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APPLICATIONS OF HOLDER’S AND JENSEN’S
INEQUALITIES IN STUDYING THE -ABSOLUTE
CONVERGENCE OF VILENKIN-FOURIER SERIES

BHIKHA LILA GHODADRA

(Communicated by L. Leindler)

Abstract. In this paper the f3-absolute convergence (0 < 8 < 2) of Vilenkin-Fourier series for
the functions of various classes of functions of generalized bounded fluctuation is studied. In
proving our main results we use famous Holder’s inequality and Jensen’s inequality for integrals.
As a particular case our results give bounded Vilenkin group analogue of the corresponding circle
group results of Schramm and Waterman [Acta. Math. Acad. Sci. Hungar 40 (3—4) (1982), 273—
276]. One of our results generalizes the earlier result of Uno [Sci. Rep. Kanazawa Univ. 29 (2)
(1984), 97-102]. It also generalizes the results of Onneweer [Duke Math. J. 39 (4) (1972),
599-609; Corollary 3 and Corollary 4].

1. Introduction

Let G be a Vilenkin group, that is, a compact metrizable zero-dimensional (in-
finite) abelian group. Then the dual group X of G is a discrete, countable, torsion,
abelian group (see [4, Theorems 24.15 and 24.26]). In 1947, N. J. Vilenkin [16] devel-
oped part of the Fourier theory on G and proved an analogue of Bernstein’s theorem
[1, Vol. II, p. 154] concerning the absolute convergence of Vilenkin-Fourier series for a
primary group G [16, Theorem 5]. Later Onneweer and Waterman [5]-[8] introduced
various classes of functions of bounded fluctuations and studied the convergence prob-
lems for functions of these classes. Interestingly, Onneweer [5, Corollary 2] proved an
analogue of Bernstein’s theorem for any bounded Vilenkin group and an analogue of
Zygmund’s theorem [1, Vol. II, p. 161] for functions of p-generalized bounded fluctu-
ation (1 < p < 2) defined on any bounded Vilenkin group [5, Corollary 3]. Onneweer
continued study further and in his second paper he obtained a sufficiency condition in
terms of n-th integral modulus of continuity of order p of a function f € LP(G) to
be in A(f3) [6, Theorem 1] and derived an analogue of Szdsz’s theorem [14] from it.
Vilenkin and Rubinstéin [17] proved an analogue of a well-known theorem Stec¢hkin
[13]. Quek and Yap [10] then extended above results of Onneweer to arbitrary Vilenkin
groups and Uno [15] proved an analogue of a circle group result of Schramm and Wa-
terman [1 1, Theorem 1] for any Vilenkin group. In this paper, for any bounded Vilenkin
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group, we first generalize the result of Uno (see Theorem 1) and then prove a similar
result for functions in the class of ¢ - A-generalized bounded fluctuation (see Theorem
2). In proving our main results Theorem 1 and Theorem 2 we use famous Holder’s and
Jensen’s inequalities for integrals respectively. Our result (see Theorem 1) also gen-
eralizes the results of Onneweer [5, Corollary 3 and Corollary 4]. Further, our results
contains as special cases Vilenkin group analogues of both the circle group results [11,
Theorem 1 and Theorem 2] of Schramm and Waterman. As noted by Schramm and
Waterman [1 1, p. 273], here also we observe that though the result for 9 AGBF , Theo-
rem 2, is more general in the sense that it is more widely applicable, but unfortunately
it does not contain Theorem 1 as a special case.

2. Notation and Definitions

For G and X as above, Vilenkin [16, Sections 1.1, 1.2] proved the existence of
a sequence {X,} of finite subgroups of X and of a sequence {¢,} in X such that the
following hold:

(i) Xo = {0}, where yy is the identity character on G;

) XoCXiCXpC...

(iii) for each n > 1, the quotient group X, /X, is of prime order p,;

() X = U X

V) @, € X1\ X, forall n>0;

(v) @i € X, forall n>0.

The group G is bounded if

Po= sup p;<eo;
i=1.2,...

otherwise, G is said to be unbounded. Using the ¢,’s, we can enumerate X as follows.
Let my =1, and let m,, = []?_, p; for n € N. Then each k € N can be uniquely repre-
sented as k = Y;_ja;m; with 0 < a; < pjy for 0 <i<s; we define y; by the formula
Xe=9p" @

G=TI_,Zp,, {pn} — a sequence of prime numbers, is a standard example. If
pn =2 for all n, X is the group of Walsh functions y,, n =0,1,2,..., and X,, =
{0, ¥1,...,¥on_1} (using Payley enumeration; see [9]) described by N. J. Fine [3]. If
pn = p forall n, X is the group of generalized Walsh functions [2].

Let dx or m denote the normalized Haar measure on G. For f € L'(G), the
Vilenkin-Fourier series of f is given by

S[f1(x) = i)f(n)%n(X), f(n)=/Gf(X)in(X)dx,

where f(n) (n=0,1,2,...) is the nth Vilenkin-Fourier coefficient of f. It is said to
be B -absolutely convergent, where B is a positive real number, if 3 |f(1)[f < o.
In this case we write f € A(f8) and we shall denote A(1) by A.
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Observe that for each n, X,, = {1 : 0 < k <my,}. Let G, be the annihilator of X,
that is,

Gh={xeG:y(x)=LyeX,t={xeG: x(x)=1,0< k<my}.

Then obviously, G=Gy DG D G2 D ..., (5_oGn = {0}, and the G,’s form a funda-
mental system of neighborhoods of zero in G which are compact, open and closed
subgroups of G. Further, the index of G, in G is m, and since the Haar mea-
sure is translation invariant with m(G) = 1, one has m(G,) = 1/m,. In [16, Sec-
tion 3.2] Vilenkin proved that for each n > 0 there exists x, € G, \ G,4+1 such that
Xm,(Xn) = exp(2mi/py+1) and observed that each x € G has a unique representation
x= Y2 obix;, with 0 < b; < p;y1 forall i > 0. This representation of the elements of
G enables one to order them by means of the lexicographic ordering of the correspond-
ing sequence {b,} and one observes that for each n=1,2,...,

Gn:{xeG:x: bix;, b():"':bnlzo}'
i=0

Consequently, each coset of G, in G has a representation of the form z+ G,, where
7= Z;’;OI bix; for some choice of the b; with 0 < b; < p;+1. These z, ordered lexico-

graphically, are denoted by {zg' )} O<a<my).

It may be noted that the choice of @, € X,+1 \ X,, and of the x, € G, \ G,41 is
not uniquely determined by the groups X and G. In the following, it is assumed that a
particular choice has been made.

Let f be a complex function defined on G, let p > 1 be a real number, let A =
{A} be a non-decreasing sequence of positive real numbers such that Y7 ,(1/A,)
diverges, and let ¢ : [0,00) — [0,0) be a strictly increasing function. Customarily ¢ is
considered to be a convex function such that

o)

X

=0 =00, e e

$(0) =0,

Such a function is called an N -function. It is necessarily continuous and strictly in-
creasing on [0,e0). For H C G, the oscillation of f on H is defined as

osc(f;H) = sup{[f(x1) = f(x2)| : x1,x2 € H}.

We need the following definitions.

DEFINITION 1. For n € NU{0}, the n-th modulus of continuity [5, Definition 2]
of f on G is defined as

0 (f) = sup{|(Twf = /)(x)| : x € G,h € Gy},
where (T,f)(x) = f(x+h), forall x € G.

DEFINITION 2. For o > 0 the function f is said to satisfy the Lipschitz condition
of order o on G (written as f € Lip o) [5, Definition 3] if @,(f) = O(m;%).

n
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DEFINITION 3. For n € NU{0} and 1 < p < oo, the n-th integral modulus of
continuity of order p for a function f in LP(G) [6, Defintion 1] is defined as

0P (f,n) = sup{||Tif — fll, - h € Gy}

When p = oo we put, ©)(f,n) = 0,(f), where ,(f) is as in Definition 1.

DEFINITION 4. We say f is of
(a) p-A-bounded fluctuation (f € ABF(”)) if the total p- A-fluctuation of f on
G, given by

- . 1/p
Fpa(f;G) = sup (Z w>

n=1

is finite, where the supremum is taken over all sequences {/,} of disjoint cosets in G;
(b) ¢-A-bounded fluctuation (f € ¢ ABF) if the total ¢ - A-fluctuation of f on
G, given by

Fon(f:G) = sup{i w}

n=1

is finite, where the supremum is taken over all sequences {I,} of disjoint cosets in G.

DEFINITION 5. We say f is of
(a) p-A-generalized bounded fluctuation (f € AGBE( )) if the total generalized
p-A-fluctuation of f on G, given by

my—1 (osc(f;zgl) + Gn))p i

j=0 Aj

AGF,(f;G) = supsup
n o

is finite, where sup,, denotes the supremum over all permutations of {0, 1,...,m, —1};
(b) ¢-A-generalized bounded fluctuation (f € ¢ AGBF) if the total generalized
¢ - A-fluctuation of f on G, given by

ma—1 ¢ <0sc(f;sz) —l—Gn))
AGF(f;G) = supsup 2
noo 0 2fjJrl

is finite, where sup,, is as in (a) above.

We observe that when p = 1, the class ABE(®) is same as the class ABF of func-
tions of A-bounded fluctuation on G (see [7, Definition 2]). Also, if ¢ (x) =x” (p > 1),
then 9 ABF = ABF”) and ¢ AGBF = AGBF”); we shall omit writing the superscript
(p) when p = 1. Further, from definitions it is clear that ABF") ¢ AGBF?) and
®ABF C ¢ AGBF.
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3. Statements of Results
Let G be bounded and f € L' (G). We prove the following results.

THEOREM 1. If f € AGBF”), 1< p<2r, 1 <r< o and

2
) 2/B- 1<co P+2=pl)(f, n))zip/r Y
Z

= (}: >l/r

in which 1 —|———1 then f € A(B) for 0 < B <

<o,

REMARK 1. Since ABF(”) c AGBF?) , Theorem 1 holds for functions in ABF(®)
also. Taking B = 1 in Theorem 1| we obtain

COROLLARY 1. Let f € AGBFP), 1 <r<oeo, L4l =1 and 1 <p<2r. Then
FeATf
1—p/2r
$ ()2 (@ =P ()
< oo, (1)
1/2r
= my 1
" (2 4)

REMARK 2. Corollary 1 is a result equivalent to a result of Yoshikazu Uno [15]
for a bounded Vilenkin group.

COROLLARY 2. If f € GBF?) with 1 < p <2 andif f € Lipa for some o >0
then f € A.

COROLLARY 3. If f € Lipa for some o. >0 and if f € AGBF for some sequence
A = {A} such that A, = O(m}), with 0 <y < o then f € A.

REMARK 3. Corollaries 2 and 3 are results of Onneweer [5, Corollary 3 and
Corollary 4]. Thus our Theorem | generalizes these results of Onneweer.

THEOREM 2. If f € AGBF, 1 < p <2r, 1 <r <o and

B/
- (wp+2 P)s (fn))zr_p Y
Y [ m)P ! i

n=0 zj l)L

< oo,

then f € A(B) for 0 < B <2, in which 1 —|— <=1 and ¢ is a Ay—function (that is,
there is a constant d > 2 such that q)(Zx) d(Z)( ), Vx> 0).

REMARK 4. Since ¢ABF C ¢ AGBF, Theorem 2 holds for functions in ¢ ABF
also. With B =1, Theorems 1| and 2 are bounded Vilenkin group analogues of the
corresponding circle group results of Schramm and Waterman [11].
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4. Proof of the Results
The following lemmas are needed.

LEMMA 1. ([17, p.5]) Foreach N =0,1,2,... and k > my we have
@ Jg, 2c(h)dh =0;
®) gy lxx(h) = 1Pdh =2 [ [1 — Reyu(h)]dh = 2|Gn| = 7

LEMMA 2. ([12, Lemma 2]) If u, >0 for n € N, u, # 0 and a function F(u) is
concave, increasing, and F(0) =0, then

o oo =
F <2 ) F| - .
2 (un) Z (nkX;luk>
LEMMA 3. ([I1) IfayZ2ay>...2a,>0, Yai=1and by > by > ... > by,

i=1
then

Mx

n
Eb, n

i=1 i=1

Proof of Theorem 1. Let M € N be fixed and let N € N be the integer such that
my <M <my;.Foreach oo =0,1,...,my—1 and h € Gy put

Jo(x) = f(x+Z£x)+h> f(x—i—zg\,)), Vx € G.

Then for each n > 0 we have
Jan) = Foa (2 + 1) = Fon (20 ) = P00 (262 Geal) = ).
Since f € AGBF"?) for any x € G = Go we see that
[F ()P =1£(0) + f(x) — £(0)|”
<2717 (0)[P +271f(x) = fO))P
<221£(0)17 +27 (ose (£ +Go) )
.,0) P
2O +270 (osc (f,zo + Go))

A
<2711 (0)|P +2° 41 (AGF,(£:G))".

Thus f is bounded on G and hence f € L*(G). As aresult each fy € L?(G) and so by
(V)

Parseval’s equality (since |y,(z¢ )| = 1) we have

(=3 17 n)[2[7a(h) = 112 = || fall3, for all e @
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Now, suppose r > 1 and set 2 =
get

w + % ; then using the Holder’s inequality we

Vel = [ Va0l
_/ ) P+2 p+2=p)s | )dx

= [ (ale P”P) (a0l dx

(")
<@ ([ fa(X)lde> "

since h € Gy, where Qy = (a) pH2=pl)(f, N)) . This together with (2) implies

(B(h))" < Qn /G | fo () P, 3)

forall o« =0,1,...,my — 1. Since the left hand side of (3) is independent of ¢, multi-
plying both the sides of it by (1/A4+1) and taking summation over o, we get

my—1
(B0 Oy < O [ ( 'f"‘;)l )dx,

where 0, =37 ,(1/4;) = ZJV.;&(I//IJ'H), for all v € N; and hence

1/r

Q 1/r my—1 P
B(h) < <_N> / ¥ [fo (%) P

6mN G\ =0 A‘OH—I

Integrating both sides of this inequality over Gy with respect to & we get
1/r
Q 1/r my—1 P
B(h)dh < (—N) / / Y ol ) U )
Gy emN Gy G =0 2f()c+1

Now, for any & € Gy and any x € G the points x+ ZEXN) +h and x+ ZEXN) lie in the coset
x+ZEXN) + Gy of Gy in G and hence

fa@)] = [f (4287 +h) = fx+257)] < osc(f,x+25" + Gw). )

Since f € AGBF(p), forany h € Gy and x € G, in view of (5), we have

P
my—1 | for(X)]7 _ my—1 <OSC(f;)C+ZEXN) —l—GN))

~
o=0 Aol a=0 Aot

< (AGF,(£36))", (6)
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(V)

because for any x € G, the finite sequence of cosets {x+z45 ' +Gy:0=0,1,...,my—
1} is a permutation of the sequence {ZEXN) +Gy:0=0,1,...,my—1}. Further, from
),

2 A
B(h)dh > h) —1%dh= [ — k)? 7
[ sonan> 500 [ - 1Pan= (o) S V0E. )

in view of Lemma 1, because k > M implies k > my . Using (6) and (7) in (4) we get

Q 1/r
(0_N) ] . (8)
my

Applying Lemma 2 with u; = | f(k)|? and F(u) = uP/? we get

Ru= 3170

if<k>l’3=2F<uk><ziF<%if<j>|2)=2iF(%). ©
k k=1

o = /R \B2
S 1fwP —om T ()
k=1 k=1
oo Mpy1—1 R B/2
o8 (4
n=0 k=my,
oo Myy1—1 (Q )1/, B/2
=0(1 —
( )VEZ) k=my, m"(emn)l/r‘|

o [ 1/r B/2
—ony &] (M1 — 1)

mn(emn)l/r

(28t (wtr+e-(r,) ]

_ ()"

because G is bounded and by the assumption of theorem. Thus Theorem 1 is proved
for r>1.
For the case r =1, s = oo, simply note that

fa ) = fa@)P 7| fa ()P < (@v())* | fal)I?,

because
)] = |f(r+26" +h) = flx+267)] < aw(f)

since h € Gy ; and proceed as above. [
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Proof of Corollary 2. If we put r =1, s = and A = {1} in Corollary 1, then
Condition (1) becomes

< (ma) ' (on ()P
)12

< oo
n=0 ( ,

which is same as Y7o (@,(f))' 72 < oo. Now, if f € Lipor (o > 0), then @, (f) =
O(m;;*) so that

=

> (oa(f) P2 =0(1) i(mnyw—p/z) < oo,

n=0 n=0

because 01— p/2) > 0. Further, in this case, AGBF?) = GBF(?) . Therefore, Corol-
lary 2 follows from Corollary 1. [l

Proof of Corollary 3. If we put r =1, s = and p =1 in Corollary 1, then
Condition (1) becomes

[N

& (my)/? 1/2
Z (n 1<fl>/>2
" (z, " 1)

Since {A;} is non-decreasing we have 37", (1/A;) = my/Ap, . Now, if A, = o(m}),
with 0 < y< o, and f € Lipa (o > 0) so that ®,(f) = O(m;,;*), then

= (m,)2(w, 12 oo " 1/2
2( ) (an(f)) O(I)E(mn)l/z(wn(f))l/2(L)

1/2 n
S (z ) = m
—0() Y, (m; ) ()"
n=0
_ <, 3
=0(1) Y, my < oo
n=0

Further, in this case, AGBF (P) = AGBFV) = AGBF. Therefore, Corollary 3 follows
from Corollary 1. [J

Proof of Theorem 2. Since ¢ is convex on [0,e0) and ¢(0) =0, forany 0 < o < 1
and x > 0 we have

¢(ax) =¢(a-x+(1—a)-0) < ad(x)+ (1 —a)p(0) = ad(x). (10)
Further, as ¢(2x) < d¢(x), for all x >0, we get

¢(ax) < d°29 ¢ (x), forallx >0 and foralla > 1. (11)
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For, using induction on n we get
#(2"x) < d"¢(x), forallx > 0 and for all n € N.

Next, if @ > 1 is any real number, choosing n € N such that 2l Ca< 2 we get
0 < 57 < 1. Therefore for all x > 0 we have

0(a) =0 (o-2") < H0(2') < A d"0(x) < d"9(x) < B 9(x).

Now, as f € ¢ AGBF , for any x € G we have
F ) < [O)[+[f(x) = f(0)]
< |£(0)] +osc (f;zéo) + Go)

[0 {osc (f;z(()o) +Go>}

_ 1] .
—1£(O)|+97" | & .

<|F(0)]+ 0" [A1 - AGFy(f;G)] .

Therefore f is bounded on G and hence f € L*(G). For r > 1, proceeding as in
the proof of Theorem 1 we get (3). Since multiplying f by a positive constant alters
o'?)(f,n) by the same constant, and ¢ is A,, we may assume that |f(x)| < % for all
x. But then from (3) we get

(B(h)) < QN/ fa@ldx  (@=0,1,....my—1).
G
Since Qy >0, if Qu < 1 then from (10) we get
o(B(1)) <0 (v [ lratwlax) <o ([ utwlax).
G G
Further when Qy > 1, in view of (11), we have
o((8(1))) < 0 (0w [ 7utolax)
G
logy Qn+1
<avetnit ([ |70ar)
— (@) ( [ [fuoar)
G
— (@)= oo ([ lfa(wlax)

< dQyo ( /. fa(x)dx) ,
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because of the fact that (Qy)"°22971 < 1, as |f(x)| < 1, for all x and log,d —1 > 0.
Since d > 2, in either case,

¢ ((B(h))") < dQno (/Gfa(x)dx) < dQN/G<P(\fa(X) )dx

in view of the Jensen’s inequality. Now multiplying both the sides of this inequality by
(1/Ag+1) and taking summation over o =0, 1,...,my — 1 we get

my—1 X
o (B(h )))<d<;iN)/G<Zo%>dx, (12)

Since f € ¢ AGBF and ¢ is increasing, for all 4 € Gy and x € G we have

" g(sat) gt (el 6)

X
a=0 2fO£+l a=0 2'O£+l

< AGF(f;G). (13)

Using (13) in (12) we get ¢ ((B(h))") < C(eQ—N>, where C is a constant such that
MmN

C>1. Thus
<mmy<¢l{c(§N)}<c¢l(§ﬁ)

(@)}

Integrating both sides of this inequality over Gy with respect to &, in view of (7) we

(&))"

and therefore

B(h)=0

Ry = k:szk)‘z < (%) /GN B(h)dh =0

Thus in view of (9) we get

i WF =01y, (%)M
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since G is bounded and in view of the assumption of the theorem. This completes the
proof of Theorem 2 for r > 1. For the case r =1, s = o, the proof is similar as that of
Theorem 1. [
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