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GENERALIZATIONS OF STEFFENSEN’S INEQUALITY
VIA WEIGHTED MONTGOMERY IDENTITY

A. AGLIC ALJINOVIC, J. PECARIC AND A. PERUSIC

(Communicated by 1. Franjic)

Abstract. Some new generalizations of Steffensen’s inequality are obtained by means of weighted
Montgomery identity and estimations between difference of two weighted integral means. Fur-
ther, functionals associated to these new generalizations are observed and used to generate n-
exponentially and exponentially convex functions as well as to obtain new Stolarsky type means
related to these functionals.

1. Introduction
The well-known Steffensen’s inequality states (see [10])

THEOREM 1. Let f,g : [a,b] — R be integrable mappings on [a,b| such that f
is nonincreasing and 0 < g (t) < 1 for t € [a,b]. Then

o [ romoas [ron

where A = fubg(t)dt

J. F. Steffensen proved this inequality in 1918 and since then it was generalized in
numerous ways. Extensive overview of these generalizations can be found in [5] or [9].
In [3] P. Cerone proved the following generalization of the Steffensen’s inequality:

THEOREM 2. Let f,g: [a,b] — R be integrable mappings on |a,b] and let f be
nonincreasing. Further, let 0 < g(t) <1 and A = [ g(t)dt = d; — ¢;, where [c;,d;] C
[a,b] for i =1,2 and d| < d. Then the result

/f Vi — r(ca,dy) /f /f Vi +R(c,d)  (1.2)

holds where,
b
rlead) = [ (flex) =) glt)dr >0

2
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and

Rlevd)= [ (£~ (@) g()dr >0,

It is easy to check that if one takes ¢; = a and d; = b and thus d; = a+ A and
cy=b— A1, (1.2) reduces to (1.1).

REMARK 1. Identity (1.2) can also be proved differently and more simple than in
[3] by using the very Steffensen’s inequality. Indeed, in order to prove the right-hand
side inequality in (1.2) we observe

/hf(t)g(t)dt—/dlf(t)dt

= [ GO -ranswa @) [ s0a- :lf(t)dt
- [[vw-ransnarai- [ roa
= [0 - raga- /C:'”v(t)—f(dl))dt

and apply the right-hand side of Steffensen’s inequality for nonincreasing function
f(t)— f(dy) on the interval [cy,b]

c1+A

[0~ ranzoa< [ 0 -

€1 €1

Here we have 4| = fcbl g (¢)dt and thus obviously A; < A which leads us to

c1+A; cl+A
/ (f(t)—f(dl))dz</ (f (t) = f(dy))dr.

1 €l
Finally

1A

[ wo-ra@ngwa [ 0@y

b ! b
< [ GO=r@)sd— [ ()= f(d)g)d =Rierdr)

‘1

and the proof is complete. In a similar manner, the left-hand side inequality in (1.2) can
be proved.

Let w: [a,b] — R be a weight function, i.e. an integrable function such that
f:w(t)dt #0and W (x) = [fw(t)dt, x € [a,b]. Letalso f: [a,b] — R be a contin-
uous function of bounded variation. Then the weighted Montgomery identity given by
Pecari¢ in [6], states

1 b b
f(x)—mfa f(t)w(t)dt:/a Py (6,0)df (1) (1.3)
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where P, (x,7) is the weighted Peano kernel, defined by

P, (x,1) = (1.4)

Assumptions W () =0 for t <a and W (1) = fa (t)dr for t > b allow us to
subtract two weighted Montgomery identities, one for the interval [a,b] and the other
for [c,d]. In such a way the next result is obtained in [1].

THEOREM 3. Let f:[a,b]U][c,d] — R be a continuous function of bounded vari-
ation on [a,b]U]c,d], w: [a,b] = R and u : [c,d] — R some weight functions, such
that [Pw(t)dt #0, [“u(t)dt #0 and

07 x<a, 0, x<c,
W) =< fiw@)dr,a<x<b,  U(x)={ [u(t)di, c<x<d,
[Pw(t)dt, x>b, [u@)de, x>d,

and |a,b]N[c,d] # 0. Then, for both cases [c,d]| C [a,b] and [a,b])N[c,d] = [c,b] (and
also for |a,b] C [c,d] and [a,b]N[c,d] = [a,d]) the next formula is valid

1 d
dt/ w(t) f dt—f ()dt/ u(t) f(r)de

max{h,d}

- K(t)df (1) (L5)

min{a,c}

where
K (t) =P, (x,t) — Py(x,1), t € [min{a,c},max {b,d}]

and P, (x,t), P, (x,1) are given by

L <tr<x 7R, CXI<X
)’ axlxX, Ud)’ Il
P, (x,1) = W) P, (x,1) = U
W(b)—l,x<t<b, m—l,x<t<d,
and thus w
t
—W((b)), t € la,c),
K@) =1 —gi+ g0 teled], if [e.d]Cla,b], (1.6)
W
I—W(Q), t€(d,b],
—%7 t € la,c),
_ W (1) U(r) . -
K(t)= _W+U_cl)’te[c’b>’ if la,blN[e,d] = c,b]. (1.7)
LL,’L;))—I, 1 € [b,d]
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This identity enables us to estimate the difference between two weighted integral
means, each having its own weight, on two different intersecting intervals [a,b] and
[c,d] for both possible cases, when one interval is a subset of the other [c,d] C [a,b]
and for overlapping intervals [a,b] N [c,d] = [c,b]. The other two possible cases, when
[a,b]N[c,d] # 0O we simply get by replacement a < ¢, b« d.

The special case of this identity for normalized weight function was obtained in
[2].

The aim of this paper is to generalize Steffensen’s inequality by using the weighted
Montgomery identity and Theorem 3. In such a way, new generalizations of Stef-
fensen’s inequality for a monotonic function are obtained in Section 2, as well as the
generalization of Cerone’s Theorem 2 from the Introduction. In Section 3, estimates
of the difference of the left-hand and right-hand sides of the obtained inequalities are
given. In Section 4, three functionals associated to these new generalizations are con-
sidered and used to generate n-exponentially and exponentially convex functions. In
Section 5, new Stolarsky type means related to these functionals are obtained.

2. Steffensen’s inequality via estimates of the
difference between two weighted integral means

THEOREM 4. Let f:[a,b]U][c,d] — R be a continuous function of bounded vari-
ation on [a,b]U]c,d], w: [a,b] = R and u : [c,d] — R some weight functions, such
that [Pw(t)dt #0, [“u(t)dt #0 and [a,b] 0 [c,d] # 0. Then

1

b d
W/a w(t)f(t)dtgﬁfc u(t) f (1) dr 2.1)

d
Jeu(
holds for every nonincreasing function f if and only if [c,d] C [a,b] and

W(x) Ulx)
Wb S U

W (x)
W (b)

< O0forx€[a,c), forx e e,d], <1forxe(d.b], 2.2)

or la,b)N[e,d] = [¢,b] and
W (x) X)
() ()

Proof. If [c,d] C [a,b], we apply (2.1) for

ro={g15n

0,¢t>x,

=

(x
(b

<
<

%)
(d

<O0forx¢€la,c), < forxele,b), 1< forxeb,d]. (2.3)

=
=
S
S

with x € [a,c), x € [¢,d], x € (d, D], respectively, and inequalities in (2.2) follow. Sim-
ilarly, if [a,p]N[c,d] = [c,b], we apply (2.1) for f with x € [a,c), x € [¢,b), x € [b,d],
respectively, and inequalities (2.3) follow. Conversely, utilizing (1.5) for every non-
increasing function f, in both cases [c,d] C [a,b] and [a,b]N|[c,d] = [c,b] we have
K() >0, 1€ [min{a,c},max{b,d}] and thus ("> g @)daf)<0. O

min{a,c}
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REMARK 2. If f is a nondecreasing function, inequality (2.1) is reversed.

THEOREM 5. Let f :[a,b]U[a,a+ A] — R be a continuous function of bounded
variation on [a,b|U[a,a+ A] and let w: [a,b] — R and u: [a,a+ L] — R be some
weight functions such that [*w (t)dt = f”HL (t)dt. Then

a+A b
[ e swar< [wosoar (2.4)
holds for every nonincreasing function f if and only if 0 < A < b—a and
/Xu(t)dt < /xw(t)dtforxe [a,a+A] and /bw(t)dt <0forxe{a+A,b]; (2.5)
a a x
or A >b—a and

X X a+A
/u(t)dtg/ w(t)dt for x € [a,b] and/ w(t)dt >0 forx e (bya+A]. (2.6)

Proof. If 0 <A < b—a,we apply (2.4) for
1,1 < x,
ro={

0,t>x,

with x € [@,a+ 4], x € (a+ A,b], respectively, and inequalities in (2.5) follow. Simi-
larly, if A > b —a, we apply (2.4) for f with x € [a,b], x € (b,a+ A], and inequalities
in (2.6) follow. Conversely, from Theorem 3 applied with [c,d] = [a,a + A] we have

/ w( dz—/Mu(t)f(z)dz:a/mmb’amK(z)df(t)

a

where o0 = [Pw(r)dt = f“”L (t)dt, thatis, o« =W (b) = U (a+A). First, we con-
sider the case 0 < A < b—a. We have max{b,a+A} = b. By utilizing (1.6) we
obtain [ N
U@i)—W(), te€|a,a+A],
oK (1) = () =W()
o—W(t), t€{at+Ar,b].
Since f is nonincreasing, if [ u (¢)dt < [;w(t)dt for x € [a,a+A] and o.— [ w(t)dt
= [Pw(1)dr <0 for x € (a+ A,b], we have oK (1) < 0 and therefore [’ oK (t)df (1) >
0.

Incase A > b —a, we have max{b,a+ A} =a+ A, and by utilizing (1.7)
t , t€la,bl,
sk [VOW@, relen
Ut)—a, te(ba+A].

Again, since f is nonincreasing, if [ u (t)dt < [ w(t)dt for x € [a,b] and [ u(t)dt —
o= —fx“M (t)dt <0 for x € (b,a+ A], we have aK (¢) < 0 and therefore
[PaK (1)df (t)=0. O
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COROLLARY 1. Ler f:[a,b]U[a,a+A] — R and g : [a,b] — R be integrable
Sfunctions, where A = fab g(t)dt. Then

a+A b
[ rwa< [Crosmar @7)
holds for every nonincreasing function f if and only if 0 < A < b—a and
X b
x—a< / g(t)dt forx € [a,a+ A] and / g(t)dt <O0forxe (a+A,bl;
a X

or A >b—aand
x—ag/ g(t)dt forx € la,b].
a

Proof. Proof follows directly by applying Theorem 5 with weight functions w (1) =
g(t) forre€fa,b)l and u(t)=1fort € [a,a+1]. O

THEOREM 6. Let f:]a,b]U[b—A,b] — R be a continuous function of bounded
variation on [a,b]U[b—A,b] and let w: [a,b] — R and u: [b—A,b] — R be some
weight functions, such that fab w(t)dt = ff_l u(t)dt. Then

N

/b " () () 2.8)

—A

b
[ worwar
a
holds for every nonincreasing function f if and only if 0 < A < b—a and

/xw(t)dt<0forxe[a,b—l} and xlu(t)dt>/xw(t)dt forxe (b—A,b];
a b— a

(2.9
or A >b—aand

/bilu(t)dt>0forxe[b—7t,a] and /bilu(t)dt>/axw(t)dtf0rxe(a,b]. (2.10)

Proof. 1If 0 < A < b—a we apply (2.8) for

ro-{liss

0,t>ux.

with x € [a,b— 1], x € (b— A,b], and inequalities in (2.9) follow. Similarly, if 1 >
b—a, we apply (2.8) for f with x € [b— A,d], x € (a,b], and (2.10) follow. Conversely
from Theorem 3 applied with [c,d] = [b — A,b] we have

b

[waroa- [ w0 rwa=a[  koare

- min{a,b—A}
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where o = ffw(t)dt = ff_lu(t)dt andincase 0 <A <b—a

W), t€la,b—21],
Lo

oK (t)= t)—=W(t),t€(b—A,b],

while incase A >b—a

aK(t):{U(tU(t)v lE[b—A,,aL

)—W(t), t€{ab].

The rest of the proof can be obtained by proceeding in the similar way as in the proof
of Theorem 5. [

COROLLARY 2. Let f:]a,b)U[b—A,b] = R and g: [a,b] — R be integrable
functions, where A = [ f g(t)dt. Then

/bf(t>g<t>dt< hblfmdt 2.11)

holds for every nonincreasing function f if and only if 0 < A < b—a and
X b
/ g()dt <Oforxela,b—A] andb—x< / g(r)dt forxe (b—A,b|;

or A >b—aand )
b—x</ g(r)dt forx¢€la,b].

Proof. Proof follows directly by applying Theorem 6 with weight functions w (1) =
g(r) fort €la,b] and u(t)=1forre[b—A,b]. O

REMARK 3. Corollaries 1 and 2 were previously obtained by Pecari¢ in [7] (see
also monograph [9]).

REMARK 4. If f is a nondecreasing function, inequalities (2.4), (2.7), (2.8) and
(2.11) are reversed.

Finally, we give a generalization of Theorem 2 from the Introduction.

THEOREM 7. Let f: [a,b] — R be nonincreasing function. Also, let w: [a,b] —
[0,00) and u;: [ci,di] — [0,°0), i = 1,2, be some weight functions, such that fabw(t)dt =
fcff" ui(1)dt #0 and 0 < w(r) <u;(t), t € [ci,d;], where [ci,d;] C [a,b] for i=1,2 and
c1 < cp. Then

b

d» dy
/ uz(t)f(t)dt—r(02,dz)</ W(t)f(t)dt</ w (1) £ (1) dt +R (c1,dy) (2.12)

) a cl
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holds, where
b
rleada) = [ (e = FO)winydr >0

and

Rlevdi) = [ ()~ f (@) w(t)dr > 0.

Proof. First we prove the right-hand side of the double inequality. We denote
A= [Pw(t)dt = [fu;(t)dt #0, i =1,2. Multiplying (1.5) with A and utilizing (1.6)
we have

[ww - /d'm(t)f(t)dr
— ["woare+ [" Cworvaro s [ a-woo.

Since A —W (¢) = ftbw(t) >0 and f is nonincreasing, we have fj’l (A=W (r)df () <
0. Thus, interchanging the order of the integration leads us to

b

w0 f@dr— [ @) )

dy

a

< [ UG- pd)wis)ds =Rier.dr).

The last inequality holds since f(d;) < f(s) and u(s) = w(s) for s € [c1,d|].
The left-hand side inequality can be proved in a similar manner. [

REMARK 5. If we take u; (x) = 1, x € [¢;,di], for i = 1,2 the previous theorem
reduces to Cerone’s Theorem 2 from the Introduction.
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3. Estimates of the difference of the left-hand and
right-hand side of Steffensen’s inequality

THEOREM 8. Let f : [a,b]U[a,a+A] — R be a continuous and nonincreas-
ing function on [a,b|U [a,a+ A] and let w: [a,b] — R and u : [a,a+ L] — R be
some weight functions, such that ffw(t)dt £0, f;’“L u(t)dt #0. Let also W (x) =
Jiw(t)dt, x€la,b] and U (x) = [Ju(t)dt, x € [a,a+ A]. Then, if a+ A < b, it holds
that

1 b 1 a+A
Fawa IO G [ s G0
u) W) W (1)
< (f(a)—f(b))-max{,eﬁfgﬁu Ut ) WO | claas| Wb }
andif A > b—a
1 b 1 a+2
m/ﬂ W(t)f(t)dl—m/u M(l)f(l)dl (32)
U (1) W ()

)

Proof. By applying Theorem 3 with [c,d] = [a,a+ 1] we obtain

< (f(a)—f(a—!—?t))-max{max

t€la,b)

Uatr) WO)| el

Both inequalities are sharp.

1 b 1 a+
i 00— [T
max{b,a+A}
:/u K@)df ().

Since K (¢) is continuous on [a,b] and f is of bounded variation on [a,b]U [a,a+ A],
in the case a+ A < b we have

1 b 1 a+2
W/a W(t>f(t)dt—m‘/a u(l‘)f(t)d[
b
/ K()df (1) <V (f)- sup [K (1)
a t€a,b]

(f(a) =1 (b)) sup |K(1)]

t€la,b]
b
where \/ (f) is the total variation of function f and K () is given by

v W0t € [a,a+ Al
K1) = { Ulatx) ~ WD)

1= g, 1€ {ata,b].




788 A. AGLIC ALJIINOVIC, J. PECARIC AND A. PERUSIC

Thus (3.1) follows. In order to prove the sharpness of (3.1) consider the nonincreasing
function f defined by

[ Lte€a,a+Al,
fl)= {O,te (a+2,0],

and weight functions w(¢) =1, 1 € [a,b], u(t) =1, t € [a,a+ A]. Itis easy to check
that then equality in (3.1) holds. In case a+ A > b we have

U(r) W(t)

k()= ) T wep bl
Toks —1, 1€ (batAil,

and the proof of (3.2) can be obtained in the similar manner. In this case, to prove the
sharpness of (3.2), we consider

1, t€]ab],
f(t)_{07te<b7a+k],

and weight functions w(t) =1, ¢t € [a,b], u(t) =1, t € [a,a+ A]. This completes the
proof. [

COROLLARY 3. Suppose that all the assumptions of the previous theorem hold.
Additionally, assume that g : [a,b] — R is an integrable function. Let G (x) = [ g (¢)dt,
x € [a,b] and .. = G (b). Then, if a+ A < b, it holds that

a+A
[s0rwa— [ roa

<(f(a)—f(b))max{ max |t—a—G()], max 7L—G(t)|}

t€la.a+A] t€la+A.b]

andif A > b—a

[swrwa [T rwa

< (f(a)—f(a—i—?t))max{max |t—a—G(t)|, max t—a—?L|}.

t€la,b] t€lb.a+A]

Both inequalities are sharp.

Proof. Proof follows by applying Theorem 8 with weight functions w(z) = g (¢)
forz € fa,b] and u(r)=1forz € [a,a+A]. O

THEOREM 9. Let f : [a,b]U[b—A,b] — R be a continuous and nonincreas-
ing function on [a,b|U[b—A,b] and let w: [a,b] — R and u: [b—A,b] — R be
some weight functions, such that fabw(t)dt £0, fbb_;L u(t)dt #£0. Let also W (x) =
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Jiw(t)dt, x € [a,b] and U (x) = [;_,u(t)dt, x € [b—A,b]. Then, if a+ A < b, it
holds that

1 b 1 b
i O 0di= e [ s 0 (3
W (1) U@) W)
< (f (@)= £ (b)) - max {teﬁgxu o)l e, [ - }
andif A > b—a
1 b b
m/a W(t)f(t)dt_m/b—xu(t)f(t)dt (3.4)
Ult) U@) W)
< (f(b—l)_f(b))-max{teﬁlaﬁal T T e T W) }

Both inequalities are sharp.

Proof. By applying Theorem 3 with [c,d] = [b— A,b] we obtain

1 b 1 b
i 0 r O e [ s (s
b
B min{a,b—)L}K(t)df(t)

whereif a+A <b

K(t)—{ —%, 1€la,b—A],
U w
%_ﬁ7te<b_l7b}a
andif a+A>b
o relb—2.d,
K()= Ui wa) b
m—m, tE(a,}.

The rest of the proof of (3.3) and (3.4) is similar to the proof of Theorem 9. In order to
prove the sharpness of (3.3) consider the nonincreasing function f defined by

1, t€la,b—A],
fU)z{O,te(b—?L,b],

weight functions w(¢) =1, ¢ € [a,b], u(t) =1, t € [b— A,b], and to prove the sharp-
ness of (3.4) consider

l,t€[b—2,dq],
1) {07 t € {a,b],

weight functions w(t) =1, ¢ € [a,b], u(t) =1, t € [b—A,b]. This completes the
proof. [



790 A. AGLIC ALJINOVIC, J. PECARIC AND A. PERUSIC
COROLLARY 4. Suppose that all the assumptions of the previous theorem hold.

Additionally, assume that g : [a,b) — R is an integrable function. Let G (x) = [ g (¢t)dt
x € [a,b] and .. = G (b). Then, if a+ A < b, it holds that

1)dt — f (r)dt

<(f(a) —f(b))maX{tefggxM GO, max r-b+ -G}

andif A > b—

t)dt—/h:f(t)dt

<(f(b—7t)—f(b))max{t max |t—b+A[, m[ax t—b+A— G()|}

b—2.d]

Both inequalities are sharp.

Proof. Proof follows by applying Theorem 9 with weight functions w(z) = g (¢)
forr€la,bl and u(t)=1forte[p—A,0]. O

REMARK 6. By using Theorem 3 applied for [c,d] = [a,a+A] and [c,d] =

[b— A,b], with an additional assumption that f is derivable and that |f’|” is an in-
tegrable function, analogous inequalities for L, spaces (as in [1]) could be obtained.

4. Applications via n-exponential convexity and exponential covexity

We begin this section by giving some definitions and notions which are used fre-
quently in the results. For more details see e.g. [4] and [8].

DEFINITION 1. A function y: I — R is n-exponentially convex in the Jensen

sense on I if
Xi+x
Z &éiy ( ’) >0 (4.1)

i,j=1

holds for all choices & e Rand x; €1, i=1,...,n
A function y: I — R is n-exponentially convex if it is n-exponentially convex in
the Jensen sense and continuous on /.

REMARK 7. n-exponentially convex function in the Jensen sense is k—expo-
nentially convex in the Jensen sense for every k € N, k < n.

DEFINITION 2. A function y: I — R is exponentially convex in the Jensen sense
on I if it is n-exponentially convex in the Jensen sense for all n € N.

A function y: I — R is exponentially convex if it is exponentially convex in the
Jensen sense and continuous.
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REMARK 8. In[4]itis showed that y: I — R is a log-convex in the Jensen sense
if and only if

)+ 20By (5 ) 4 But) >0

holds for every o, 8 € R and x,y € I. It follows that a positive function is log-convex
in the Jensen sense if and only if it is 2-exponentially convex in the Jensen sense. A
positive function is log-convex if and only if it is 2-exponentially convex.

PROPOSITION 1. If f is a convex function on / and if x; <y, xp <y2, X] X2,
y1 # y2, then the following inequality is valid

flx) = fla) _ f(2) —f(m).

~
X2 — X1 y2—Mx

If the function f is concave, the inequality is reversed.

DEFINITION 3. Let f be a real-valued function defined on [a,b]. n-th order
divided difference of f at distinct points xo,x1,...,x, in [a,b] is defined recursively by

[xj’f]:f(xj)7 j:07~”7n7

and
X155 f] = [%05- - s Xn—15 f]
X — X0 ’

[x()axla"' 7~xl’l;f] =

REMARK 9. The value [xq,x1,...,x,; f] is independent of the order of the points
Xo,- - -,Xn . Previous definition can be extended to include the case in which some or all
of the points coincide by assuming that xg < ... < x;, and letting

()
[x7"'ax;f] = f ~(x>a
~ . ]l
j+1 times

provided that f(/) exists.

Next, we define the following functionals, under the assumptions of Theorem 4

! ’ d ‘ d 4
Li(f) = W/“ w(t) f (1) I_W/“ u(r) f(t)dt, (4.2)
under the assumptions of Theorem 5
a+A b
L= [ swa- [woroa @3)

and under the assumptions of Theorem 6

L= [ worwa- [ worwa. (4.4)

—A
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REMARK 10. Under the assumptions of Theorems 4, 5 and 6, respectively, it
holds Li(f) > 0, k= 1,2,3 for all nondecreasing functions f.

Now, we state and prove the Lagrange type mean value theorem for defined func-
tionals. We denote I} = [a,b]U[c,d], I, = [a,b]U[a,a+ A] and I3 = [a,b]U[b— A,D].

THEOREM 10. Suppose that w and u are weight functions as in Theorem 4, 5
and 6 respectively and [a,b] N [c,d] # 0. Additionally, assume that f € C'(I;) for
k=1,2,3.If(2.2) and (2.3) hold in case k =1 or (2.5) and (2.6) in case k =2 or(2.9)
and (2.10) in case k = 3 then there exists &, € I, such that

Li(f) = f' (&) Li(id) (4.5)

where Li(f), k=1,2,3 are defined by (4.2), (4.3) and (4.4) respectively.

Proof. First we consider k = 1. Since f’ is continuous on [a,b]U [c,d], there
exists

= 1 ! d M - ! .
" xe [ar,rl}]lt?[c,d]f (x) an xe [ﬂf}’?&cvd]f ®)

Let us consider functions Fi, F; : I — R defined by
Fi(x)=Mx—f(x) and Fr(x)= f(x)—mx.
Since F{(x) =M — f'(x) > 0 and F; (x) = f'(x) —m > 0, functions F; and F, are

nondecreasing and thus of bounded variation on [a,b] U [c,d]. From Theorem 4 for a
nondecreasing function F|, we have

1 b 1 d
o= f:W(Z)dt/a w () Fi{t)de = fcdu(t)dt/c u () Fi(o)dr
b b
B fbwl(t)dt (M/ owinydi= | f (’)W(”‘”)
d d
_fdul(t)dt (M L wodi= | f(t)”(t"”)

i.e.

a c

1 b 1 d
Li(f) SM[W/(I tw(t)dt—W/c tu(t)dt].

Similarly, for nondecreasing function F, from Theorem 4 we have

d

1 b 1
Ll(f) Zmlm/a lW(Z)dZ—W/C Z‘I/L(l)dl‘|,
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that is
1 b 1 d
m W/ tW(t)dt—W/ tu(t)dt <L1(f)
1 b 1 d
<M W/ tW(t)dt—W/ tu(t)dt .
7 Wl(t)dt [Pt (r)dt = K,ul(t)dt [91u(r)dt, (4.5) holds for all & € [a,b]Uc,d].
Otherwise,
m < 1 5 Li(f) 1 7 <M.
P J tw(r)dt — T S tu(t)de

Since f’ (x) is continuous on [a,b]U][c,d] there exists & € [a,b]U|c,d] such that (4.5)
holds and the proof is complete. In case k =2 and k = 3 the proof can be obtained
similarly by utilizing Theorems 5 and 6. [

Next is the Cauchy type mean value theorem for functionals Ly (f), k= 1,2,3.
THEOREM 11. Let f,f: Iy = R, k=1,2,3 such that f,f € C' (I;). If (2.2) and

(2.3) hold in case k =1 or (2.5) and (2.6) in case k =2 or (2.9) and (2.10) in case
k =3 then there exists & € I, such that

L) _ f(&)
L(f) 7@

(4.6)

holds for k = 1,2,3, provided that the denominators differ from zero.

Proof. First we consider k = 1. Define @ () = f(¢)L; (f) — F(OLy(f). Note
that @, (1) € C' (I;). By Theorem 10 there exists & € [a,b] U [c,d] such that

Ly(®y) = ®(&1) Li(id).

From L;(®;) = 0 it follows that @' (&) = f'(&))L, (f) — F(&)L1(f) = 0 which

implies (4.6). In case k =2 and k = 3 the proof can be obtained similarly by utilizing
Theorems 5 and 6. [

Now, we will use an idea from [4] to generate n-exponentially and exponentially
convex functions applying defined functionals. In the sequel J will be an interval in R.

THEOREM 12. Let Q = {f;:s € J}, where J is an interval in R, be a family
of continuous functions defined on I, k = 1,2,3 in R, such that the function s —
[x0,x1; f5] is n-exponentially convex in the Jensen sense on J for mutually different
points xg,x1 € I,k =1,2,3. Let Ly, k=1,2,3 be linear functionals defined by (4.2),
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(4.3), (4.4). Then s+ Li(fs) is n-exponentially convex function in the Jensen sense on
J.

If the function s — Li(fy) is continuous on J, then it is n— exponentially convex
on J.

Proof. For &, €R, s;€J, j=1,...,n and s5;; = SiJgsj we define the function

s =Y EEife, ().

i,j=1

Since s — [xo,x1; fs] is n-exponentially convex in the Jensen sense, we have

n
[x0,x1:8] = 2 &ié&j [xo,xuf.y,-j] =0,
i,j=1

which implies that g is a nondecreasing function on [; . Therefore, from Remark 10 we
have Li(g) > 0, and thus

i &i&iLi(fs;) =0

ij=1

holds. Hence, we can conclude that the function s — L;(fy) is n—exponentially convex
on J in the Jensen sense.

If the function s — Li(f;) is also continuous on J, then s — Li(f;) is n- expo-
nentially convex by definition. [J

The following corollary is a simple consequence of the previous theorem.

COROLLARY 5. Let Q={f;:s €J} be afamily of continuous functions defined
on I,k =1,2,3 in R such that the function s — [xo,x1; fs] is exponentially convex
in the Jensen sense on J for mutually different points xo,x1 € Iy, k =1,2,3. Let Ly,
k= 1,2,3 be linear functionals defined by (4.2), (4.3), (4.4). Then s+— Li(fs) is expo-
nentially convex function in the Jensen sense on J.

If the function s — Li(fs) is continuous on J, then it is exponentially convex on
J.

Now, we will prove a corollary of Theorem 12 which will be used in the next
section for obtaining new Stolarsky type means.

COROLLARY 6. Let Q={f;:s €J} be afamily of continuous functions defined
on Iy, k=1,2,3 in R, such that the function s — [xo,x1; f5] is 2— exponentially convex
in the Jensen sense on J for mutually different points xy,x1 € I, k=1,2,3. Let L, k=
1,2,3 be linear functionals defined by (4.2), (4.3), (4.4). Then the following statements
hold:
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(i) If the function s — L (fs) is continuous on J, then it is 2-exponentially convex
Sunction on J. If s — Li(fs) is additionally strictly positive, then it is also log-
convex on J. Furthermore, the following inequality holds true:

(L ()] ™" < L)) L)) 4.7)

for every choice r,s,t € J, such that r < s <t.

(ii) If the function s — Li(fs) is strictly positive and differentiable on J, then for
every s,q,u,v € J such that s <u and q < v, we have

Mv,q (Lka Q) < Mu,V(Lka Q)a (48)
where .
Li(fs) \ 54 .
(#)7. s#a
My gL, ) = 41,01) 49
exp <d2k(fvj ) , S=¢q
for fs, fq € Q.

Proof. The first statement (i) is a consequence of Theorem 12 and Remark 8.

Further, since s — Ly (f;) is positive and continuous, by (i) we have that s +— L (f)
is log-convex on J, that is, s — logL;(f;) is convex on J. Applying Proposition 1 we
get

log Ly (fs) —logLi(fy) _ logLi(fu) —logLi(fy)
s—q h u—v

for s <u, g <v, s#q, u#v. Hence, we conclude that
Ms,q(leQ) < Mu,v(LkaQ)~
Cases s = ¢ and u = v follow as limit cases. [J

REMARK 11. Results from Theorem 12, Corollaries 5 and 6 still hold when x¢ =
x1 € I;.. This follows from Remark 9.

5. Stolarsky type means

In this section we will apply general results obtained in previous section to several
families of functions which fulfil conditions of obtained general results. Using these
families of functions, we will obtain new Stolarsky type means related to functionals
defined by (4.2)-(4.4).

EXAMPLE 1. Consider a family of functions

Q={f;:(0,00) =R:s€R}
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defined by

Lo s#£0;
fs‘(x): {15 _
ogx, s=0.

Since 4 (x) = x~! = ¢(=1102¥ > 0 for x > 0, then f; is a nondecreasing function
for x >0 and s +— %(x) is exponentially convex by definition. Analogously as in
the proof of Theorem 12 we have that s — [xq,x1;f;] is exponentially convex (and
so exponentially convex in the Jensen sense). Using Corollary 5 we conclude that
s— Li(fs), k=1,2,3 are exponentially convex in the Jensen sense. It is easy to verify
that these mappings are continuous (although mapping s — f; is not continuous for
s =0), so they are exponentially convex. In this case we assume that [, C R™.

For this family of functions My (L, Q) from (4.9) is equal to

1
Lk(fs) s=q .
(28)"" S7 G
M 4(Li, 1) = exp(%ﬁ{sf'g’) - %), s=q#0;
Li(f) L
o (idh),  s=a=0

Applying Theorem 11 for functions f;, f, € Q; there exists & €ly, k=1,2,3 such that

s=q _ Lk(fs)
k Li(fy)’

k=1,2,3.

Since the function & — &7 is invertible for s # ¢ we have

Lk (f\)
Li(fq)

which together with the fact that M; ,(L;, ;) is continuous, symmetric and monotonic
shows that M (L, €2;) is mean.

e
min{a,b—l7c}<< ) ! <max{a+A,b,d}, k=1,2,3

EXAMPLE 2. Consider a family of functions

Q) ={g;: R—(0,00) : s € R}

defined by
540
x — S ) b
&) {x, s=0
Here, %(x) = ¢* > 0, which shows that g is a nondecreasing function on R for

every s € R and s — %(x) is exponentially convex by definition. As in Example 1 we

conclude that s — L;(gs), k= 1,2,3 are exponentially convex.
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For this family of functions from (4.9) we have

1
Li(gs) | 54 .
<Lk(gq)> ’ S 7 s
ML) = Qoxp (Bt — 1) 5= g 0:
Li(83) o
exp <2Lk(80)> ’ s=¢g=0

Applying Theorem 11 for functions gs,g, € Q, there exists & € Iy, k= 1,2,3
such that
Gauls—a) _ Li(gs) 1,2,3.

Therefore

Ss.q(Li, 0) = logM; ¢ (Li,22)
satisfies min{a,b — A,c} < S, 4(Ly, Q) <max{a+A,b,d},so Ss4(Ly, ) is amono-
tonic mean.

EXAMPLE 3. Consider a family of functions
Q3 = {¢s: (0,00) = (0,00) 15 € (0,%0)}
defined by

X

@(x)z{ﬁg-;’ o

X, s=1.

Since %(x) =5 >0 for s,x € (0,00), ¢ is a nondecreasing function for x > 0.

%(x):s"‘ is Laplace transform of non-negative function, that is s™* = ﬁ Joe

t*~ldt, so s+ % (x) is exponentially convex on (0,e0). As in Example 1 we conclude
that s — L;(¢s), k = 1,2,3 are exponentially convex. In this case we assume that
I C RT.

For this family of functions, from (4.9) we have

()™ ta

Ms.,q(Lk7Q3) = § exp <_*SL£,(€‘€;):§%) o Flgs> . s=q£1;

—L.(62
(). emamt
Applying Theorem 11 for functions ¢s, ¢, € Q3 there exists & € Iy, k =1,2,3 such
that :
&
(f) :&7 k=1,2.3
q Lk(¢q>
Therefore

Ss,q(Lk793) = _L(Sa‘I) IOgM\‘,q(Lk793)
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satisfies min{a,b — A,c} < S, 4(Ly,Q3) <max{a+A,b,d},so S 4(Ly,3) is amono-
tonic mean. L(s,q) is logarithmic mean defined by

S—q
L(s,q) = {log-Ylogq’ S#4q

s, s=gq
EXAMPLE 4. Consider a family of functions
Q4 = {y;: (0,00) — (0,00) : 5 € (0,00) }

defined by

For every s > 0, y, are nondecreasing functions for x > 0. Again we conclude, s —
%(x) = eV g Laplace transform of non-negative function, so it is exponentially
convex on (0,e). As in Example | we conclude that s — L;(ys), k= 1,2,3 are
exponentially convex. In this case we assume that Iy C R™. For this family of functions,
from (4.9) we have

1
Li(ys) \ =4 .
M y(Li, Q) = (Lk(‘llq)> ’ SFG
4 —Ly (id-y) 1 _
eXP(M—Lkw‘%)’ S=4q

Applying Theorem 11 for functions v, y, € Q4 there exists & € Iy, k= 1,2,3 such
that
e~ (Vs—va) — M7 k=1,2,3.

Therefore
SS-,II(Lk794) = _(\/E"‘ \/5_1) long.,q(Lk7 94)

satisfies min{a,b — 4,c} <8, 4(Li,Q4) <max{a+A,b,d},s0 S 4(Li,€24) is amono-
tonic mean.
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