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AN APPLICATION OF JENSEN’S INEQUALITY IN DETERMINING
THE ORDER OF MAGNITUDE OF MULTIPLE FOURIER
COEFFICIENTS OF FUNCTIONS OF BOUNDED ¢-VARIATION

BHIKHA LiILA GHODADRA

(Communicated by J. Pecari¢)

Abstract. For a Lebesgue integrable complex-valued function f defined over the n-dimensional
torus T" := [0,27)", n € N, let f(k) denote the Fourier coefficient of f, where k= (ki ... k)
€ 7. The Riemann-Lebesgue lemma shows that (k) = o(1) as |k| — 0 forany f € L1(T").
However, it is known that, these Fourier coefficients can tend to zero as slowly as we wish. The
definitive results are due to V. Fiilop and F. Méricz for functions of bounded variation, and due
to B. L. Ghodadra for functions of bounded p-variation. In this paper, defining the notion of
bounded ¢ -variation for a function from [0,27]" to C in two different ways, we prove that
this is the case for Fourier coefficients of such functions also. Interestingly, in proving our main
results we use the famous Jensen’s inequality for integrals. Our new results with ¢(x) = x”
(p > 1) gives our earlier results [Acta Math. Hungar, 128 (4) (2010), 328-343].

1. Introduction

For a function of two variables several definitions of bounded variation are given
and various properties are studied (see, for example, [5, 1]). In 2002 F. Moéricz [6]
studied the order of magnitude of double Fourier coefficients with the help of Riemann-
Stieltjes integral of functions of two variables and in 2004 V. Fiilop and F. Méricz [4]
studied the order of magnitude of multiple Fourier coefficients of functions of bounded
variation in the sense of Vitali and, Hardy and Krause (see [2]) in a straightforward
way without using Riemann-Stieltjes integral. In [3] we have defined the concept of
bounded p-variation (p > 1) for a function of several variables in two different ways
and studied the order of magnitude of Fourier coefficients for such functions. Here, we
define the concept of bounded ¢ -variation and study the order of magnitude of Fourier
coefficients for such functions. Interestingly, in proving our main results (Theorems 1
and 2 below) we use the famous Jensen’s inequality for integrals. Our new results with
¢(x) =xP (p > 1) gives our earlier results [3].

Mathematics subject classification (2010): 42B05, 26D15, 26B30.
Keywords and phrases: Jensen’s inequality, multiple Fourier coefficient, function of bounded ¢ -
variation in several variables, order of magnitude.
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2. Notation and Definitions

Let R be the rectangle R = [ay,b1] X ... X [ay,b,]. By a (finite) partition & of
R we mean the set & = {Ry,...,R;}, in which R;’s are pairwise disjoint (no two
have common interior) subrectangles of R having their sides (faces) parallel to the
standard coordinate hyperplanes and whose union is R. Let f = f(xj,...,x,) be a real
or complex-valued function on R. For any subrectangle R’ = [0y, 1] X ... X [04, Bn]
of R with a; < oy < B; < b; forall i =1,2,...,n, we define Af(R’) as follows: When
n =2 we put

Af(R') : = Af([ou, Bi] x [0, Ba])
= f(B1,B2) — f(Br,02) — fou, Ba) + f(ou, 0);

forn=23

Af(R):=Af([ou,B1] % ... x [03,B3])
= [f(B1,B2,B3) — f(Br,02,B3) — f(ou, B2, B3) + f(eu, 02, B3)]
—[f(B1,B2,03) — f(B1,02,05) — f(eu, B2, 05) + f (o, 00,05)]
= Ao 5] AF ([0, Bi] X [02, Ba]), say;

and successively for any n > 3

Af(R) :=Af([ou,B1] X ... % [0, Ba])
Al g A ([0, Br] X oo X [0n—1, Bu1])-
In what follows, we consider ¢ : [0,00) — R a strictly increasing convex function

with ¢(0) = 0. The function ¢ is said to be a A, -function if there is a constant d > 2
such that ¢(2x) < d¢(x) forall x > 0.

DEFINITION 1. We say that f is of bounded ¢ -variation over R in the sense of
Vitali (written as f € §BVy(R)) if V4(f:R), the total ¢ -variation of f over R, is
finite, where

Vo (f3R) :=sup{2¢(lAf(Ri)l)}, (1)
i=1
in which the supremum is taken over all partitions {Ry,...,R,} of R.

REMARK 1. Note that for ¢(x) =x” (p > 1) above definition is same as the
definition of a function of bounded p-variation (see [3, Definition V]) and hence for
¢ (x) = x above definition is equivalent to that of Vitali (see, for example, [2, 4] and [3,
Remark 17]).

As noted by V. Fiilop and F. Méricz [4, p. 96], in this case also, when n > 2, a func-
tion f in the class @BVy(R) is not necessarily measurable in the sense of Lebesgue.
This is a consequence of the fact that if a function f = f(x,...,x,) does not depend on
at least one of the x1,...,x,, then for any subrectangle R’ of R we have Af(R') =0, so
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that V (f;R) = 0. Consequently, the class $BVy(R) contains functions for which the
n-dimensional Lebesgue integral over R fails to exist. Following definition is motivated
by this fact.

DEFINITION 2. In case n =2, we say that a function f = f(x;,x,) is of bounded
¢ -variation over R := [ay,b] X [az,b] in the sense of Hardy, in symbol: f € ¢BVy(R),
if it is in the class ¢BVy (R) and if the marginal functions f(x;,a;) and f(a;,x;) are
of bounded ¢ -variation on the intervals [} := [a;,b;] and L, := [aa,bs], respectively in
the sense of Young [8].

In case n > 3, the notion of bounded ¢ -variation in the sense of Hardy over a
rectangle R can naturally be defined by the following recurrence: f € ¢BVy(R) if
f € ¢BVy(R) and each of the marginal functions f(xi,...,az,...,x,) is in the class
¢BVy(R(ay)), where k=1,...,n and

R(ak) = {(x17...,xk_1,xk+17...,xn) GRn_l Laj <)Cj gbj

forj=1,....,k—1,k+1,...,n}.

This definition can be equivalently reformulated as follows: f € ¢BVy(R) if and
only if f € ¢BVy(R) and for any choice of (1 <) j; <...< ju (<n), | <m<n,the
function f(x1,...,aj,,...,aj,,...,x,) is in the class ¢BVy(R(aj,,...,a},)), where

R(aj,,...,a;,) ={(x¢,.. . x,,,) ER"™: a; <x; < b
forj="41,....0_m}

and {{y,...,0,_p} is the complementary set of {j,..., jm} with respectto {1,...,n}.

REMARK 2. When ¢(x) =x” (p > 1) our Definition 2 is same as our earlier def-
inition of a function of bounded p-variation (see [3, Definition H]) and hence when
¢ (x) = x above definition is equivalent that given by Hardy and Krause (see, for exam-
ple, [2, 4])(refer Lemma 2 below).

Next let n be a positive integer, T" the n-dimensional torus identified with Q =
[-m,m]" and let its dual be identified with Z". The points (xi,...,x,) of Q and
(ki,...,ky) of Z" are denoted by x and k respectively; k-x denotes the scalar product

givenby k-x = kyx| +...+kux, and |x| denotes the number +/|x[2 + ...+ |x,|2. For
f € LY(T") its formal Fourier series is given by

fx)~ Y fk)e ™),

kezn

where f(k) denotes the k' Fourier coefficient of f(x) given by

1

f(k) - (271')"

/ Fx)e %) gy,
Q
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3. Statements of Results

We prove the following results.
LEMMA 1. If f € ¢BVy(R) then f is bounded over R.

LEMMA 2. If ¢ is Ay and f € ¢BVy(R) then for any arbitrary fixed values
cj, € laj,bjls....cj, € aj,bj,], 1<) j1<...<jm(<n), and 1 <m <n, the
function f(-,....Cj ... ,Cjps-.-,) is in the class $BVy(R(aj,,...,a;,)) and that

V¢(f(-7...,le,...,ij,...,-);R(aj17...,ajm))

Sdm{Vq)(f;R)—FE 2 Vi (f(-,...,a_yl,...,ask,...,-);R(asl,...,ask)) }

LEMMA 3. Let f € §BVy(R), where R=[ay,b1] X ... X [an,by). Let {R1,... R}
be a partition of R. Then f € ¢BVvy(R;) for each i =1,...,m, and that

m

D> Vo(fiRi) <V (f:R).

i=1

LEMMA 4. Let f € §BVy(R), where R = [a1,b1] X [a2,b2]. If f(x,¥) (respec-
tively f(x,y)) for some y (respectively x ) has only a denumerable number of discon-
tinuities in x (respectively y), the discontinuities in x (respectively y) of f(x,y) are
located on a denumerable number of parallels to the y-axis (respectively x-axis).

LEMMA 5. Let f € ¢BVy(R), where R = [a1,b;] X [aa,b2]. Then the set of all
points (x,¥) € R for which f(x,y) is discontinuous at (X,y), but f(x,y) is continuous
at X and f(X,y) is continuous at y, is denumerable.

LEMMA 6. Let f € 9BVy(R), where R = [ay,b;] X [a2,b2]. Then the discontinu-
ities of f(x,y) are located on a countable number of parallels to the axes.

LEMMA 7. Let f € §BVy(R), where R = [ay,b1] X ... X [ay,by|. Then the dis-
continuities of f are located on a countable number of (n — 1)-dimensional hyper-
planes parallel to some of the coordinate hyperplanes.

THEOREM 1. Let f:R" — C be 2r-periodic in each variable. If ¢ is Ay, [ €
¢#BVy([0,27]")NLY(T") and k = (ky,...,k,) € Z" is such that k; # 0 for each j, then

. . 1
fk)=0 (q) <7 H;’-zlk,|>> :



JENSEN’S INEQUALITY — MULTIPLE FOURIER COEFFICIENTS 711

THEOREM 2. Let f:R" — C be 2m-periodic in each variable. If ¢ is Ay and
f € ¢BVH([0,27]") then for any 0 #k = (ky,...,k,) € Z",

fw=0 <¢ (Hyzl,k,ﬁb )) '

REMARK 3. Taking ¢(x) =x” (p > 1), we get our earlier results (see [3, Theo-
rems 1 and 2]) and hence our new results generalize our earlier results.

4. Proof of the results

Proof of Lemma 1. Observe that when n = 2, for any (x;,x;) € R=1} X I we
have

|f (e, x0)] < [f(x1,22) = f(x1,a0) — flar,x2) + f(ar,az2)]
+1f(x1,a2) = flar,a2)| + | f(a1,x2) — flar,a2)| +|f (a1, a2)]
<O Vo(fiR) + ¢ (Vo (f(haz);s 1)) + 0 (Vo(f(ar,);)) + | f(ar,a0)]-

Similarly when n > 2, for any x € R = [a1,b1] X ... X [ay,b,] we have
FOI< 0™ (Vo (f:R)) + | f(a)]
n—1
+{Z 2 (P_l(Vd)(f('7"‘7aj17"‘7ajm7'"7');R(aj17"'7ajm)))}'

m=11<j1<...<jm<n

This completes the proof of Lemma 1. [

Proof of Lemma 2. Note that for any x,y > 0 we have

¢(x+y) < ¢(2max{x,y}) < do(max{x,y}) <d(¢(x)+0(y)), 2)
since ¢ is increasing and A .

First we will prove the lemma for n = 2. We must show that for any a; < ¢ < by
and a; < c; < b; we have

Vo(f(re2)sh) <d{Vy(fsR)+Vo(f(-a2)ih) 5 3)

Vo (fler,)sh) <d{Vs(fiR)+Vy(flar, ):b)}. 4)

Fix ay < c2 < by. Then for any partition {a; =x9, xl, ..., xI' = b} of I, in view of
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(2), we have

30 (170 c2) — FE )
=1

1

m

= §,¢ (IAf (i) % [az,e]) + {f (6 a2) = F (6 sa2) })

<d i‘mAf([ X % [02702])|)+§i¢(f(xli,a2)—f(ﬂil,az)|)}
<d{Vy(fsR)+ Vo (f (- a2)shh) } -

Taking supremum over all partitions of I; we get (3). The proof of (4) is similar to that
of (3).

Now we will show the lemma for n = 3. By symmetry in the variables x,x7,x3,
it is enough to show the following:

(1) For any a3 < c¢3 < b3

Vo(f(- e3);R(a3)) <d{Vy(fiR)+Vy(f(-,-,a3);R(az))} .

(ii) For any ar < ¢ < by and a3 < ¢c3 < b3

Vo (f(.c2.¢3)iR(az,a3)) < d*{Vs(fiR) + Vo (f (- a2,"):R(a2))

+V(f(--,a3):R(a3)) + Vo (f(-,a2,a3):R(az,a3)) }.

To prove (i), consider a partition {R;};_, of R(a3z). Then {R; x [a3,¢3]}}_, isa
collection of disjoint subrectangles of R. Therefore in view of (2)

s

S0 (a1Cc YR = 3 0 (AF(R: * as.c3]) + AF(-r-as)(R)])

i=1

< {i (IAf(R; % as»CaDl)ﬂLi¢(|Af(wa3)(Ri))}

i=1
<d{Vo(fiR) +Vo(f( - a3):R(a3)) }
Taking supremum over all partitions of R(a3) we get (i)

Next, to prove (ii), consider a partition {a; = x(l),xl, x} = b1} of R(az,a3).
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Then using (2) twice we get

Y O(F(hcanes) — Fheaes))

i=1

= 2¢(\Af xXi] x [az,ca] x [as,c3]) + Af (- a2, ) (¥, x4] % [as, c3])
+Af("'7a3)([xi1_laxil} X [az,CzD +{f(xil’a2’a3> _f(xil_l7a2’a3)}|)

<d22{ (A 6] x fazsea] % fanses])]) + 0 (1A (raz, ) o] x fasses))])

i=1
+ O (1A as) (T xd] x a2, ea])]) + ¢ (1f (¥, a2, a3) —f(x’i_lﬂz»%)l)}

<A Vs (f1R)+Vo (£ (102, )i R(@2)) + Vo (f(:,,a3):R(a3))
+Vy(f(-,a2,a3);R(az,a3)) }.

This proves the lemma for n = 3. A similar argument proves the lemma for any n. [J

Proof of Lemma 3. Let {R;j: j=1,...,n;} be any partition of R;, for each i =
1,...,m. Then {R;j: j=1,...,n;5i = 1,...,m} is clearly a partition of R and since

f € 0BVy(R),

||M§

5.3 05tk < Vo7

Taking supremum over all partitions {R1;: j=1,...,n;} of R; (keeping the partitions
of Ry,...,R,, fixed) we get

m n;

Vo (f:R1) +ZE¢ AF(Rij)]) < Vo (f3R).

i=2j=

Similarly taking supremum over all partitions of R, (keeping the partitions of R3, ..., R,
fixed), and continuing in this way for R3,...,R, we get the lemma. [

Proof of Lemma 4. Let E = {(x,y) € R : f has a discontinuity in x} and E; =
{(¥,¥) €R: f(x,y) is discontinuous at x}. Then E5 C E and by our assumption Ej is
denumerable.

If possible suppose there is a non-denumerable set S of vertical lines each con-
taining at least one point of E. Since Ej is denumerable, clearly only a denumerable
subset of S made up wholly of points of Ej5. Let the remaining lines of S constitute
the subset S ; then each line of S| contains at least one point of £ and no point of
Ej5, and S is non-denumerable. On each line of S} (which lie interior to R) choose a
point of E; at this point the saltus, say, s of f in x is positive and hence ¢(s/4) is also
positive. This non-denumerable set of positive values ¢(s/4) contains a subset whose
elements are the terms of a divergent series. Thus there is a sequence {(x;,y;)};, of
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distinct points in E, which lie interior to R and on different lines in Sy, such that
o s
So() -
i=1 4

where s; = the saltus in x at (x;,y;) = \ FOa+,yi) — flx = y,)\ Now by arguing as in
the proof of Lemma 4 in [3], for & = ¥, we can choose x/, x/ such that x; < x; < x}
for each i, the intervals {[x}, x/]}7, are pairwise disjoint, and

|f(~x;/;_)7i) _f(x;7yi) _f(x;/ay) +f(xia}7)‘ 2 &

Thus if R; denotes the rectangle with vertices (x”,y;), (xl,yi), (x/,¥) and (x},y) for
each i then, since ¢ is non-decreasing, we get

o oo
S0 (a7) > Sole) = T o (§) ==

i= i=1 i=1

This shows that Vy(f;R) = oo; from this contradiction lemma follows. [J

Proof of Lemma 5. Let (x,y) be such a discontinuity. Then there exists € > 0
such that for every & > 0 there is a point, say, (x',y") (depending on &) such that

V=02 +(/ =52 <8 but [f()—f(£.5)] > )

Also, by the continuity of f(-,¥) and f(x,-) at X and y respectively, thereisa § >0
such that

= f| <8 = f(6,5) ~ f(£5) < 7 and [y=F] <8 = |f(£) — f(£5)| < 3.

For this &, as above, there is a point (x',y’) such that (5) holds. Since

VO 2 (32 2 W -] and /(02 (- 52 Y
we get
) = FE) < 5o ) = fE )] < 72
which shows that

FO,7) + F(Z,Y) —2f(%,7)] < ;

Thus for the rectangle R’ with sides parallel to the axes and whose two vertices are
(x,y) and (¥',y"), we have

o (IAf(R)]) = 0 (If(.Y) = f(.5) = F(ZY) + £(%,9)])
o (If (& Y) = fE®D = F (&, 3) + F(Fy) =2/ (%,9)])

e Do)
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The assumption that the set of such discontinuities is non-denumerable then leads to a
contradiction just as in the case of Lemma 4. [

Proof of Lemma 6. Since f € ¢BVy(R), f € ¢BVy(R) and the marginal func-
tions f(x,ap) and f(a;,y) are of bounded ¢ -variation on I; and I, respectively.
Therefore f(x,a;) has only a denumerable number of discontinuities in x and f(ay,y)
has only a denumerable number of discontinuities in y (see, for example, [7, p. 51]).
So, in view of Lemma 4, the discontinuities in x or y of f(x,y) are located on a count-

able number of parallels to the coordinate axes. Now the lemma follows from Lemma
5. 0O

Proof of Lemma 7. In view of Lemmas 5 and 6, the proof of this lemma is similar
to that of Lemma 7 in [3] and we shall omitit. [

Proof of Theorem 1. For the sake of simplicity in writing, we carry out the proof
for n =2, and we write (x,y) and (k,£) in place of (x1,x2) and (ki,k) respectively.
Let k = (k,£) € Z? be such that k # 0, £ # 0. Then the functions e~"** and ¢~

are periodic functions of periods % and ‘2/—’|’ respectively. Thus by putting

2 2
a,zr-—n (r=0,1,...,[k); bszs-—n- (s=0,1,...,]¢)
K| g
we get
Aar . by )
/ Ry =0 (r=1,2,..|k]): / e dy=0 (s=1,2,....|¢). (6
ar_1 bs—1
Define three functions fi, f>, f3 on T? by setting
J1(x,y) = fx,bs—1) (0<x<2m; b1 <y<by) fors=1,...,[¢;
fxy) = flar—1,y) (ar-1 <x<a; 0<y<2m) for r=1,...,]k|;
and
f3(X,y) :f(arfhb.\'fl) (arfl <x<ap b1 <y < bs)

forr=1,...0kl; s=1,...,]¢.

Since f € ¢BVy([0,27]%) NL!(T?), each f; € $BVy([0,27]*) NL'(T?). Since
¢ is Ag, in view of (2), f — fi — fo+ f3 € 9BVy([0,27]*) NL!(T?). Further in view
of Fubini’s theorem and relations (6) we have

14l

2n 21 . . 27 by » .
/ fix,y)e ®e Wdxdy = / [2 / f(x,bs_l)e’”dy}e’k"dX=0,
0 0 0 s=1 hsfl

2 21 X . 2n IK| (2 . .
/0 A b (x,y)e—zkxe—z(ydxdy = /0 |: 2 f(ar—l ,y)e—zkxdx] e—zfydy =0

r=1"74-1
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and

IK] VI

2 f2m . ) by
/ Firy)e ®eBaxdy =Y / / Flarr,by1)e e P dxdy = 0.
0 0 Ay vl

rlsl

Using these equations in the definition of f(k) we get

2n p21
/ Flx,y)e e '“dxdy'

B 21 271' X ‘[ydd
—‘M / (f=fi—fatf3)(x,y)e” XY‘

2n r21;
<W/o 0 |(f = fi = fa+ 13) (x,y)|dxdy.

Thus for any ¢ > 0, using Jensen’s inequality for integrals, in view of Lemma 3, we get
R ¢ 2 2w
ol <0 (g [ 10 A= ot 2 )y
(2m)*Jo Jo

1 2 21
—2/ O (c|(f = fi— fo+ f3)(x,y)]) dxdy

IK] If\

2n222/u / o (c|(f = fi— fa+ f3)(x,y)]) dxdy

r=1s=1
L

z,rzEE/arl/br (c|fGx,y) = f(x,bs—1)

r=1s=1
— flar—1,y) + far—1,bs—1)|)dxdy

Ikl 1]
(2711. 2 Z,l ZV(I) Cf ar— laar] [bs—lab.\'})(ar—ar_l)(bs—bs_l)
< o L Voferi0.2a). )

Since ¢ is convex and ¢(0) =0, for ¢ € (0,1) we have ¢(cx) < c¢d(x) and hence we
can choose sufficiently small ¢ € (0,1) such that V4 (cf;[0,27]?) < 1. Thus, in view

of (7), we get
N 1 /1
<o ()

This completes the proof of Theorem 1. [

Proof of Theorem 2. Here also we will carry out the proof for n = 2 and use nota-
tions as in the proof of Theorem 1. Since f € ¢BVy([0,27]?), in view of Lemma 6 (use
Lemma 7 for general case), the discontinuities of f lie on countable number of parallels
to the axes and hence f is measurable over T2 in the sense of Lebesgue. Further, by
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Lemma 1, f is bounded over [0,27]* and hence f € L!(T?). As ¢BVy([0,27]?) C
BVy([0,27]%), f € LY(T?)N¢BVy([0,27]?). Therefore if k = (k,£) € Z? is such that
k0,00, by Theorem 1, f(k) =0 (¢~'(1/[k])) . Next, let k = (k,£) € Z* be such
that k £ 0, £ =0 and let a,’s and f, be as defined in the proof of Theorem 1. Then we
have

2n r2m . o 1K r .
/ ol y)e M dxdy = / 3 flari [/ ’k"dx] dy =0,
0 0 0 Ay

in view of Fubini’s theorem and (6); and,

~

2n 2w .
700 = '@ [ (f—fz)(x,y)e””‘dxdy'

1 2 p2m
< — — X, y)|dxdy.
G )y 10— Py
Thus for any ¢ > 0, by Jensen’s inequality, we have

o clfo) <o (o [ [ 17 sy

T (el = ) (xy)]) dxdy

2n
= (271.)2/0 lz ¢ (c|f(x,y) — (arl,y))dx‘| dy

ar—1
||

<o [ | S Veles (sl —a) |
X (271')2 0 ] ¢ s V) Ur—1,4r r r—1

oL
~(2m)? Ik

2
< o AV (es:0.2) + V(e (.0 0,20y
_ dlVo(ef:10.22) + Voles (-, 0):(0.21])
g |

in view of Lemma 3 (for a function of one variable) and Lemma 2. Since ¢ is convex
and ¢(0) =0, now we can choose ¢ € (0,1) so small such that Vy(cf;[0,27]%) < 5

and Vy(cf(-,0);]0,2x]) < 2 7 - Thus by above inequality we get

fu=itwor=o (o (7))

The case k=0, £ # 0, is similar to the above case and in this case we get

oa-ofo- (1)

This completes the proof of the Theorem 2. [J

” Vo (cf(+,¥):[0,2x])dy
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