By

|B\x\|



NECESSARY AND SUFFICIENT CONDITIONS FOR THE MAXIMAL OPERATOR 409
Since (M f,)s« = Mf, we have
a
(Mf).(x) < Z(ME)(), xeR". (22)
1

Hence, taking into account inequality (9) and equality (10), we get that

||M||L,, R") —LM, 20 (R N HMHLPI R*)—LM, ZGW(R )
~ W) M fllz,, 5,)ll2g0,) < wp W) [(Mf)llz,, (8,) g (0,)
feLy (R 1Nz, e feLy, R £ 11z, (&)
fA0 f#0
a [w(r)[|MfelL (B,)||L (0,00)
g _2 Sup = : HMHLl ]R" —IM, (Rn)
ay feLy, (R Hf*HL,,l (R P26
f*0

which proves equivalence (18).
2. Proof of the equality in (19) for all 0 < p; < p; < eo. By (9) and (10)

||I|| R" —>LM W(R7) < HIHLPI R")—LM, ZSW(Rn)
~ [w(r )||fHLp2(B,)HL9(o,w) . W) e lle,, 8) Lg(0.0)
feLy, (R £l (e feLy (R") 1f4llz,, n)
f*0 f#0
Iw(r)lI8lL,, B,) Le(0.)
~ Sup ||I|| 1 n _) ny*
geLzln (R™) ||g||L,,l(R”) Lp (R")—LMp) ., (R")
§#0

3. Proof of the equivalence in (19) for 0 < pp < p; < e and p; > 1. Since
|f| < Mf almost everywhere on R”

”W(r)Hf||L,,2(B,)||L9(O,oo)

”I”L RMY)—LM,, g, (R) = sup
Py ( py0.w(R") Fe Ly, Y Hf”LPl (R")
f#0
WM AN L, 8,)|Lg(0.0)
< sup T 2 0 = ||M||LI’1(Rn LMy, (RY)
feL, (R f Ly (R
f#0

Since 1 < p; < eo, by the boundedness of M from L, (R") to L, (R")
HW(V)||MfHL,,2(B,)HLQ(O,oo)

M|z, ®n—im, o, R)=  SUP
Pl ) 29 ( fELm(Rn) ||fHLp1(R")
f#0
W IMflL,, 8, Lo (0.00)
S osup 2 Mgy By LM, g (R
rer,®)  IMflL, @y (M0 ()

f 70
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uniformly in w € Qg , which proves, by taking into account Steps 1 and 2, the equiva-
lence in (19).

4. Proof of equivalence (20). Follows similarly to Step I since by inequalities
(11) and (22)

IMfllwe,z,) < I(Mf)sllwe, s, _HMf*HWLl (B,) -

5. Proof of the equality and the equivalence in (21). The equality in (21) is proved
in Step 2. As for the equivalence in (21) we note that, since for p = 1 equivalence (17)
holds uniformly in f € L% (R") and in r € (0,00], we have

" o POVl
L (R")—LMg,,,(R") feLi@®n 1L, (rey
f#0
Iw(r) 1M fllwe, ) g0
= su . M 0 e J
feLf()Rn) ||fHL1(R”) || ||Ll R _>WLM10 (R )

£#40

LEMMA 4. LetneN, 0<py < p; <oo, 0< 0 <L oo, and w e Qg. Then for each
0<e<eo

— n(L—L)+
1|z, , () L1, g, (R7) Z 1 SHr(pz P Ew(r HLg(O,t) 23)
and 1
MLy, (o)t ) 2 21757000 [ (24)

uniformly in 0 <t <o and w € Qg.

Proof. First

I P, () ) o0

1L, ®m)—1m, o, (RY) = 7
w —Zy
: " [ x| 1 SXB,(X)HL,,I ®")

L 1 l 1 1 l l JE
= (nvy) P2 71 py Pp%“( C—_—J ) ‘ﬂ s Vm@m@

P2 P
which implies inequality i in (23)
Next, let gg( Y=t i x| <rand ge(x) = |x| 71 if |x| >¢. If r >1, then
gelx)=r 7€ for all x € By, hence
1

L1y
HgS||L,,2 (B,) > v”zr (5~ 7r)

Since also

L L
lgelle,, @y = v (1+ =) ",
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it follows that

Iw(r)lgellL,, ) lzg )

18ellz,, ()

HIHLPI (R")—LM,y, 9.,y (R") =

1 1
Py PL n\Th e ()
2 Vn <1+£p1> A w(r)HLe(t’w)
which implies inequality (24). [

COROLLARY 1. Let n €N, 0< pr < p; <oo, p1 >1,0<0 < oo, and w e Qy.
Then

Ml o-taganion 2 [0 (725) 25

[ ||L,,l R")—LMpy,,(R") < " w(r) Lo (009 | (0.0) (25)
uniformly in w € Qg, where the semi-norm || ||, (0. is taken in the variable r and
the semi-norm || || in the variable t.

n

Proof. By Theorem 2, inequality (23) with € = o and inequality (24) with € =

1 1
n(E_E)

+1"53 770 |w(r)

_n
1Ml (mr)—La, g, @) 2 (M40 lzqt.

uniformly in w € Qg and 0 <t < co. Hence

1ML, ®n)—Ly 0.0 (R")

J n n(ifi)
2 sup (5w 7 ) )

uniformly in w € Qg .
This inequality implies inequality (25), because its right-hand side is equivalent to
the right-hand side of inequality (25) uniformly in w € Q. [
COROLLARY 2. Let n €N, 0 < py <p; <o, py >1,and w € Q... Then
(s )
IMIL,, (&) —LMppee Ry = P2 PEW() ([ 0,00) (26)
uniformly in w € Q.

Proof. Tt suffices to notice that

[ () Pt
Loo(0,00)

PRGN

= [18"F A E) | g 1T PO g

Loo(0,00)

w(r)

Loo(0,00)

Loo(0,00)
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(In the first line the first L..(0,0)-norm is taken in r and the second one in 7. In the
second line the order of these norms is changed.)

Let H be the Hardy operator
:/ g(t)dt, 0<r<oo.
0

THEOREM 3. Let n €N, 0 < pr < p; Koo, pp <o, 0 <0 L oo, and w € Qy.
1. If py > 1, then

l

I ey e S VI (o = W lle iy 0 @D
E " r2
uniformly in w € Qg , where
P
v(r) = (w(V%)Vé(%fl)) L 0<r<e. (28)
2.If py =p2 =1, then
M|z, (rr)—wimyg (&) HHH )Ly = [|H||L,(0,00) Lo, (0) (29

uniformly in w € Qg.
Proof. 1. We apply Theorem 2. First we prove that for all the parameters under
consideration

1] CHHH

|
Lp (R")—LMpy 0,0 (R") Ly (0)=L g (0)’

2 17N
where ¢ > 0 depends only on n, p,p>, and 6.

Let f € L},l (R"), hence f(x) = g(|x|) where g is a non-negative non-increasing
function on (0,0). By taking the spherical coordinates it follows that

! —_
Wllns = ( [stimac) ™ = ([ /g - dp)
By

2 ( ] e(chyae) R (o)) R
0

where
1
o(1) =g(t7)"”, TE€(0,00),

is a non-negative non-increasing function on (0,c0).
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Hence
L €
1112, () = va? 1w (r) (H@)(r")) 72 || (0,
= vn2 [w(r)P>(He)(r )II”2
1 1 1 2 1 1
= Vr’zznigH"H(Pszi(o’ w) = ‘n” g ”H(PH (0,00) *
i) P2
Also

o 1
1 1 i
1y = / stehyrar)” = H(pIIL,,l

Therefore, since f € L (R <= o€ L L (0,00),

pz
1f 126, g, (R7)
MWL), @y, my) = SUP —
GW( ) fGL,l,l(R") ||fHLp1(R
40
R ”H(PHLi V(O,w) é
=p oy N sup -
pelLl (0,0 H(P”Lpl

1’2
90

Lo L
=n"0v,? "|H|" )
Ly, (0,09)—L g (0,00)
) P2’

The equivalences in (27) and (29) follow by Theorem 2.

413

2. The equalities in (27) and (29) easily follow, similarly to Step 2 of the proof of

Theorem 2, since for all » > 0

1< [irolar< [ £ @ar =)o), e ©).
0 0

Indeed, for all the parameters under consideration,

HHHLlI’[ (0,00)—L g (0,00) < HHHLﬂ (0,00) —>L%7V(O’°°)
) Y P
71y o 70y oo
sup — X sup —_—
remgtoe Migem yeimtom gy on
£40 £%0
1Hel, (0
< sup $ ||H|| . g
oo)—L 0,00
serpion Tl - 0=y 0

g%o
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In the proof of the next theorem we shall use the following corollary of the Hardy

inequality.

LEMMAS5. Let oo > B >0 if 1 <s<ooand o> >0 if s =co. Then for each

Sunction W non-negative and measurable on (0,)

t =
t*ﬁ*?l-/ro‘l//(r)dr t“*ﬁ*%/u/(r)dr
0 t

<¢
0 P

Proof. Note that forall 7 > 0

j(]w&&>ﬂ4m>j<jﬂ*d0w@mg:éj@wgdé

Hence, by applying the Hardy inequality, we get

t
B3 /r“l//(r)dr

0

—%O/(T/w@)dé)r“—ldr

Ly(0,00)

~

o
g_

N

Ls (0=°°)

1M]|1,, (Rr)— LM, 5., () e M 2o00)

uniformly in w € Qg.
In particular, if 1 < p < oo, 0 < 0 < oo, then

HMHL,,(R")—>LM’,9M,(R") ~ Hw(r>||L9(O,°°)
uniformly in w € Qg. Also forall 0 < 6 < oo
11|, ey sty &) = [[W ()] 0.

uniformly in w € Q...
2. If0< pr <pi1, p1 > 1, and 0 < oo, then

11y 1
1M1, eyt ) 2 17707 () g 1) 20 0.0

(1) o

Lg(0,00) 11 Lg(0,00)

Ls (0700)

10-B=3 / y(1)dt
t

THEOREM 4. Let n€ N, 0 < pr < p; Koo, 0< 0 Koo, and w e Q.
LLIfl<py=p;,0<0<L0or0<py<pi, p1>1, 0 =co, then

(30)

O

(€29

(32)

(33)

(34)

(33)
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uniformly in w € Qg , where

0 .

§— plil—(-) if 6 < pp, (36)
oo if 0 > p;

(Here the semi-norm || - ||, (0. is taken in the variable r and the semi-norm ||- || (0 .c)

in the variable t.)

Proof. 1. 1f py = pp > 1, equivalences (32) and (33) are proved in Remark 3. If
0 < py < p; and 6 = oo, then equivalence (31) is proved in Corollary 2.

2. In the rest of the proof v is the function defined by formula (28). If 8 > p;
(hence % < % ), by Theorem 2 on page 42 of [8] it follows that uniformly in w € Qg

o 1
11 0 3
IH ”Lm s (0w SUPIT T </v(p)P2 dp)

IZEAe >0 /
o 1 -
L1
=suptn2 Pt </W(Plz) pr 1dp) =n" G suptﬁiﬁ (/ )
>0 J >0
) .
=n ot W) 2 (1,00 | L (0.00) - (37)

3. Let 6 < p; (hence ;;—; > p% ). Since ;;—; > 1 by Theorem 1 on page 47 of [8] if
9 >1and by Theorem 2.4 of [11] if % < 1 it follows that uniformly in w € Qg

n(L_Ly_1
2 ("2 72075 () g .oy s 0) (38)

HHHLm )L g (0.)

P2 P2’

By Theorem 3 equivalences (37) and (38) imply equivalence (34).
4. Equivalence (35) follows by Lemma 5 since

(- =L\,

Ht o (r—l—t) wlr) Lg(0,00)
n(-L—Ly-1

S(o,.x,)“‘”t P2 P S [w(r) g (r,eo) g0

uniformly in w € Qg and by inequality (30)

Ls (0=°°)

r)HLg(O,t)

i

r) HLg (0,4) 11 L5(0,00)

s _ _p1
(Note that 5 = e 1) O
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REMARK 6. Since 0 < s, the right-hand side of equivalence (35) does not exceed
the right-hand side of equivalence (31) which conforms with Remark 4. Indeed by the
appropriate inequality for the mixed semi-norms

G || () 72
HI wn (r—i-t) YO, 0 s 0
gt (T \
< H roeen (r+t> W(r) Ls‘t(ov‘x’) LG‘r(Ov‘X’)
n(L,L),L _n n(L,L)
= (& (1 8) R | oy [T W 0 (39)

EXAMPLE 1. Let ne N, 0< py <p1 <o, p1 >1,0<0 <o, A1, €R, and

A .
w(r):{r L if0<r<1, (40)

R i1 << oo,

Then w € Qg if and only if A, > % for @ <o and A, > 0 for 6 = co.
Under this assumption M is bounded from L, (R") to LM,,q,,(R") if and only

if
1) for p <p1 <O <o
1 1 1 1 1 1
pen(E el gsa(l oLy L a
P2 p1 0 P2 Pl 0

2) for p, < p1, 6 < p1

1 1 1 1 1 1
M<n———)+=, h>nl———)+—, 42
! <P2 p1> o <P2 p1> 0 (42)
3) for p» = pi
1
MLO0if O=o0, A <— if O<oo (43)

0

(if po = p1 =1, this condition is necessary and sufficient for the boundedness of M
from L;(R") to WLM,,,,(R") ).

EXAMPLE 2. (Particular case of Example 1.) Let n € N, 0 < p, < p; < oo,
p1>1,0<60 <o, A >0for @ <ooand A >0 for 6 = oo.
Then M is bounded from L, (R") to LMZ}2 o(R") = LMme o (R™) if and only
if ’
1 1
p1 <0 and kzn(———).
P2 P
(The necessity of the above equality also easily follows by the dilation argument. )
If py =p>=p>1,then M is bounded from L,(R") to LMZ;9 (R™) only in the
trivial case 6 = o and A = 0. Similarly, if p; = p, = 1, then M is bounded from
Li(R") to WLMfL6 (R™) only in this trivial case.
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EXAMPLE 3. Letne N, 0<pry<p;,p1>1,0<0<p;, yeR, and

1 1 1
w(r) = r "5 72078 (14 [nr]) Y

Then M is bounded from L, (R") to LM,,s,,(R") if and only if 7> & — E
REMARK 7. Examples 1 and 3 imply, in particular, that the right-hand side of

equivalence (34) is not equivalent to the right-hand side of equivalence (31) for all

O0<pr<pi<oo,pr>1,and 0 < 0 < oo,

Open problem. Find necessary and sufficient conditions on a function w € Qg
ensuring that the maximal operator M is bounded from Ly (R") to LM, ,,(R") where
O<pr<land (<0 <oo,

Some comments. Condition (8) with p; = 1 is still a sufficient condition for the
boundedness of M in this case. However, the technique used in this paper does not
allow obtaining necessary and sufficient conditions on w ensuring the boundedness.
The reason for that is that in this case
~ |1l

||M||L1(R" —LM,

pr 0.0 (R WL{! (R")—LM,, g ,, (R")

uniformly in w € Qg, where WLP(R”) is the subspace of WL;(R") consisting of

all functions of the form Mf with f € L% (R"™). (This follows by Theorem 2 and by
an argument similar to the one of Step 3 of the proof of that theorem based on the

equivalence |||z, rn) = |Mflwz, @) -)
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