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HIGHER ORDER DYNAMIC INEQUALITIES ON TIME SCALES
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(Communicated by H. M. Srivastava)

Abstract. In this paper, we will prove some new dynamic inequalities of higher orders on time
scales. The results contain some continuous and discrete inequalities as special cases. We will
prove the results by making use of Holder’s inequality and Taylor monomials on time scales.

1. Introduction

In this paper, we study dynamic inequalities where the domain of the unknown
function is a so-called time scale T. The cases when the time scale equals to the re-
als or to the integers represent the classical theories of differential and of difference
inequalities. A cover story article in New Scientist [24] discusses several other possi-
ble applications. Continuous and discrete inequalities are important in the analysis of
qualitative properties of solutions of differential and difference equations [3, 18, 19]
and as a result we believe that dynamic inequalities on time scales will be important
in the analysis of qualitative properties of solutions of dynamic equations [20, 21]. In
this paper, we will prove some new dynamic inequalities involving higher order on time
scales.

The three most popular examples of calculus on time scales are differential cal-
culus, difference calculus, and quantum calculus (see Kac and Cheung [9]), i.e, when
T=R, T=Nand T=¢" ={q :1 € Ny} where ¢ > 1. For more details of time
scale analysis we refer the reader to the two books by Bohner and Peterson [6], [7]
which summarize and organize much of the time scale calculus. The study of dynamic
inequalities of Opial type on time scales was initiated by Bohner and Kaymakgalan [5]
in 2001; see also the recent papers [10], [23] and [25] and the references cited therein.

In [5] the authors showed that if x: [0,6]NT — R is delta differentiable with
x(0) =0, then

b b 2
/ \x(t)+x"(t)|‘xA(t)‘At<b/ )| a (1.1)
0 0
In addition they proved that if r and ¢ are positive rd-continuous functions on [0, 5],

J: f (At/r(r)) < o, g nonincreasing and x: [0,6] NT — R is delta differentiable with
x(0) =0, then

/Obqo(t)‘(x(t)—l—x(’(t))xA(t)’At</()b%/()br(t)q(t) ’XA(t)’zAt. (1.2)
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In [10] Karpuz, Kaymakgalan and Ocalan proved an inequality similar to the inequality
(1.2) where ¢°(z) is replaced by ¢(z), namely

/ubq(t) ‘(x(t) +x"(t))xA(t)’At < K,(a,b) /Ob ‘xA(t)‘zAt, (1.3)

where ¢ is a positive rd-continuous function on [a,b], and x : [a,b] N'T — R is delta
differentiable with x(a) = 0 and

Ky(a,b) = (z / ) (o) —a)Au) ; . (1.4)

In [20] the author proved that if y : [a,X|r — R is delta differentiable with y(a) =0,
then

[ s+ @1 AW ax< K@) [ e ax

where s € Cyy([a,X]1,R) and r be a positive rd-continuous function on (a,X ) such
that [X r~1(t)At < oo, and

1
Xs2) ([* A : [s()]
Ka,Xz\/E/—(/—)Ax)—i-su < X )
w0 =[5 ([ S
For contributions of different types of inequalities on time scales, we refer the reader
to the papers [2, 16, 17] and the references cited therein. The inequalities that we will

prove in this paper are inequalities on higher order derivatives. The main results will be
proved by making use of the Holder inequality (see [6, Theorem 6.13])

[iwsoiz <] [irors] % [era]” 15)

where a, b€ T and f; g € Cy(T), y>1 and %—i— 1 — 1. In our analysis we will also
make use of the well known inequality (see [12, page 500])

la+b|" <27 (la|"+|p]"), (1.6)

where a, b are positive real numbers and » > 1, and also we will use the Taylor mono-
mials on time scales. Some special cases on continuous and discrete spaces can be
derived from our results.

2. Main Results

Before we state and prove the main results, for completeness, we recall the fol-
lowing concepts related to the notion of time scales [8]. A time scale T is an arbitrary
nonempty closed subset of the real numbers R. We assume throughout that T has the
topology that it inherits from the standard topology on the real numbers R. The for-
ward jump operator and the backward jump operator are defined by: o(¢) := inf{s €
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T:s>r},and p(¢) :=sup{s € T: s <t}, where sup® = infT. A point z € T, is said
to be left—dense if p(r) =7 and 7 > infT, is right—dense if o(r) =1, is left—scattered if
p(r) <t and right—scattered if o(r) > 1.

A function g : T — R is said to be right—dense continuous (rd—continuous) pro-
vided g is continuous at right—dense points and at left—dense points in T, left hand
limits exist and are finite. The set of all such rd—continuous functions is denoted by
C,4(T). The graininess function p for a time scale T is defined by u(r) := o(r) —1,
and for any function f: T — R the notation f°(r) denotes f(c(r)). We will assume
that sup T = oo, and define the time scale interval [a,b]r by [a,b]T := [a,b]NT.

In this paper we will refer to the (delta) integral which we can define as fol-
lows: If GA(¢) = g(t), then the Cauchy (delta) integral of g is defined by [’ g(s)As :=
G(t) — G(a). Tt can be shown (see [6]) that if g € C,4(T), then the Cauchy integral
G(t) := [, 8(s)As exists, 1o € T, and satisfies G*(1) = g(r), ¢ € T. Now, we define
the Taylor monomials or generalized polynomials as defined originally by Agarwal
and Bohner [1]. These monomials are important because they are related to Cauchy
functions for certain dynamic equations which are important in variations of constants
formulas. The Taylor monomials /i : T x T — R, k € Nyg = NU{0}, are defined re-
cursively as follows: The function hq is defined by ho(z,s) = 1, for all s, € T, and
given hy for k € Ny, the function A is defined by

t
hey1(,s) :/ h(T,5)AT, forall s,z € T.
s

If we let h¢(t,s) denote for each fixed s € T, the derivative of A(t,s) with respect to 7,
then
Ro(t,s) = hg_1(t,s), k€N, r€T,

for each fixed s € T. We also consider the function gy defined by go(¢,s) = 1, for all
s,t € T, and given g; for k € Ny, the function g;, is defined by

t
grt1(2,9) :/ gi(o(1),s)At, foralls,z € T.
N

If we let g¢(t,s) denote for each fixed s € T, the derivative of g(t,s) with respect to 7,
then
8o (t,5) = gr1(o(t),s), kEN, 1T,

for each fixed s € T. By Theorem 1.112 in [6], we see that & (t,s) = (—1)Fgi(s,).
We denote by C(Z)(’]I‘) the space of all functions f € C,q(T) such that f% € C,4(T)

for i =0,1,2,...,n for n € N. For the function f: T — R we consider the second
derivative f22 provided f* is delta differentiable on T with derivative 2 = (f*)A.
Similarly, we define the n'"— order derivative f* = (f*-1)2. Now, we are ready to

state the Taylor formula that we will need to prove the main results in this paper. This
formula as proved in [4] states that: Assume that f € Cf;)(T) and s € T, then

n—

fl)= ZlfAk ($)hi(t,8) + [2 hy1 (2, (0(T)) f2 (T)AT. (2.1)

k=0
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As a special case if m < n, then

n—m-—

A (r) = kgo 1fAHm ()i (t,5) + [! M1 (2, (0(7)) f2 (T)AT. (2.2)

Now, we are ready to state and prove our main results.

THEOREM 2.1. Let T be a time scale with a, T € T and p, q be positive real
numbers such that p > 1, 1/p+1/q=1, and let r, s be nonnegative rd-continuous
Sfunctions on (a,7)7. If y € Cﬁ:l')([aﬁ] NT) with y*(a) =0, for i=0,1,2,...n—1,
then

[ sob@+or ol s <k [0l s e

Where K(aﬂ'»pﬂ):Kl(aﬂ:»pﬂ)+K2(a777p751)7
%
B q ptq
Kl a,t,p,q :22[7 l<—)
( ) P
s (oo N7\
T(s(t)) r t,o(s
/ (s( )) ¥ / n—1 - AS At ,
a (r())r \Ja  rrei(s)
and
%
B q ptq
K2(aa77P7Q) =2F ! <—)
p+q
ptq (p+q-1) 7

: As At
reta=1(s)

e urta () (s(e) [ R (0 (s)
“\/ (r L=

Proof. From Taylor’s formula (2.1), since y*(a) =0, for i = 0,1,2,...,n — 1, we
have

1
(i) = / I (1,0(s))y™ (s)As, fort € [a, 7). 2.4)
a
This implies that
‘ hnfl(hG(S)) 1L
bl < [ LT )
(s
Applying the Holder inequality (1.5) with

- M, $) = (r(s) 77 [y~ (s)|,
(r(s))r+a
y_pi—'—qandvzp‘f'q’

C ptq-—1
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we have

[heosloiofase ([ L0

([ as) .

Then, for a <t < 7, we have

rig (751G t .
o< [, h( li<s>§:§(f))“ ([ ool a)™

Since y° = y+ uy?®, we have

Y(e) +° (1) = 29(1) + ().

Applying the inequality (1.6), we get (where p > 1) that

P P
[y <2 @yl e A1) = 22yl 2 e [

From (2.5), we have

Ptq p( P+
" hl’+q*1
n—1

i (00))
(r(s)) 7
X ‘yA”(t)‘q (/at r(s) ‘yA"(s)‘prs) m .

por ol < | [

Also, by using (2.2), we have

frql P(%)
thl’ q— t,
’yA(I)‘P’yA,,(t)’qg / ns ( clf(s>>As
¢ (r(s) 7

X ‘yA”(t)‘q (/a[ r(s) ’yA”(s)‘erqu) o .

465

(2.5)

(2.6)

2.7

(2.8)
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Substituting (2.8) and (2.7) into (2.6), we have

s(t) y(6) +y° (1)) ‘YA"(f))q <2277 s(r) (/at WAJ

X ‘yAn (;)‘q (/at (s) ’yAn(s)‘erqu) &

_ptg (
+2r7 P (1)s(r) (/t hy5 ’?-(S))As)

“ (rls)) P

~

Setting

we see that z(a) =0, and

From this, we have

NN ) a1 (B0
[y o) ="y )| = o)

Since s is nonnegative on (a,T), we have from (2.7) and (2.12) that
_ q

22 Ls(1) )l [y o)

pt+g—1 )

a4 . Tt P54
ST EA L I
r(t) a rm(s)

ptq—1 )
P+q

p+q

q 7T (
< 221’*1/;s(t) (%)W X (/ut %ﬂ’z;s»m)ﬁ

2.11)

(2.12)
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Applying the Holder inequality (1.5) with indices (p+¢)/p and (p+¢g)/q on the right
hand side, we have

20 [Sso b | ar

p pte (p+q-1) 7
T » t pPra (g
< 221 / s%(,) <L) ! / MAS At
a r(t) a ypta-1 (s)
9
Top A p+aq
X (/ z4(1)z (t)At) . (2.13)
From (2.11), and the chain rule formula
1
W2 =y / [ + (1 — )"~ d (1), (2.14)
0

which is a simple consequence of Keller’s chain rule [6, Theorem 1.90], we obtain

P
q

Z

(N2(1) < pj—q (zpqﬂ(z))A. (2.15)

Substituting (2.15) into (2.13) and using the fact that z(a) = 0, we have that

20t [0 bl [y |m

_ptq (p+q-1) g
<2t /Ts”T thw AL ))As At
a rp+q 1
q
(2 ( /a (59) As)
p+q (p+q—1) ﬁ

_ LZ%@(%Q%‘[@%%%§QM A

P
<2 ()

Using (2.10), we have from the last inequality that

20t Lo bl o s < ki@ oo e e
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Proceeding as above, we also have

_ptq ()
op—1 /ar‘ul’(z)s(t) /at %As
X ’yA" (t)‘q (/at r(s) ’yA"(s)‘erqu) & At
< KQ(a,T7p7q)/Tr(t) ‘yA"(t))p+th. (2.17)

Integrating (2.9) from a to 7 and using (2.16) and (2.17), we have
T q
[ 50O+ o] a

< (Kila7.p.0)+ Kala7p.a)) [ 7070

which is the desired inequality (2.3). The proof is complete. [

p+q
| A,

Here, we only state the following theorem, since its proof is the same as that of
Theorem 2.1, with [a, T]T replaced by [t,b]|T and y(z) in (2.4) is replaced by

_1>"[ gu_1(0(s),1)y™ (s)As, for 1€ [1,b]7.

THEOREM 2.2. Let T be a time scale with 7, b € T and p, g be positive real
numbers such that p > 1, 1/p+1/q =1, and let r,s be nonnegative rd-continuous

functions on (7,b)r. If y € Cr(Z)([Lb} NT) with y%(b) =0, for 0 <i<n—1, then

[ sob@ ol ol s <k @opg [opro My e

where K*(7,b,p,q) = K{(7,b,p,q) + K3 (1,b,p,q),

jir
Ki(t,b,p,q) =2°""
1(7.0,p,q) <p+q)

P+q1 (p+a—1) ﬁ
t I pa G N ,t
x / (st) 7 / Sl  As Ar
(r(t F 4 rP+l] 1 s
and
4
-~ q PFa
K*(Tabapaq) = 2217 ! <—)
? Ptq
pta qu (p+q-1) ﬁ
b uP+a(s)(s(t)) 7 i (o(s),t
N eGSO P Y
T (r(z‘)); t rp+q l S
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In the following, we assume that there exists 7 € (a,b)t such that

Kl(p7q) = Kl(affal?ﬂ) = Kf(Tabvpaq) < oo,
K>(p,q) = Ka2(a,7,p,q) = K3 (1,b,p,q) <o,

where K (a,7,p.q), K2(7,b,p,q), K{(a,7,p,q), and K5(7,b,p,q) are defined as in
Theorems 2.1 and 2.2. Note that since

b q
| sobo -+ 0 [0 a

= [sop@ e orprof st [[sobo oo o] s,

then the proof of the following theorem will be a combination of Theorems 2.1 and 2.2.

THEOREM 2.3. Let T be a time scale with a, b € T and p, q be positive real
numbers such that p > 1, 1/p+1/q=1, and let r, s be nonnegative rd-continuous
Sfunctionson (a,b)y. If y € Cr(Z) ([a,b])NT) with y%i(a) = y*(b) =0, for i=0,1,2,...,n—
1, then

[ s | s < k@) [l s e

where K(a,b) = Ki(p,q) + K2(p,q).
For r = s in Theorem 2.1, we obtain the following result.
COROLLARY 2.1. Let T be a time scale with a, T € T and p, q be positive real

numbers such that p > 1, 1/p+1/q= 1, and let r be a nonnegative rd-continuous
Sfunctionon (a,7)r. If y € C(Z)([aﬁ] NT) with y*(a) =0, for i=0,1,2,....n—1, then

e

[ o+ ol ol s <k @ [ oo, e

where
%
B q p+q
K* a,t,p,q) = 22[7 1<—)
( ) ta
p+ql (p+q-1) ﬁ
T thPt (e o(s
X / r(t) / MAS At
a a rpta—1 (s)

q

+or! (L) T
P+q
p+q (p+q-1) ﬁ

% /T ,up+q(t)r(t) /t hr@ (I’G(S»As At

a a I"ﬁ (S)
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From Theorems 2.2 and 2.3 one can derive similar results by setting » = s. The
details are left to the interested reader.

Setting r = 1 in (2.20), we have the following result.

COROLLARY 2.2. Let T be a time scale with a, T € T and p, qbe positive real
numbers such that p >1, 1/p+1/g=1.Ify € Cﬁ;)([a, T|NT) is delta differentiable
with y%(a) =0, for i=0,1,2,...n— 1, then

rtq

[ o or ol s <t@opg [ro] s e

where

q p+q (p+q-1) ﬁ
La.z.p.g) =277 <p+q) / ( mt (0() S) A
4 (ptq-1) \ pra
+2p—1 (%) r+aq </ ”p_,’_q ( hp+q T l G ) ) prq At) p+q .
pPT4q

Note that when T =R, we have y° =y and p(r) = 0. Then from Theorems 2.1
and 2.2 we have the following differential inequalities.

COROLLARY 2.3. Assume that p, q be positive real numbers such that p > 1,
I/p+1/qg=1, and let r, s be nonnegative continuous functions on (a,7). If y €

C (ja, 7] NR) with y) =0, for i=0,1,2,...n— 1, then
T n), |4 T ), . |Pta
[ soborp” o a<a@epa [ o) o] a.
a a
where
ﬁ
q
Ci(a,t,p,q) =2° 1( )
( ) P

P+q

. rtg b A (1) (p+q-1) 77
[UE ([ ) )
a (r(r))? a (n—1)lrrra1(s)

COROLLARY 2.4. Assume that p, q be positive real numbers such that p > 1,
1/p+1/q =1, and let r,sbe nonnegative continuous functions on (T,b)g. If y €
C™([a, 7] NR) with y)(b) =0, for i =0,1,2,...,n— 1, then

b
[ sopor |y

q b
o[ ar<cawbpa) [ o
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where

i
B q pta
C2(T»b»p»51):2p 1( )
p+q

ptq P (1) (p+q-1) g

b (s(1)) b s—nretth "
/f<r<r>> / 1

(n—1)lrrta=1(s)
Note that when T = R, we have y° =y, u(r) = 0 and then Corollary 2.2 gives us
the following result.

= |

<

COROLLARY 2.5. Assume that p, q be positive real numbers such that p > 1,
1/p+1/g=1.Ify e C"([a,7]NR) with y\)(a) =0, for i=0,1,2,....n— 1, then

Lf|y(t)lp‘y<n>(,)‘th<2p_1<ﬁ)piq

(1= a)PHO=D+p+a)\ P e
i /

+
Y (Z)‘p Yar, 2.22)

where M = (n— 1)} (1= 1)+ 1)) (p+-g) (1— 1)+ (p+ q).

Note also that when p =1, ¢ =1 and n = 1, we have the following result: If
y € C!([a,7]NR) with y(a) =0, then

Yoy o|a<ie-a [l a
a 2 a

which is classical Opial’s inequality (see Opial [14] and Olech [13]).
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