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WEIGHTED LIPSCHITZ ESTIMATES FOR COMMUTATORS OF
ONE-SIDED OPERATORS ON ONE-SIDED TRIEBEL-LIZORKIN SPACES

ZUN WEI FuU, GUANG LAN WANG AND QING YAN WU

(Communicated by B. Opic)

Abstract. Using the extrapolation of one-sided weights, we establish the boundedness of com-
mutators generated by weighted Lipschitz functions and one-sided singular integral operators
from weighted Lebesgue spaces to weighted one-sided Triebel-Lizorkin spaces. The correspond-
ing results for commutators of one-sided discrete square functions are also obtained.

1. Introduction

The study of one-sided operators was motivated not only as the generalization of
the theory of both-sided ones but also by the requirement in ergodic theory. In [22],
Sawyer studied the weighted theory of one-sided maximal Hardy-Littlewood operators
in depth for the first time. Since then, numerous papers have appeared, among which
we choose to refer to [2], [3], [5], [14], [13], [16] about one-sided operators, [1], [15],
[17], [21] about one-sided spaces and so on. Interestingly, lots of results show that for a
class of smaller operators (one-sided operators) and a class of wider weights (one-sided
weights), many famous results in harmonic analysis still hold.

Recently, Lorente and Riveros introduced the commutators of one-sided operators.
In [10], they investigated the weighted boundedness for commutators generated by sev-
eral one-sided operators (one-sided discrete square functions, one-sided fractional op-
erators, one-sided maximal operators of a certain type) and BMO functions. Recall that
a locally integrable function f is said to belong to BMO(R) if

1
Ifllawo = sup o [17 = fil < ==
1 i

where I denotes any bounded interval and f; = ﬁ J;f)dy. In[11], [12], they ob-
tained the weighted inequalities for commutators of a certain kind of one-sided opera-
tors (one-sided singular integrals and other one-sided operators appeared in [10]) and
the weighted BMO functions.
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Very recently, Fu and Lu [4] introduced a class of one-sided Triebel-Lizorkin
spaces and studied the boundedness for commutators (with symbol b € Lip,, ) of one-
sided Calerén-Zygmund singular integral operators and one-sided fractional integral
operators. A function b € Lip,,, 0 < o < 1, if it satisfies

|b(x+h) —b(x)|
HbHLipa = sup —me < oo,
x,heR, h£0 ||

And it has the following equivalent form [18]:

1

1 1 1 q

ip, sup—— [ |[f—fil~sup——= (= [If—fl") ,
||fHL1pa Ip ‘I|1+O‘,/1‘f f1| Ip ‘I|°‘ <I| /I‘f f1| )

where 1 < g < eo. Obviously, if &« =0, then f € BMO. In fact, BMO and Lip,, are
the special cases of Campanato spaces (cf. [19], [26]). It should be noted that just like
functions in BMO may be unbounded, such as log|x|, the functions in Lip, are not
necessarily bounded either, for example |x|* € Lip,, . Therefore, it is also meaningful
to investigate the commutators generated by operators and Lipschitz functions (cf. [7],
(91, [18D.

Inspired by the above results, we concentrate on the boundedness for commutators
(with symbol b belonging to weighted Lipschitz spaces) of one-sided singular opera-
tors as well as one-sided discrete square functions from weighted Lebesgue spaces to
weighted one-sided Triebel-Lizorkin spaces.

In [18], Paluszynski introduced a kind of Triebel-Lizorkin spaces F,fC . Fu and
Lu [4] gave their one-sided versions.

DEFINITION 1.1. [4] For 0 < ax < 1 and 1 < p < oo, one-sided Triebel-Lizorkin
spaces F,” and F,"" are defined by

’ <OO7
Lr

1 x+h
Hf||F,§ff ~ Zligm/x |f = fiextn|

1 X
RN —_— — _ < oo,
£ = |sop gz [ 1 =

p

REMARK 1.1. Itis clear that Fy"™ G F)%7, "7 G 7, T OF)T = Fp°~.

Furthermore, the weighted one-sided Triebel-Lizorkin spaces have been defined
in [4].

DEFINITION 1.2. For 0 < ot < 1, 1 < p < e and an appropriate weight ®, the
weighted one-sided Triebel-Lizorkin spaces F pa:’(a)) and Flff () are defined by

< oo,
(o)

1 x-+h
1Al (@) zglgm/x f = fvotn)|
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and

< oo,
LP (o)

1 X
11l o) = i‘ighlﬁ/kh \f = fix—nnl

One of the main objects of our study is the one-sided singular integral operator.
Assume that K € L'(R\ {0}), K is said to be a Calderén-Zygmund kernel if the fol-
lowing properties are satisfied:

(a) There exists a positive constant By such that

/ K(x)dx
e<|x|<N

forall £ and N with 0 < & <N, and the limit lim; g+ [, |y; K(x)dx exists.
(b) There exists a positive constant B, such that

gBla

B
[K(x)| < 7
||
for all x # 0.
(c) There exists a positive constant B3 such that
Bsly
Kr—3) K] < 22,

for any x and y with |x| > 2|y]|.
The singular integral with Calderén-Zygmund kernel K is defined by

T f(x) =P-V-/RK(x—y)f(y)dy-

DEFINITION 1.3. [2] A one-sided singular integral T is a singular integral as-
sociated to a Calder6n-Zygmund kernel K with support in (—eo,0):

oo

THf(x)= lim [ K(x—y)f(y)dy.

e—0t Jx+e

Similarly, when the support of K is in (0,+e0),
X—E

T" f(x) = lim K(x—y)f(v)dy.

e—0TJ oo

The other main object in this paper is the one-sided discrete square function. As
it is known, the discrete square function is of interest in ergodic theory and has been
extensively studied (cf. [8]).

DEFINITION 1.4. The one-sided discrete square function S* is defined by

1

STf(x) = (Z |Anf (x) _Anlf(x)2> :

nez

for locally integrable f, where A, f(x) = 2 f’zn f)dy.
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It is easy to see that ST f(x) = [|[UT f(x)||;2, where U™ is the sequence valued
operator

Ut f(x) /Hx V) f()dy, (1.1)

where

(See [25]).

DEFINITION 1.5. The one-sided Hardy-Littlewood maximal operators M™ and
M~ are defined by

n 1 x+h
M7 f(x) =sup f()|dy,
h>0 X
and
X
M f(x) = sup |f(v)|dy,
h>0 h

for locally integrable f.

The good weights for these operators are one-sided weights. Sawyer [22] intro-
duced the one-sided A, classes A;7 A, , which are defined by the following conditions:

1 b c - p—1
sup —— [ w(x)dx /wx pdx) < oo,
g ([ oo

1 c b - p—1
A —_— d rd oo
s ([ ae) <

when 1 < p < eo;also, for p=1,

A

=+

S

AT M wx) <Cw(x), ae.,
A7 MTw(x) <Cw(x), ae.

and

=JA}.

p>1
Let’s recall the definition of weighted Lipschitz spaces given in [6], also see [7].

DEFINITION 1.6. For f € Lj,o(R), 4 € A, 1 < p< oo, 0< B < 1, we say that
f belongs to the weighted Lipschitz space Li pg. u if

1

P
sy, =500 5 | 1760 =P u ) rar] " <o
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when 1 < p <o, and

1 -1
Hf”szM = S‘;PW i‘él;\f(x) — filu(x)"" <o,

where I denotes any bounded interval and f; = ﬁ Iif

The weighted Lipschitz space Lipg. u is a Banach space (modulo constants). Set
Lipﬁ# = Lipll3 w By [6], when u € Ay, then the spaces Lipg. u coincide, and the norms
|- ||Lipg‘“ are equivalent for different p with 1 < p < e, thus ||- ||Ll-pg‘“ ~ |+ llzipy,, for
any 1 < p < eo. Itis clear that for u =1, the space Lipg ,, is the classical Lipschitz

space Lipg. Therefore, weighted Lipschitz spaces are generalizations of the classical
Lipschitz spaces.

DEFINITION 1.7. [10] For appropriate b, the commutators of 7" and ST are
defined by

T, 1) = [ () =) K(x =) f0)d.
and

S0 = [ (600 —bONHx=)f )y

)
12

respectively.

Now, we formulate our main results as follows.

THEOREM 1.1. Assume that 1 < p < e, v €A, and w € A;," are such that

1
pu'te = (L)r for some 0 < o <1 and p € Ay. Then, for b € Lipgy, there exists
C > 0 such that

1T, Fll e oy < CllF ler ),
for all bounded f with compact support.

THEOREM 1.2. Assume that 1 < p <, v €A, and w € A;," are such that

1
ptte = (2)r for some 0 < o0 < 1—
there exists C > 0 such that

—l+£1(w.v) and W € Ay. Then, for b € Lipg y,

+
155 Flge=) < CI ooy
for all bounded f with compact support.

REMARK 1.2. In Theorem 1.2, £(w,v) is a positive number depending only on
w,v. Since the condition that is satisfied by H in (1.1) is weaker than that of Calderdén-
Zygmund kernel K (see [25]), naturally, the requirement of o in Theorem 1.2 should
be stronger.
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We remark that like [11], [12], we will continue to use the one-sided maximal
functions to control the commutators of the two operators in this paper. The difference
is that, by definition of one-sided Triebel-Lizorkin spaces, the proof in this paper goes
without using of one-sided sharp maximal operators.

In Section 2, we will give some necessary lemmas. Then we will prove Theorem
1.1 in Section 3. In the last section, we will give the proof of Theorem 1.2. Throughout
this paper the letter C will be used to denote various constants, and the various uses of
the letter do not, however, denote the same constant.

2. Preliminaries
In order to prove our results, we will first introduce some necessary lemmas.

LEMMA 2.1. [15] Suppose that @ € A|, then there exists € > 0 such that for all
I<r<1l+g, w €Al

The primary tool in our proofs is an extrapolation theorem appeared in [12].

LEMMA 2.2. [12] Let v be a weight and T a sublinear operator defined in
C2(R) and satisfying
17T fll < Cllof],
forall T and o such that 6 = vt, T} €A and ol €Ay Thenfor 1< p < oo,
1T fller oy < Cllfllp s

holds whenever w € A; and v=vPw € Ap.

Based on Lemma 2.3 in [12], we get the following estimate which is essential to
the proofs of Theorem 1.1 and 1.2.

LEMMA 2.3. Let 0 < ax <1, u € Ay and b € Lipg . Assume that T and ¢ =
;,L1+°"L' are such that t=! € Ay and o1 € A|. Then there exists & > 0 such that for
all 1 <r<1+8g,

1 1 B 1/r .
oz (i 100 =00 ) < Clbllput (). ac. xR
where I = [x,x+ h].
Proof. Since 7! € A[, 67! € A;, by Lemma 2.1, there exists & > 0 such that

forall I<r<1+¢g, 17" €A}, 0" €A;. By Theorem 4.4 (Page 272) in [24] and
the fact that 4 € A;, we have

(o o) o)

L[ | r
<C— —/su —/bt b dt) o~ (y)d
= zfil’(m [1ot6) ~balar ) o (3)ay

C

1/r
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1 1 ‘u(‘])>(l+a)r ( ) B
<Ct —/ A Jper /b —bjldt) 6~ (y)d
c
1 1 or 1+oc) v
< CWPlinan Tz 7 11O 0 ()

1 1/r
<l { [ 000}

<CJb] Lipe T (),

1/r

foralmostall xe R. O

LEMMA 2.4. Assume that b € Lipgy, 1 € A1, x € R and h > 0. For each
JELT, let I} = [x,x—!—ZJh], j=3. Then

240((1 _ 2(j—2)a)

|b’ 120

—bi| < Clb||Lipg.p p(x)'*

Jt1

Proof. Since u € A;, we have

1 11 U(Lper)\'
— by —by | < —— | |b(t)—by.  |dt <C2mtDe bl
ha ‘ In Im+l‘ ha ‘Im| [m | ( ) Im+l‘ ‘Im-i-l‘ H HLlell

<2V p| g bt (x) 1

Therefore,

1 1<
| —by| < haZ\bIm et | < ClUB| Lipg bt (x) ”“22"’“

m=3 m=3
24a(1 _ 2(j—2)oc)

1+a
T—7a x) %

< Cl|b|Lipg.u

The lemma is proved. [

Using some notations of [10], [11] and [12], we will prove Theorem 1.1 and The-
orem 1.2, respectively.

3. Weighted estimates for commutators of one-sided singular integrals

Proof of Theorem 1.1. Let A be an arbitrary constant. Then

LS f(x) =TT ((A = b)f)(x) + (b(x) = A)T* f(x).
Let x€ R, h >0, J = [x,x+ 8h]. Write f = fi + f», where fi = fxs, set L =b;.
Then

1 x+2h N N
W/v T, () = (T, f) jxvan [ dy

2 X+2h
<ars [ O) =T (= bi)f2) e+ 2m)ldy



618 Z.W.Fu, G. L. WANG AND Q. Y. WU

2 x+2h
<o [T (@=b)f)G)ay

2 x+2h
tom [ TG )0) = T (b= bi)f) e+ 20l dy

- o) — bl £y
= 2(1(x) + 1 (x) + I (x)).

By definition of Calderén-Zygmund kernel, we have

xt+2h x+2h—y
b(t)—>b dtdy.
<emma [ T — bl )y

Consider the following three sublinear operators defined on C;":
n 1 x+2h n
M F) = suphm [Tt =zl

*+2h x+2h—y
M f( / / b(t) — by||f (1) |dtdy,
2f Suph1+a L8N t— )C—|—2h))2| ( ) JHf( )‘ y

X+2h
M) =sup e [ b0~ biecssills0)
h>0 x

The above inequalities imply that

1 x+2h N N
w0 = (5 Disanldy

S C (M f(x) + My f(x)+ M3 (T f)(x)) .

Now, let’s discuss the boundedness of these three operators. For M, .

3.1)

(3.2)

Assume

that 7 and 0 = u!"*7 are such that 77! € A] and 6! €A;. Let I <r<1l+g,
where &, is as in Lemma 2.3. By Holder’s inequality, Lemma 2.3 and the fact that 7"

is bounded from L"(R) to L"(R) [2], we get

1 X+2h
s [ T b) ) )y

x+2h L/r
< (i@

<S (L[ e -msra)”

1 /1 [xt8h B L/r
<Clrollge (3 [ o) -oitoiay)

<l Lipgpull folloT™ (x).

Therefore,
1TM fleo < C| fO|oo-
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Then by Lemma 2.2, for w € A;,’ and v = u(1t®)ry ¢ Ap, we have

1M fllp oy < Clf o) (3.3)

For My ,let I; = [x,x+2/h], j € Z" . Then

x+2h x+2h—y
w | T~y

S
h* Jx S x2in (t— (x+2h))?

~

°° 1 x+2/ 1
<CY o Ly, POl
J=

x+2/h
(3.4

> 2/ 1
gcz/ (21_2) <2j+1h1+a ~/1j+1 |b(t)_b1j+1”f(t)|dt

_|_

1
W/IM b1y, _bJ|f(f)|df>

= C %(Ul (x) +1D(x)).

IIMX

By Holder’s inequality and Lemma 2.3, we have

1
W/Ij“ |b(t) = bry ., |1.f(¢) d

1 1 1/r
r r
] (m/lj+l |b(t) = by, "I df)

1 1 L 1/r
<lrol (57 | 00y o)
J

< 2V | Lipg, I f O]l (0).

I (x) =

(3.5)

Since 6~! € Ay, then by Lemma 2.4,

1
1) = sy | 1y~ bl F @)l
J

1
< — by, —b am—/ o ldr
ha‘ i1 J|||f || ‘IJ+1| 1o 46
2091207 g L '
<C||b||Lipa,uWu(x) [folleo™" (x)

24a(1—2< )

= Clbllzipop——— Ifollet™" (x).



620 Z.W.Fu, G. L. WANG AND Q. Y. WU

Then (3.4)-(3.6) indicate that

x+2h xX+2h— y
b(t)—b t)|dtd
e R e O R INOL T2

< 1 24a(1 _ 2(j—2)a) 3.7)
Yx (j+1)e .
< b Lipgll follet( ;2_] ( ey 02200

< CILipg |l follet™ (x),
where the last inequality is due to the fact that 0 < o0 < 1. Consequently,
1My flleo < C| fO|eo-
Then by Lemma 2.2, for w € A; and v = u(1t®ry ¢ Ap, we have
145 fllowy < C Nl - (3.8)
For M . By Holder’s inequality and Lemma 2.4, we get

1 X+2h
[ 1b0)=bill)idy

C /1 [xt2h , . 1/r
< (3] w0 -orrsoiray)

1 1 [x+8h B L/r
<Clsologz (3 [ o) -l O)y)

80|77 (x).

= C||b||Lipe.u

Thus,
ITM5 gl < Cllg0 |-

From Lemma 2.2, we get
IM5 gl oy < Cllgll ey (3.9)

where w € A} and v = p+®Py € A,. Since T+ is bounded from LP(v) to LP(v)
[2], it follows that

IM3 (T f)lo oy < CNTT fllee ) < CNS e - (3.10)

Consequently, by (3.2), (3.3), (3.8) and (3.10), we obtain

||Th+f||F,‘,ff(w) <[ fllerw)

LP(w)

: /X+h\7+f (1,7 1) ‘
su
h>I(; hlte | b b J ) beth]

This completes the proof of Theorem 1.1. [
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Weighted estimates for commutators of one-sided discrete square functions

Proof of Theorem 1.2. The procedure of this proof is analogous to that of Theorem

1.1. Let A be an arbitrary constant. Then

(b(X) —b(y)H(x—y)f (y)dy

H /ny v)dy

= ASTS(x) +8T((b—A)f) (x)-

Sy flx) =

12

+| [ Ha=3)b0) -2)50)dy

12

Let x € R, 7 >0 and let j € Z be such that 2/ < h < 2/*!. Set J = [x,x+2/%3]. Write

f=/fi+ /2, where fi = fx;,set A =b;. Then
1 xX+2h
| ISE0) = (55 Py
2 X+2h
it [ IS5I0) =S (b=b)R)(0ldy
2 X+2h
<oz ST G=bR)ay
2 x+2h
toa [ ST@=B)R)0) = ST (b= b)) Wy
2 x+2h
torma [ bO) = bilISt Iy
=2(L(x)+ LL(x) + LLL(x)).

By definition, we have

x+2/+2
< ig [ 0TG- 0)R0) - U (- b)) W

1 X+2/12 oo
Sama | 1O =bs@lH =)~ He—1) |adrd.
Define sublinear operators:

1 x42/12
M f(x) = Sggm/ ST((b—bs)f20) (¥)ldy,

j+2
M) =swp o [T PO (1)~ Hx 1)y
5 jez. 2j(14a) x+2]+3 I} .
It follows that
1 x+2h N N
W/x 1Sy £(V) = (Sy ) peerom|dy @.1)

< C (M f(x)+M{ f(x)+ M (ST (),
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where M;r is defined in (3.1). It follows from (3.10) that
1M (ST F)lr oy SCISTFllir ()

By Theorem A in [25], we have

1S Fllze ) < CIf e
Therefore,
1M (ST )| oy < CIfllLr ) 4.2)

holds for w € A} and v = u(1*®@Pw € A,,.

Next we shall prove that M, , MJ are all bounded from L?(v) to L?(w). For M .
Assume that T and 6 = u!'*%7 are such that 77! € A|' and 67! € A|. By Holder’s
inequality, Lemma 2.3 and the fact that S* is bounded from L"(R) to L"(R) [25], we
get

1 x427+2
S ST @—brm)mlay

C 1 px+2/t?
< 77 (E/x S*((b—bj)ij)(y)l’dy>

x42743
< Zi <2i / : (b(y)—bj)f(y)l’dy>

1/r

1/r

1 1 x2itl i
_ _ _ V=T
<Clfolloziz (5 [ 1bO)=bil ' D)y
= Clbllipell f0 =7 ()

Therefore,
1TM flleo < C fO|oo-

Then by Lemma 2.2, the inequality

M fllzey < CIf o) (4.3)

holds for w € A} and v = p(It®Pyw € A,
For M, let I; = [x,x+2/], j € Z. Then

[ 60 =g OlH =)~ o) s
fd x+2k+1
) kgjd /x+2k [(b(t) = by ) F@)|H(y—1) — H(x —1)]| pdt (4.4)

o x4kt
X lbu bl [ UOIH =1~ B 1) |odr
k=j+3 x+2!

=LL(x)+LLy(x).
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1
Since T and 0 =pu' %7 =(L)rTaresuchthat 7' €A and 6! €A CA|, by
Lemma 2.1, there exists € >0 such that when 1 <r<1+¢€,7 "€A and 6" " €A .

Since @ < 1 — ﬁ , we can choose r > 1 such that @ < %, then by Holder’s inequality

and Lemma 2.3,

r

e 3 ( G —bzk“’f(t)lrdf)

7

x 2kt , r
x (/ 1H(y—1) —H(x—t)||lr2dt> .

+2¢

By Theorem 1.6 in [25], for all y € [x,x+2/*3], the kernel H satisfies

1

x 2kt , P er—;
[ IHG=0-HE-0lp | <o (4.5)
x+2k 2

Therefore

1

J
< 27 ro—r
i <clfole 3 30 ([ 1b0-bi o)
k+1

k=j+3
< ol ) 3, St
X o Lipo,u X Tk k1 "
P P 2k (4.6)
i
<C A 27 (k1) et 1)
<Clfolelbllipeat ) ¥ T '
k=j+3
< CYIbl|Lipg ull fO 7™ (x).
By the same proof as in Lemma 2.4 we can get that
k
b1 = bsl <Y by — br, | S CQR7%+2°9)|b] i uit ' (x)
m=j+3

Then by (4.5), Holder’s inequality and the fact that 6" € A, o < % , we have

1 o 27 (2% 42k G
La(n) < Clplu 0 3 ZEEED ([ jriyrar)
k+1

k=j+3
J . 1
= 27 (21% 4 ok . 47
< Clbluipealfollon' ) 3 === ([ o
k=j+3 It
< C2bl|Lipgull fO T ().

Following from (4.4), (4.6) and (4.7), we get

/ :’W (B = b FONH — 1) — H(x— 1)t < 2 bl p | £t (3):
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Consequently,

1 x2/12 oo
g | O =bDFONH 1)~ Hlx 1) | didy

< ClLipg.pll follt™! (x).

Therefore,

ITMS fll < ClI fO |-

Then by Lemma 2.2, the inequality

M5 fll o ) < CUISf 2o ) (4.8)

holds for w € A} and v = p+®Py € A, Then Theorem 1.2 follows form (4.1)-(4.3)
and (4.8). U

REMARK 4.1. It should be noted that by the well-known extrapolation theorem

appeared in [23] and the similar estimate of Lemma 2.3, we can also obtain the cor-
responding boundedness for commutators generated by ‘both-sided’ singular integrals
and weighted Lipschitz functions from weighted Lebesgue spaces to weighted ‘both-
sided” Triebel-Lizorkin spaces. We leave the completion of the proof to the interested
readers.
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