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Abstract. We present new asymptotic expansions of the logarithm of the gamma function in
terms of the polygamma functions. Based on these expansions, we prove new complete mono-
tonicity properties of some functions involving the gamma and polygamma functions. As con-
sequences of them we establish new upper and lower bounds for the gamma function in terms of
the polygamma functions.

1. Introduction

A function f is said to be completely monotonic on an interval I if it has deriva-
tives of all orders on I and satisfies the following inequality:

(−1)n f (n)(x) � 0 (x ∈ I;n ∈ N0 := N∪{0}, N := {1,2,3, . . .}). (1)

Dubourdieu [2, p. 98] pointed out that, if a non-constant function f is completely
monotonic on I = (a,∞) , then strict inequality holds true in (1). See also [3] for a
simpler proof of this result. It is known (Bernstein’s Theorem) that f is completely
monotonic on (0,∞) if and only if

f (x) =
∫ ∞

0
e−xt dμ(t),

where μ is a nonnegative measure on [0,∞) such that the integral converges for all
x > 0. See [7, p. 161].

The familiar gamma function:

Γ(z) =
∫ ∞

0
tz−1e−t dt (ℜ(z) > 0)

is one of the most important functions in mathematical analysis and its applications in
various diverse areas are widely scattered. The logarithmic derivative of the gamma
function:

ψ(z) =
d
dz

{lnΓ(z)} =
Γ′(z)
Γ(z)

or lnΓ(z) =
∫ z

1
ψ(t) dt
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is known as the psi (or digamma) function. The successive derivatives of the psi func-
tion ψ(z) :

ψ(n)(z) :=
dn

dzn {ψ(z)} (n ∈ N)

are called the polygamma functions.
The following asymptotic formulas are well-known that

lnΓ(z) ∼
(

z− 1
2

)
lnz− z+ ln

√
2π +

∞

∑
m=1

B2m

2m(2m−1)z2m−1

(z → ∞ in |argz| < π)
(2)

(see [1, p. 257]), where Bn (n ∈ N0) are the n -th Bernoulli numbers defined by the
following generating function (see, for example, [6, Section 1.7]):

z
ez −1

=
∞

∑
n=0

Bn
zn

n!
(|z| < 2π).

In this paper, we present new asymptotic expansions of the logarithmof the gamma
function in terms of the polygamma functions. Based on these expansions, we prove
new complete monotonicity properties of some functions involving the gamma and
polygamma functions. As consequences of them we establish new upper and lower
bounds for the gamma function in terms of the polygamma functions.

2. Asymptotic expansions

In this section, we present new asymptotic expansions of the logarithm of the
gamma function in terms of the polygamma functions.

THEOREM 2.1. For x → ∞ , we have

lnΓ(x+1)∼
(

x+
1
2

)
lnx− x+ ln

√
2π +

∞

∑
j=1

a jψ(2 j−1)
(

x+
1
2

)
, (3)

where the coefficients a j are given by

a j =
4 j

22 j+1(2 j +1)!
( j ∈ N). (4)

Namely,

lnΓ(x+1)∼
(

x+
1
2

)
lnx− x+ ln

√
2π +

1
12

ψ ′
(

x+
1
2

)

+
1

480
ψ ′′′
(

x+
1
2

)
+

1
53760

ψ(5)
(

x+
1
2

)
+ · · · (x → ∞).

(5)
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Proof. The noted Binet’s first formula [5, p. 16] states that

lnΓ(x) =
(

x− 1
2

)
lnx− x+ ln

√
2π +

∫ ∞

0

(
t

et −1
−1+

t
2

)
e−xt

t2
dt (x > 0). (6)

Write (6) as

lnΓ(x+1) =
(

x+
1
2

)
lnx− x+ ln

√
2π +

∫ ∞

0

p(t)
1− e−t e

−(x+1/2)t dt, (7)

where

p(t) =
(t +2)e−t/2 +(t−2)et/2

2t2
=

∞

∑
j=1

4 j
22 j+1(2 j +1)!

t2 j−1

=
1
12

t +
1

480
t3 +

1
53760

t5 +
1

11612160
t7 +

1
4087480320

t9 + · · · ,
or

p(t) =
∞

∑
j=1

a jt
2 j−1 (t > 0), (8)

where

a j =
4 j

22 j+1(2 j +1)!
( j � 1).

It is known (see [1, p. 260]) that

ψ( j)(z) = (−1) j+1
∫ ∞

0

t j

1− e−t e
−zt dt (ℜ(z) > 0; j ∈ N) (9)

and

ψ( j)(z) =
(−1) j−1( j−1)!

z j +O

(
1

z j+1

)
(z → ∞; |argz| < π ; j ∈ N). (10)

We find that

ψ(2N+1)(x) =
(2N)!
x2N+1 +O

(
1

x2N+2

)
= O

(
1

x2N+1

)

and

O
(

ψ(2N+1)(x)
)

= O

(
1

x2N+1

)
.

Hence, (7) implies that, for x → ∞ ,

lnΓ(x+1) =
(

x+
1
2

)
lnx− x+ ln

√
2π +

N

∑
j=1

a jψ(2 j−1)
(

x+
1
2

)
+RN(x)
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and

RN(x) = O

(
1

x2N+1

)
= O

(
ψ(2N+1)(x)

)
(x → ∞).

Therefore, (3) holds. The proof of Theorem 2.1 is complete. �

THEOREM 2.2. For x → ∞ , we have

lnΓ(x+1)∼
(

x+
1
2

)
lnx− x+ ln

√
2π +

∞

∑
j=1

b jψ( j)(x), (11)

where the coefficients b j are given by

b j =
j

2( j +2)!
( j ∈ N). (12)

Namely,

lnΓ(x+1)∼
(

x+
1
2

)
lnx− x+ ln

√
2π +

1
12

ψ ′ (x)+
1
24

ψ ′′ (x)

+
1
80

ψ ′′′ (x)+
1

360
ψ(4) (x)+ · · · (x → ∞).

(13)

Proof. Write (6) as

lnΓ(x+1) =
(

x+
1
2

)
lnx− x+ ln

√
2π +

∫ ∞

0

q(t)
1− e−t e

−xt dt, (14)

where

q(t) =
(t +2)e−t −2+ t

2t2
=

∞

∑
j=1

(−1) j−1 j
2( j +2)!

t j

=
1
12

t− 1
24

t2 +
1
80

t3− 1
360

t4 +
1

2016
t5− 1

13440
t6 +

1
103680

t7− 1
907200

t8 + · · · ,
or

q(t) =
∞

∑
j=1

(−1) j−1b jt
j (t > 0), (15)

where

b j =
j

2( j +2)!
( j � 1).

It follows from (10) that

ψ(N+1)(x) =
(−1)NN!

xN+1 +O

(
1

xN+2

)
= O

(
1

xN+1

)
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and

O
(

ψ(N+1)(x)
)

= O

(
1

xN+1

)
.

Hence, (14) implies that, for x → ∞ ,

lnΓ(x+1) =
(

x+
1
2

)
lnx− x+ ln

√
2π +

N

∑
j=1

b jψ( j)(x)+RN(x)

and

RN(x) = O

(
1

xN+1

)
= O

(
ψ(N+1)(x)

)
(x → ∞).

Therefore, (11) holds. The proof of Theorem 2.2 is complete. �

3. Completely monotonic functions

Şevli and Batir [4, Theorem 2.1] have proved that the function

S(x) = lnΓ(x+1)−
(

x+
1
2

)
lnx+ x− ln

√
2π − 1

12
ψ ′
(

x+
1
2

)

is completely monotonic on (0,∞) .
The formula (5) motivated us to observe the following Theorem 3.1.

THEOREM 3.1. The functions

f (x) = lnΓ(x+1)−
[(

x+
1
2

)
lnx−x+ ln

√
2π+

1
12

ψ ′
(

x+
1
2

)
+

1
480

ψ ′′′
(

x+
1
2

)]

and

g(x) = lnΓ(x+1)−
[(

x+
1
2

)
lnx− x+ ln

√
2π +

1
12

ψ ′
(

x+
1
2

)

+
1

480
ψ ′′′
(

x+
1
2

)
+

1
53760

ψ(5)
(

x+
1
2

)]

are completely monotonic on (0,∞) .

Proof. By using (6) and (9), we have

f (x) =
∫ ∞

0

(
t

et −1
−1+

t
2

)
e−xt

t2
dt− 1

12

∫ ∞

0

tet/2

et −1
e−xt dt− 1

480

∫ ∞

0

t3et/2

et −1
e−xt dt

=
∫ ∞

0

λ (t)
480t2(et −1)

e−xt dt,

(16)
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where

λ (t) = 480+240t+(240t−480)et − (t5 +40t3)et/2

=
∞

∑
n=7

(
15 ·2n−1− (n2−7n+22)n(n−1)

)(n−2)tn

2n−5 ·n!
.

By induction on n , it is easy to show that

15 ·2n−1− (n2−7n+22)n(n−1)> 0 (n � 7).

Hence λ (t) > 0 for t > 0. From (16) we obtain

(−1)n f (n)(x) > 0 (x > 0; n ∈ N0).

By using (6) and (9), we have

g(x) =
∫ ∞

0

(
t

et −1
−1+

t
2

)
e−xt

t2
dt − 1

12

∫ ∞

0

tet/2

et −1
e−xt dt

− 1
480

∫ ∞

0

t3et/2

et −1
e−xt dt− 1

53760

∫ ∞

0

t5et/2

et −1
e−xt dt

=
∫ ∞

0

μ(t)
53760t2(et −1)

e−xt dt,

(17)

where

μ(t) = 53760+26880t+(26880t−53760)et − (4480t3 +112t5 + t7)et/2

=
∞

∑
n=9

(
(3360n−6720)2n−16n(n−1)(n−2)

× (n4−18n3 +147n2−538n+976)
) tn

2n−3 ·n!
.

By induction on n , it is not difficult to show that

2n− 16n(n−1)(n−2)(n4−18n3 +147n2−538n+976)
3360n−6720

> 0 (n � 9).

Hence μ(t) > 0 for t > 0. From (17) we obtain

(−1)ng(n)(x) > 0 (x > 0; n ∈ N0).

The proof of Theorem 3.1 is complete. �

From the decreasingness of f (x) and g(x) , we obtain the following upper and
lower bounds for the gamma function in terms of the polygamma functions.
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COROLLARY 3.1. For x � 1 ,

√
2πx

(x
e

)x
exp

(
1
12

ψ ′
(

x+
1
2

)
+

1
480

ψ ′′′
(

x+
1
2

))
< Γ(x+1)

�
√

2πx
(x

e

)x
exp

(
f (1)+

1
12

ψ ′
(

x+
1
2

)
+

1
480

ψ ′′′
(

x+
1
2

))

and

√
2πx

(x
e

)x
exp

(
1
12

ψ ′
(

x+
1
2

)
+

1
480

ψ ′′′
(

x+
1
2

)
+

1
53760

ψ(5)
(

x+
1
2

))

< Γ(x+1)

�
√

2πx
(x

e

)x
exp

(
g(1)+

1
12

ψ ′
(

x+
1
2

)
+

1
480

ψ ′′′
(

x+
1
2

)
+

1
53760

ψ(5)
(

x+
1
2

))
,

where

f (1) = −1
2

ln(2π)+
23
15

− π2

24
− π4

480
= 0.000225676 . . .

and

g(1) = −1
2

ln(2π)+
176
105

− π2

24
− π4

480
− π6

6720
= 0.000018951 . . ..

Şevli and Batir [4, Theorem 2.1] have proved that the function

f1(x) =
[(

x+
1
2

)
lnx− x+ ln

√
2π +

1
12

ψ ′ (x)
]
− lnΓ(x+1)

is completely monotonic on (0,∞) .
The formula (13) motivated us to observe the following Theorem 3.2.

THEOREM 3.2. Let

b1 =
1
12

, b2 =
1
24

, b3 =
1
80

, b4 =
1

360
.

Then, the functions

f2(x) = lnΓ(x+1)−
[(

x+
1
2

)
lnx− x+ ln

√
2π +

2

∑
k=1

bkψ(k) (x)

]
,

f4(x) = lnΓ(x+1)−
[(

x+
1
2

)
lnx− x+ ln

√
2π +

4

∑
k=1

bkψ(k) (x)

]
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and

f3(x) =

[(
x+

1
2

)
lnx− x+ ln

√
2π +

3

∑
k=1

bkψ(k) (x)

]
− lnΓ(x+1)

are completely monotonic on (0,∞) .

Proof. By using (6) and (9), we have

f2(x) =
∫ ∞

0

(
t

et −1
−1+

t
2

)
e−xt

t2
dt− 1

12

∫ ∞

0

tet

et −1
e−xt dt +

1
24

∫ ∞

0

t2et

et −1
e−xt dt

=
∫ ∞

0

ν(t)
24t2(et −1)

e−xt dt,

(18)

where

ν(t) = (t4 −2t3 +12t−24)et +12t +24

=
∞

∑
n=5

(
36+72(n−5)+47(n−5)2+12(n−5)3 +(n−5)4

) tn

n!
> 0 (t > 0),

so that (18) yields

(−1)n f (n)
2 (x) > 0 (x > 0; n ∈ N0).

By using (6) and (9), we have

f4(x) =
∫ ∞

0

(
t

et −1
−1+

t
2

)
e−xt

t2
dt− 1

12

∫ ∞

0

tet

et −1
e−xt dt

+
1
24

∫ ∞

0

t2et

et −1
e−xt dt − 1

80

∫ ∞

0

t3et

et −1
e−xt dt +

1
360

∫ ∞

0

t4et

et −1
e−xt dt

=
∫ ∞

0

ω(t)
720t2(et −1)

e−xt dt,

(19)

where

ω(t) = (−720+360t−60t3 +30t4−9t5 +2t6)et +360t +720

=
∞

∑
n=7

(
1800+4350(n−7)+3923(n−7)2+1725(n−7)3

+395(n−7)4+45(n−7)5+2(n−7)6
) tn

n!
> 0 (t > 0),

so that (19) yields

(−1)n f (n)
4 (x) > 0 (x > 0; n ∈ N0).
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By using (6) and (9), we have

f3(x) = −
∫ ∞

0

(
t

et −1
−1+

t
2

)
e−xt

t2
dt +

1
12

∫ ∞

0

tet

et −1
e−xt dt

− 1
24

∫ ∞

0

t2et

et −1
e−xt dt +

1
80

∫ ∞

0

t3et

et −1
e−xt dt

=
∫ ∞

0

σ(t)
240t2(et −1)

e−xt dt,

(20)

where

σ(t) = −120t−240+(240−120t+20t3−10t4 +3t5)et

=
∞

∑
n=6

(
480+1072(n−6)+850(n−6)2

+305(n−6)3+50(n−6)4+3(n−6)5
) tn

n!
> 0 (t > 0),

so that (20) yields

(−1)n f (n)
3 (x) > 0 (x > 0; n ∈ N0).

The proof of Theorem 3.2 is complete. �
Using the facts f3(x) > 0 and f4(x) > 0, we obtain the following upper and lower

bounds for the gamma function in terms of the polygamma functions.

COROLLARY 3.2. For x > 0 ,

√
2πx

(x
e

)x
exp

(
4

∑
k=1

bkψ(k) (x)

)
< Γ(x+1) <

√
2πx

(x
e

)x
exp

(
3

∑
k=1

bkψ(k) (x)

)
.

In view of Theorems 3.1 and 3.2, we pose two conjectures.

CONJECTURE 3.1. For all m ∈ N0 , the functions Rm(x) defined by

Rm(x) = lnΓ(x+1)−
[(

x+
1
2

)
lnx− x+ ln

√
2π +

m

∑
j=1

a jψ(2 j−1)
(

x+
1
2

)]

are completely monotonic on (0,∞) . Here a j are given in (4).

CONJECTURE 3.2. For all m ∈ N0 , the functions Sm(x) defined by

Sm(x) = (−1)m

[
lnΓ(x+1)−

(
x+

1
2

)
lnx+ x− ln

√
2π −

m

∑
j=1

b jψ( j) (x)

]

are completely monotonic on (0,∞) . Here b j are given in (12).
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