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ON THE OHLIN LEMMA FOR
HERMITE-HADAMARD-FEJER TYPE INEQUALITIES

TERESA RAIBA

(Communicated by Zs. Pdles)

Abstract. Using Ohlin’s Lemma [21] on convex stochastic ordering, we get a simple proof of
known Hermite-Hadamard-Fejér type inequalities. We also prove new inequalities. Using s-
convex stochastic ordering [12], we also give some Hermite-Hadamard-Fejér type inequalities
in the case of higher order convex functions. The obtained results are useful in proving some
inequalities between the quadrature operators [31], [32].

1. Introduction

Let f: I — R be a convex function defined on a real interval I and a,b € I with
a < b. The following double inequality

f<a+b>< 1 _Lbf(x)dx<M (1.1)

2 b—a 2

is known as the Hermite-Hadamard inequality for convex functions (see [13] and [20]).
In [14] Fejér gave a generalization of the inequality (1.1):

PROPOSITION 1.1. Let f: I — R be a convex function defined on a real interval
I, a,b el with a<b andlet g: [a,b] — R be nonnegative and symmetric with respect
to the point (a+Db)/2 (the existence of integrals is assumed in all formulas). Then

f(“;b) '/ahg(x)dx</abf(x)g(x)dx< w/abg(x)d* (1.2

The double inequality (1.2) is known in the literature as the Hermite-Hadamard-
Fejér inequality (see [20], [13] and [22] for the historical background).

Mathematics subject classification (2010): 26A51, 26D15, 60E15, 41A55.
Keywords and phrases: Hermite-Hadamard-Fejér type inequality, higher order convexity, convex
stochastic ordering, quadrature rules.
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REMARK 1.1.

(i) Note that for g(x) = w(x) such that [”w(x)dx = 1, the inequality (1.2) can be
rewritten in the form

f(a;rb></abf(x)w(x)dxgw, (13)

2

(i) Conversely, from the inequality (1.3) it follows (1.2). Indeed, if ff g(x)dx >0,

~1
it suffices to take w(x) = <ffg(x)dx> glx). If ffg(x)dx =0, then (1.2) is
obvious.

For various modifications of (1.1) and (1.2) see e.g. [3], [4], [5], [10], [11], [13],
and the references given there.

In arecent paper [17] by M. Klari¢i¢ Bakula, J. Pecari¢ and J. Peri¢ some improve-
ments of various forms of the Hermite-Hadamard inequality can be found; namely,
that of Fejér, Lupas, Brenner-Alzer, Beesack-Pecari¢. These improvements imply the
Hammer-Bullen inequality.

In this paper we offer some useful tools for obtaining and proving of various forms
of the Hermite-Hadamard inequality, also for higher-order convex functions.

We describe the inequality (1.3) in terms of convex stochastic ordering. Using the
Ohlin lemma [21] we get a simple proof of (1.3).

We obtain a generalization of (1.3), in the case when the function w is not sym-
metric. We give some generalization of the Brenner and Alzer inequalities [9]. We also
consider a generalization of (1.3) in the case of higher order convex functions. The
so obtained inequalities are applied to prove some inequalities between the quadrature
operators.

2. Some generalizations of the Fejer inequality

In the sequel we will to make use of the theory of stochastic order relations. Let
us review some notations.

As usual, Fx denotes the cumulative distribution function (or the distribution func-
tion) of a random variable X and uy is the distribution corresponding to X .

For real valued random variables X,Y with a finite expectation we say that X is
dominated by Y in convex ordering sense if E f(X) < E f(Y) for all convex functions
f: R — R, for which the expectations exist. In that case we write X <. Y, or uyx <.
Uy .

A sufficient condition for convex stochastic ordering is the following Ohlin lemma
[21].

LEMMA 2.1. Let X,Y be two random variables such that EX = EY. If the
distribution functions Fx,Fy cross exactly one time, i.e., for some xo holds

Fx(x) < Fy (x) if x < xo and Fx(x) > Fy (x) if x > xo,

then X <. Y.
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From Lemma 2.1, a simple proof of (1.2) follows.

Proof of Proposition 1.1. Let f and g satisfy the assumptions of Proposition

1.1. Let X, Y, Z be three random variables such that tx = &(41p)/2, Uy(dx) =
( ubg(x) dx)~'g(x)dx, uz = 3(8,+ 8). Then, by Lemma 2.1, we obtain that X <. Y

and Y <. Z, which implies (1.2). [

As Fink noted in [15], one wonders what the symmetry has to do with the inequal-
ity (1.2) and if such an inequality holds for other functions (cf. [13, p. 53]).

As an immediate consequence of Lemma 2.1, we obtain the following lemma.

LEMMA 2.2. Let 0 < p < 1. Let f: I — R be a convex function, a,b € I with
a<b. Let U be a finite measure on B ([a,b)]) such that (i) U([a,pa+ gb]) < pPo,
(ii) u((pa+qb,b]) < qPy, (iii) [, xp(dx) = (pa+gb)Ry, where g =1—p, Py =
u([a,b]). Then

f(pa-+qb)Py < /[ , TR <[pf(@)+ af D) 2.1)

REMARK 2.1. If we choose p(dx) = g(x)dx in Lemma 2.2, then the conditions
(i), (ii) and the inequality (2.1) reduce to (i°) u([a, pa+gb]) = pPy, (ii’) u((pa+qb)) =
qPy and

f(pa+qb)R / F@)g(x)dx < [pf (@) +af ()], (2.2)
respectively, where Py = fabg(x)dx

For convenience, we will take the measure p to be the probability measure on
2 ([a,b]). We now apply Lemma 2.2 to obtain the following result.

THEOREM 2.1. Let 0 < p < 1. Let f: I — R be a convex function, a,b € I with
a < b. Ifwe choose w: [a,b] — R such that w is nonnegative, [’ w(x)dx =1 and

32
w(pa—i—(l—p)b—i—z):(l 2p)

w(pa—l—(l—p)b— I;pz> (2.3)

SJorall 0 < z< p(b—a), then

flpa+ (- p) < [ Fwlode < pr@+ (1-p)f). @4
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Proof. Put A = pa+ (1 — p)b. Then we have

/ab w(x)dx = /A w(x)dx+ /b w(x)dx

p(b—a)
= A—z dz+/ w(A+2z)dz

0
(1=p)(b—a) (1_ ) p(b—a) 1-p
= A—g)dz+—LL / A d
/0 w(A —z)dz P A w( p z) b4
1— (1-p)(b—a)
—/ —Z)d2+( p)/ w(A —y)dy
)4 0
/1 p)(b—a) WA —y)d
= »Jo y)ay.
Since |, f w(x)dx = 1, we obtain
(1=p)(b-a)
/ w(A —y)dy = p. 2.5)

Taking into account that [ w(x)dx = fo(lfp J0=0) (A — y)dy, we get
A
[ wwax=p,

b
/ w(x)dx=1—p,
A

consequently for the measure (i (dx) = w(x)dx, the conditions (i) and (ii) in Lemma 2.2
are satisfied.
Similarly, we obtain that

/abzw(z)dz _ A(lp)(ba)(A—y)w(A—y)dy—k /p(bfu) (At2) (1;5)2‘4)( B l_ppz>dz

—/1 e a)(A —y)w(A— y)dy+ p/1 ne <A+ﬁy) w(A—y)dy

which implies that

~a)
—A- / w(A — ydy+/ (=y)w(A —y)dy
a)
+/O1 e yw(A —y)dy

1 U=p)b—a)
=A— / w(A —y)dy.
P Jo

By (2.5), we get |, f zw(z)dz = A, consequently (iii) in Lemma 2.2 is satisfied. Thus, by
Lemma 2.2, we obtain (2.4). [l
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REMARK 2.2. If we choose p = }

561
2

in Theorem 2.1, then the equality (2.3) means
that w is symmetric with respect to “J{—b, and the inequalities (2.4) reduce to the Fejer
inequalities (1.3).

Since the set of probability measures u satisfying the inequalities (2.1) (with Py =
1) is closed under weak convergence, from Theorem 2.1, we obtain immediately the
following result.

THEOREM 2.2. Let 0 < p < 1. Let f: I — R be a convex function, a,b € I, with
a <b. Let U be a probability measure in % (|a,b]) such that

plpat (1=pb+B) = Ly (pa+ (1 - p)o— L),

(2.6)
p
forany Be A(|0,p(b—a))]). Then

fpa+(1—-p)b) < " fu(dx) < pfla)+(1-p)f(b). 2.7

3. Some results related to the Brenner-Alzer inequality

In 1991, Brenner and Alzer [9] obtained the following result generalizing Fejér’s
result as well as the result of Vasi¢ and Lackovi¢ (1976) [29] and Lupas (1976) [19]
(see also [22]).

PROPOSITION 3.1. Let p,q be given positive numbers and ay < a<b < b;. Then
the inequalities

pa-+qb 1A+ pfla)+qf(b)
f( L )sg/ f(0)ar < P+ a10)

3.1
A—y p+q ©-1)
_ pa+gb
hold for A = pp+Z ,

N

y > 0, and all continuous convex functions f: |a1,b1] — R iff

y< ——min{p,q}
myp,qy.
~X q

REMARK 3.1. Itis known [22, p. 144] that under the same conditions Hermite-
Hadamard’s inequality holds, the following refinement of (3.1):

f(”ijj”) < %/::yf@)dr < LA+ fla+y)) < LOTUD)

(3.2)
pP+q
holds.

In the following theorem we give some generalization of the Brenner and Alzer
inequalities (3.2), which we prove by using the Ohlin lemma.
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THEOREM 3.1. Let p,q be given positive numbers, ay < a <b < b, 0 <y<

b=a min{p,q} andlet f: [a1,b;] — R be a convex function. Then

17+51
pa+qb o 1 A+(-a)y
f( p ) SU@— (e +fA+ (1 -aw) g [ 0
o & oy oy 1 rA+(l-a)y
< ﬂkﬂ{f (A=y+k=2) 41 <A+y—k7>}+5/fk(lia)y o
1 Aty
< 2_y/A,y ft)dt, (3.3)
where 0 < o<1, n=1,2,...,
1 [A+y U< B 4 4 | 1 [A+y p
Q;Aiyﬂﬂf\\giﬂ =)+ fA+Y)}+( —BB;Aiyﬂgt
<1{ﬂA—w+fm+wH, (3.4)

2
where 0 < f < 1

SAHA+) < (5-7) A3 FAtrte)}+ 77 (A-)+/(A4))

pfla)+qf(b) (3.5)

<
~ p+q ?

where ¢ =min{b— (A+y),(A—y)—a}, y=1|5—p|.
Proof. Let X, Y, W, Z, &,, 1 and A be random variables such that:

Ux = (Spamh;
prq
1
py (dx) = 2—y%[A—y,A+y] (x)dx,

p
w= L6+ s,
p+q p+q

1
Uw = §6A—y+ §6A+ya
o & 1
tg, (dx) = — 2{5A—y+k% + 5A+y—k% H EX[Af(lfa)yAJr(lfa)y] (x)dx,

(@) = B {81y + 80+ 1 % oy (),

1
Uy = (5 - Y){6A—y—c + 6A+y+c} + Y{6A—y + 6A+y}-

Then, using the Ohlin lemma, we obtain:

(@) X <Y, Y < W and W <, Z, which implies the inequalities (3.2),
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(b) X < &1, &1 <o & and &, < Y, which implies (3.3),
(c) Y <o and n < W, which implies (3.4),
(d) W< A and A < Z, which implies (3.5). O

THEOREM 3.2. Let p, q be given posmve numbers, 0 < a <1, ay <a<b<

by, 0<y< p+qm1n{p g} and 0 < 25y < erqmm{p q}. Let f: |a1,b1] — R be
a convex function. Then
o A (1—ap A+t
A) < — t dt—|—7/ t)dt
)< %[ wars S [T p
<af(A=y)+(1-a)f(A+ )
p q
< —fla)+ ——f(b), (3.6)
p+q() p+q()
__ pa+gb
where A = %.

Proof. Let X, Y, Z and W be random variables such that:

Hx = 6a,
a 1—o)2
Hy (dx) :';XM—xMCQdX*-L—&;l—xmﬁ+ﬁ%ﬂ(0dx
tw = 08—y + (1 - )by ey,
P54 g
p+aqa p+q

Mz =

Then using the Ohlin lemma we obtain X <. Y, Y <., W, W < Z, which implies
the inequalities (3.6). [

REMARK 3.2. If we choose o = 5 in Theorem 3.2, then the inequalities (3.6)
reduce to the inequalities (3.4).

REMARK 3.3. If we choose oo = 1= and y = (1 — p)z in Theorem 3.2, then we
have

+-Ez
/ Sf(o)de + R f()de
A——z

rtq

AR

p+q pta’ ptq p+q
p q

< ——fla)+——f(b),
p+q p+q

__ patqb _
where A = ota ,0<z<b—a.
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4. The n-th order case

Convex functions of higher order are very well known and investigated (see e.g.
[18], [28], [8], [23], [16], [26]). But up to now there is non common terminology, which
sometimes may be confusing.

The notion of nth order convexity (or n-convexity) was defined in terms of divided
differences by Popoviciu [24], however, we will not state it have. Instead we list some
definitions of nth order convexity which are equivalent to Popoviciu’s definition (see

[1&]).

PROPOSITION 4.1. A function f: (a,b) — R is n-convex on (a,b) (n>1) if
and only if its derivative f("’l) exists and is convex on (a,b) (with the convention

FO @) = f(x)).

PROPOSITION 4.2. Assume that f: [a,b] — R is (n+ 1)-times differentiable on
(a,b) and continuous on [a,b] (n>1). Then f is n-convex if and only if f+1)(x) >0,
x € (a,b).

The Kuczma’s monograph [18] devoted to functional equations and inequalities in
several variables as well as the classical Roberts and Varberg’s book on convex func-
tions [28] use the same terminology (according to which an ordinary convex function
is 1-convex).

Some authors (c.f. e.g. [8], [23], [12]) call a function f to be n-convex (n > 2) if
f ("=2) i convex (then a convex function is 2-convex).

In this paper we understand the higher order convexity in the sense of Proposition
4.1. Many results on higher-order generalizations of Hermite-Hadamard’s inequality
one can found, among others, in [2], [30], [13, p. 56].

In the sequel we will to make use of the theory of s-convex stochastic ordering
(see Denuit et al. (1998) [12]). Let us review some notations.

For real valued random variables X,Y and any integer s > 2 we say that X is
dominated by Y in s-convex ordering sense if E f(X) < Ef(Y) forall (s— 1)-convex
functions f: R — R, for which the expectations exist. In that case we write X <;_
Y, or ux <;—¢x Uy . Then the order <,_, is just the usual convex order <.

A very useful criterion for the verification of the s-convex order is given by Denuit,
Lefévre and Shaked in 1998 [12]. For the statement of this criterion, we need introduce
first the following notation. Define the number of sign changes of a function ¢: R —
R by

ST(@) =sup{ST[Q(x1),0(x2),..., 0(xn)]: x1 <xX2 < ...xp € R,n€ N},

where S [y1,Y2,-..,ya] denotes the number of sign changes in the sequence y1,y2,..., ¥
(zero terms are being discarded). Two real functions @y, ¢, are said to have k crossing
points (or cross each other k-times) if S™(¢; — @) = k.

. PROPOSITION 4.3. ([12]) Let X and Y be two random variables such that E(Xj—
Y)=0, j=1,2,....,s =1 (s>22). If S~ (Fx — Fy) = s— 1 and the last sign of Fx — Fy
is a+, then X <;_~ Y.
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We now apply Proposition 4.3 to obtain the following results.

THEOREM 4.1. Letn>1, ay <a<b<b.
Let a(n) = [%] +1, b(n) = [%] +1.

Let 0., 0.y, X153 Xa(n)» ﬁl,...,ﬁb(n), Y1s---sYp(n) be real numbers such
that

a) if n is even then

0< B <oy <ﬂ1+ﬁ2<0€1+0€2<...<(X1—|—...—|—O€a(n)
=B+t By =1,
a<yr <xp<yy<x2<...<Xg(n) <Vpn) <D, 4.1)

b) if n is odd then

O<Bi<o<Bi+Br<outon<..<PBi+...+Byw
<OCl—|—...-‘rOCa(n)=1

a<y1<x1<y2<x2<...<yb(n)<xa(n)<b; 4.2)
and
a(n) b(n)
-X{'((X[ = Z y];ﬁja
=1 j=1

forany k=1,2,...,n.

Let f: [a;,b)] — R be an n-convex function. Then we have the following in-
equalities:

i) if n is even then

Y aif (i) < X Bif (v), (4.3)
i=1 j=1

i) if n is odd then
b(n) a(n)
D Bifvy) < Y ouif (xi). (4.4)
j=1 i=1

Proof. Let X,Y be random variables such that

a(n) b(n)
‘LLX:Z(XI'6)C,'7 “Y:ZBIQJ
i=1 j=1

Then using Proposition 4.3 we obtain:
a) if n iseventhen X <(,;1)_¢ Y, which implies (4.3),

b) if n is odd then Y <(,;1)_c, X, which implies (4.4). [
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EXAMPLE 4.1. Let n=1, a=y1<x1—“+b<y2 b, Bi=p = 2,0(1—1

by « [la)+/(b)
From Theorem 4.1, we obtain the Jensen inequality f (“Jr ) < me

function f.

, for any convex

REMARK 4.1. The following example shows, that the sharp inequalities in (4.1)
and (4.2) are not necessary. Let n=1, a=y; <x| =y, = “+b <ys=b,Bi=p=
Bs = %, oy = 1. Then using the Ohlin lemma with iy = 5%/, , Uy = 15a +3 5# +

%5;,, we obtain the following inequality:

f(anrb> <5 @)+ 7)) + 5 f<a+b)

where f is a convex function.

The next theorem is immediate from Proposition 4.3.

THEOREM 4.2. Letn>1, ay <a<b<bj. Let a(n),b(n )E N. Let oy, .. ,au(n),
Bty Byn) be positive real numbers such that o + ...+ Oy(yy = B1 + ..+ By(n)
Let x1,....Xq(n)> Y1s---+Yp(n) De real numbers such that

Q) a<xi <0< Sxyp Sbanda<yi <y»<...<ypn) <Db,

b) ZZSI)%-‘OQ— X lyjﬁ,,foranyk_l 2,.

Let g = By =0, xg =yg = —oo. Let F|,F5: R — R be two functions given by the fol-
lowing formulas: Fy(x) = oo+ o0q+ ...+ 0 if xp <x<xppq (K=0,1,...,a(n) —
1) and Fi(x) =1 if x > x40, F2(x) = ﬁo+ﬁ1+ A B i e <x < yryr (k=
0,1,...,b(n) — 1) and Fx(x) = 1 if x > yy(,). If the functions F\,F, have n crossing
points and the last sign of F1 —F, is a+, thenfor any n-convex function f: [a;,b;] — R
we have the following inequality

b(n)

a(n)
D oif () < Y Bif(v))- 4.5)
i=1

=1

~.

THEOREM 4.3. Letn>1, ay <a<b<by. Let a(n) = [3] +1, b(n) = [
L. Let X1,..,Xa(n)s Y15+ Yp(n) be real numbers, and ou,..., 04y, Pr... By be
positive numbers, such that 0t + ...+ Oy = 1, B1+. —|—[3b =1,

bi / kdx—ZyJﬁj Zxkal (k=1,2,...,n),

a§x1<x2<...<xa(,,)<b, a<YI<y2<~~~<Yb(n)<br

xla

xza

Xa(n) —a Xa(n) =@

o <O+ A Oy -1 < g
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yi—a n-a
e < B1 <%=

—a

P <Bi+B<

Yb(n)—1—4¢ Yb(n) —4
i <B4 By 1 <

if n is eventhen yy = a, ypn) =b, X1 > a, x4y <b;
if n is odd then y\ = a, ypy) < b, X1 > a, x4 =b.

Let f: [a;,b)] — R be an n-convex function. Then we have the following in-
equalities:

i) if n is even then

a(n) 1 b b(n)
D, 0if(xi) < 5o | Sde< 3 Bif(v)), (4.6)
i=1 a j=1

i) if n is odd then
b(n) 1 b a(n)
2B < 5= | S)dx < X 0if (xi). “.7)
j=1 a i=1

Proof. Let X,Y,Z be random variables such that

a(n) b(n) 1
ux = Y by, uy = 3, B;dy;, uz(dx) = g Xlat] (x)dx.
.':1

i=1 j

We now apply Proposition 4.3 to obtain the following (n + 1)-convex orderings of the
random variables X,Y,Z.

If niseventhen X <(uy1)-cx Z, Z <(n41)—cx ¥'» Which implies (4.6).

If nisoddthen Y <(,y1)-cx Z, Z <(ns1)-cx X » Which implies (4.7). U

5. Inequalities between quadrature operators

In the numerical analysis the inequalities the below type, which are connected
with quadrature operators, are called extremalities. Many extremalities are known in
the numerical analysis (cf. [1], [7], [6] and the references therein).

The numerical analysts prove them using the suitable differentiability assump-
tions. As proved Wasowicz in the papers [31], [32], [34], for convex functions of higher
order some extremalities can be obtained without assumptions of this kind, using only
the higher order convexity itself. The support-type properties play here the crucial role.
As we will show in this paper, some extremalities can be obtained using a probabilistic
characterization. The obtained extremalities are also known, however our method using
the convex stochastic ordering seems to be quite easy.
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For a function f : [—1,1] — R we consider six operators approximating the inte-
gral mean value

They are
() =) +1O)+£(4)).
%) =4 (F(-D) +7(D).
B(F) = 350)+ 55 (F(-F) + ().
Zi(f) 1= (FE0+r) + 5 (F(-5) +7(9)),
L(f) 1= £10)+ 5 (=1 + (1) + 5 (F(—2) + 7 (E)),

NS

S(f) = g (f(=1)+f(1) +3(0).

The operators %, and ¥ are connected with Gauss-Legendre rules. The operators
%, and %5 are connected with Lobatto quadratures. The operators S and C concern
Simpson and Chebyshev quadrature rules, respectively. The operator .# stands for the
integral mean value (see e.g. [27], [35], [36], [37], [38]).

We will establish all possible inequalities between these operators in the class of
higher order convex functions.

REMARK 5.1. Let X5, X3, Y4, Y5, U, V and Z be random variables such that
1
Mo =5{0 5+0; ),
3 3

4 5
Hx; = 5&)4’@ (5_@4-5@)7

3 5
1 5
My, = 358 1+8)+ 15 (8 5 +0y5 ),
3 5

16 1 49

2 1
Uy = 5504'6(5714‘51),

1
Wy =3 (6_ﬁ+60+5ﬁ>,

7 7

Hz(dx) = 5 x-1,1)(x)dx.

Then we have
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8
>
I

E[f(M)],  Z5(f) = E[f(¥s5)),
S =EfW)), C)=EfV)], J(f)=Ef(2)

%D(f) <I(f) <S(f), (5.1

D(f) <Cf) <T(f) <S(f), (5.2)
where T € {43,.%5}.

Proof. From Theorem 4.3 we obtain 43(f) < .Z(f) and Z(f) < S(f), which
implies (5.1). From Theorem 4.1 we obtain % (f) < C(f). By Theorem 4.2 we get

C(f) <4(f), C(f) < Z5(f), 95(f) < S(f), Z5(f) < S(f). This completes the
proof. [

REMARK 5.2. The inequalities (5.2) can be found in [31]. Wasowicz in [31]
proved that the quadratures .4}, % and %5 are not comparable in the class of 3-convex
functions. Moreover, Wasowicz [31], [33] proved, that

C(f) < Z(f), (5.3)

if f is 3-convex. The proof given in [31] is rather complicated. This was done using
computer software. In [33] can be found a new easy proof of (5.3), without the use
of any computer software, based on the spline approximation of convex functions of
higher order. It is worth noting that, Proposition 4.3 does not apply to proving (5.3).

THEOREM 5.2. Let f: [—1,1] = R be 5-convex. Then
G(f) <A () <)), (5.4)
G(f) < Z5(f) < Za(f) (5.5)

Proof. The inequalities (5.4) and (5.5) we derive from Theorems 4.3 and 4.2. [

REMARK 5.3. The inequalities (5.5) can be found in [32], [34]. Wasowicz [32]
proved, that in the class of 5-convex functions the operators %,,C, S are not comparable
both with each other and with 43, %4, % .
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