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LYAPUNOV-TYPE INEQUALITIES FOR TWO
CLASSES OF DIRICHLET QUASILINEAR SYSTEMS

AYDIN TIRYAKI, DEVRIM CAKMAK AND MUSTAFA FAHRI AKTAS

(Communicated by D. Hinton)

Abstract. In this paper, we establish several new Lyapunov-type inequalities for two classes of
Dirichlet quasilinear systems, which almost generalize and extend all related existing results
in the literature. As an application, we also obtain sharp lower bounds for the eigenvalues of
corresponding systems.

1. Introduction

In this paper, we state and prove new generalized Lyapunov-type inequalities for
the following systems

—((r (x)p, () = f1(x)$oq (11 >|uz|°‘2}
— (2 (x)p, () = fo(x)0p, (u2) [y [P |

where ¢ (1) = |u["2u, y> 1, ri, fi € C([a,b],R), r(x) >0 for k=1,2 and x € R,
(u1(x),uz(x)) is a real nontrivial solution of the system (1.1) such that

(1.1)

i (@) =0 = uy (b) (1.2)

for k=1,2, a,b € R with a < b are consecutive zeros, u; for k = 1,2 are not identi-
cally zero on [a,b], 1 < pr <o and o >0, B; > 0 satisfy

a % nd PPy (1.3)

D1 Pz r1 D2
We also consider the following system

n

— (e () Oy, (1)) = fi) 0y () T il (1.4)
i=1(#k)
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where n €N, ¢y (u) = [u|" *u, y> 1, 1y, i €C([a,b],R), ri(x) >0 for k=1,2,...,n
and x € R, (uj(x),uz(x), ...,un(x)) is a real nontrivial solution of the system (1.4) such
that

up (a) = 0= uy (D) (L.5)

for k=1,2,....,n, a,b € R with a < b are consecutive zeros, u; for k=1,2,....,n are
not identically zero on [a,b], 1 < p; < e and the nonnegative parameters oy satisfy

n (Xk
k=1 Pk

1. (1.6)

As an application, we have also investigated in the lower bounds on the eigenvalues
of the following problem. As usual, it is easier to find upper bounds for eigenvalues than
lower bounds. In fact, they can be obtained by using elementary inequalities. Finding
the estimated lower bounds is based on giving a suitable Lyapunov inequality for the
corresponding systems.

Let A; for k = 1,2,....n be generalized eigenvalues of the problem (1.4)—(1.6)
and r(x) be a positive function for x € R. Then, the problem (1.4)—(1.6) with f;(x) =
Aoygr(x) >0 for k=1,2,...,n and x € R reduces to the following problem

n

— (e () By (1) = Aeorr(x) b () T il (1.7)
i=1(74)
up(a) =0=u (b), k=1,2,...,n, (1.8)
o %, (1.9)
—1 Pk

Before we proceed with the description of the main problem, we discuss a few
hints concerning the literature on the results obtained in the problem (1.4)—(1.6) and
the special cases of problem (1.7)—(1.9).

Firstly, we give the following results for second order differential equations.

If n=1, p; =2 and ry (x) = 1, then the problem (1.4)—(1.6) reduces to the fol-
lowing problem

—uf = fi (X)uy, (1.10)
uj(a) =0=uy(b). (1.11)
Lyapunov [2] proved the following remarkable result:

THEOREM A. If fi € C([a,b],[0,0)) and u, is a nontrivial solution on [a,b] for
the problem (1.10)—(1.11), then the so-called Lyapunov inequality

b 4
/ f (s)ds>b_a (1.12)

holds.

The Lyapunov inequality and many of its generalizations have proven to be useful
tools in oscillation theory, disconjugacy, eigenvalue problems, and numerous other ap-
plications for the theories of differential and difference equations. A thorough literature
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review of continuous and discrete Lyapunov inequalities and their applications can be
found in the survey paper by Cheng [3] and the references quoted therein. For some of
the most recent works on Lyapunov-type inequalities, the reader is referred to [1-42].

Since then, there have been several results to generalize the above linear equation
in many directions. Before stating many efforts, it is worth to the mention following
works.

By using Green’s function, Hartman [17] obtained the generalized inequality as
follows:

THEOREM B. If fi € C([a,b],]0,%)) and u, is a nontrivial solution on |[a,b] for
the problem (1.10)—(1.11), then the inequality

b _ _
/u fi(s) %d@l (1.13)
holds.

We know that the inequality
4AB < (A+B)? (1.14)

holds where A and B are positive numbers. If wetake A=x—a>0and B=b—x>0
for x € (a,b) in the function M (x) := (x—a)(b—x), then we obtain the following
inequality

(r—a)(b—x) < (b;CZ)z, (1.15)

a+b b—a\?*
urgf;(}jM(x):M( 3 ):( 3 ) . (1.16)

Thus, condition (1.13) is a generalization of condition (1.12).
If n=1 and r;(x) = 1, then the problem (1.4)—(1.6) reduces to the following
problem

i.e.

— (0, (1)) = F1(x)p, (1) (1.17)
uy(a) =0=u (b). (1.18)

Pinasco [28] extended the Lyapunov inequality from the linear equation to the
half-linear equation as follows:

THEOREM C. If fi € C([a,b],R) be a bounded positive function and u, is a
nontrivial solution on [a,b] for the problem (1.17)—(1.18), then the inequality

b 2 p1—1
/u fi (S)ds>2<b_a> (1.19)

Sim and Lee [3 1] obtained the generalized inequality (1.19) as follows:

holds.
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THEOREM D. If f1 € C([a,b],[0,)) and u; is a nontrivial solution on |a,b] for
the problem (1.17)—(1.18), then the inequality

/abfl(s) {W}m_laﬂsz (1.20)

holds.

Note that when p; =2 in the problem (1.17)—(1.18), the condition (1.20) coincides
with the condition (1.13). But Hartman’s argument does not work here, due to the lack
of Green’s function for pj-Laplacian. It is easy to see that, by using the inequality
(1.14), condition (1.20) is a generalization of condition (1.19).

It is clear that the problem (1.1)—(1.3) with the condition

(g =0and oy = p1) or (B =0and B, = py), (1.21)

or the problem (1.4)—(1.6) for n = 1 reduces to the following type problem

— (r1 () 9p, (1)) = f1(x)Bp, (1) (1.22)
up(a) =0=uy (b). (1.23)

Moreover, when oy = py for k=1,2,...,n, and for i #k, o =0 fori=1, 2,...,n,
we obtain a single equation from system (1.4).
Now, throughout the paper for the sake of brevity, we denote

fi (x) = max {0, fi(x)} is the nonnegative part of f(x), (1.24)
[ (om0 - ( AOLNE) )"kl
D = , E = 2Pk ——— 1.25
() 2T g Ty ® & (x) + Me(x) (129
and
b pi—1
Fo=27P% (& (x) + 1 ()P =277 ( / r/ “"k)(s)ds> . (1.26)
where .
E(x) = / r,i/(l_pk)(s)ds and mM(x) = / r,i/(l_pk)(s)ds (1.27)
for k=1,2,...,n.

Wang [42] obtained the following inequality:

THEOREM E. If fi € C(|a,b],R) and u; is a nontrivial solution on |a,b) for the
problem (1.22)—(1.23), then the inequality

/bfl+ () E1 (s)ds > 27 7>C (py) (1.28)

holds, where
272 1 <p; <2

C(p1)={ Y (1.29)
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Secondly, we give the following results for systems (1.1) and (1.4).

Napoli and Pinasco [21] were interested in the problem of finding Lyapunov-type
inequality for the system (1.4) with n =2 and ry (x) = 1 for k = 1,2 and obtained a
generalization of the inequalities (1.12) and (1.19) as follows:

THEOREM F. If fi € C([a,b],[0,)) for k = 1,2 and (u; (x),us (x)) is a non-
trivial solution on [a,b] for the problem (1.4)—(1.6) with n =2 and r(x) =1 for
k=1,2, then the inequality

2 b o/ Pk .
k = ! —da .
I1 ( / f (s)ds) > 201%0 (p — g) = (eto) (1.30)
k=1 a

holds.

By using the inequality (1.30), Napoli and Pinasco [21] have also obtained the
lower bounds on the eigenvalues of system (1.7) with n =2 and r; (x) =1 for k= 1,2
as follows:

THEOREM G. There exist a function ki (A1) such that X, = k(A1) for every gen-
eralized eigenvalue (A1,;) of the problem (1.7)—(1.9) with n =2 and r; (x) =1 for
k=1,2, where

| b _1\ P2/
ki (Ay) = w {2a1+a2 (b_a)l—(a1+a2) [(M(Xl)al/m/ r(s)ds] } . (1.31)

Cakmak and Tiryaki [7] obtained the following inequality for system (1.1).

THEOREM H. If f; € C([a,b],R) for k=1,2 and (u; (x),us (x)) is a nontrivial
solution on |[a,b] for the problem (1.1)—(1.3), then the inequality

Bi(r1-1) o(p-1)

b b
(/ ri/(lm)(s)ds) n (/ ré/(lm)(s)ds> r

7]

BL &3
) (/ "f ) dS> (/ ") dS> " >amh (1.32)

holds.

Cakmak and Tiryaki [8] extended and generalized the system (1.4) with n =2 and
ri (x) =1 for k= 1,2 to the system (1.4) with r; (x) =1 for k= 1,2,...,n as follows:

THEOREM L. If fi € C([a,b],R) for k=1,2,...,n and (uy (x),up (x),...,un (x))
is a nontrivial solution on [a,b] for the problem (1.4)—(1.6) with r; (x) =1 for k=
1,2,...,n, then the inequality

n o/ Pk n o/ pr
I1 ( / bfk* (s)ds) >11 [(ck—aﬂ""' + (b—q)“ﬂ . (1.33)
k=1 a

k=1
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holds, where |ug(cr)| = max |ug(x)| for k=1,2,...,n
a<x<b

By using the inequality (1.33), Cakmak and Tiryaki [8] have also obtained the
lower bounds on the eigenvalues of system (1.7) with ri (x) = 1 for k =1,2,...,n as
follows:

THEOREM J. There exist a function ky(A1,A2,...,Au—1) such that A, > ky(A1,
A2,y An—1) for every generalized eigenvalue (Ai,Az,...,A,) of the problem (1.7)—
(1.9) with ri (x) =1 for k=1,2,...,n, where |ug(ci)| = maxb\uk(x)| fork=12,...n

a<x<

and

ko (A1, A2,y )

Pn
On
%

., @ [n—1 !
_ L H [(ck—a)l_pk-i-(b—ck)l_pk] Pk [H (?Lkak)ﬁfubr(s)ds] . (1.34)

oy k=1 k=1

If we use inequality (1.14), by choosing A =x—a >0 and B=b—x > 0 for
€ (a,b) in the function m (x) := -~ + 71, then we have the following inequality

1 1 4

> 1.35
+b—x b—a ( )
for x € (a,b), i.e

min m(x) =m athby_ _4

a<x<b - 2 _b—a'

If we take n = 2 in the problem (1.7)—(1.9), since the inequality (1.35) holds, we ob-
serve that Theorem J improves and generalizes Theorem G. Similarly, by using the
inequality (1.35), Theorem H also generalizes Theorem F.

More recently, by using the ideas of Cakmak and Tiryaki [7, 8] with a slight mod-
ification, Tang and He [32] obtained the following inequalities for systems (1.1) and
(1.4).

THEOREM K. If fi € C([a,b],R) for k=1,2 and (u; (x),us (x)) is a nontrivial
solution on [a,b] for the problem (1.1)—(1.3), then the inequality

([ 5 wmea) 7 ([5wowa) ™

®p

I’lf’z 72_
(/ fi (s)Da (s ) (/ (s Dz()d) 2 >1 (1.36)

holds.
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THEOREM L. If f; € C([a,b],R) for k=1,2,....,n and (u; (x),uz (x),...,un (x))
is a nontrivial solution on |a,b)| for the problem (1.4)—(1.6), then the inequality

o0y

M (J2 7 (9D ()ds) ™" > 1 (137

holds.

Note that Theorem K with the condition (1.21) (or Theorem 2.2 given in Tang and
He [32]) or Theorem L with n =1 gives a better result than Theorem E given by Wang
[42] in both cases, i.e. 1 < p; <2 and p; > 2, from the inequality (2.16) in [42].

By using similar technique to Theorem 1.4 of Napoli and Pinasco [21], Tang and
He [32] also obtained the following result, which gives lower bounds for the 7 -th eigen-
value of A,,, from Theorem L for system (1.7) with ri(x) =1 for k=1, 2,....n.

THEOREM M. There exists a function k3 (A1, A2, ..., Ay—1) such that A, > k3(A1, A2,
ey A1) for every generalized eigenvalue (A1,A2,...,Ay) of the problem (1.7)—(1.9)
with ri(x) =1 for k=1, 2,....n, where

k3(z'laxf2a"'7lnfl)
P

s—a) (b—s)]Px ! Pk
! g (LS a)

1
=
In this paper, our motivation comes from the recent papers of Cakmak and Tiryaki
[7, 8], Sim and Lee [31] and Tang and He [32]. We state and prove several new gener-
alized Lyapunov-type inequalities for the problems (1.1)—(1.3) and (1.4)—(1.6). In fact,
we almost generalize and extend all related existing results in the literature.

In [7] and [8&], the authors derive a Lyapunov-type inequality which relates both
points a and b in I = [xp,e) C R at which all components of the solution have consecu-
tive zeros and any point in (a,b) where all components of the solution are maximized.
But here, we derive Lyapunov-type inequalities for the problem (1.1)—(1.3) or (1.4)-
(1.6), where all components of the solution have only consecutive zeros at the points
a,b € R with a < b in I. Namely, we do not required that all of the components of the
solution are maximized at any point in (a,b).

Since our attention is restricted to the Lyapunov-type inequalities for the quasilin-
ear systems of differential equations, we shall assume the existence of the nontrivial
solution of the system (1.1) or (1.4). For readers who contributed to the existence of the
solution of these type systems, we refer to the paper by Afrouzi and Heidarkhani [43].

This paper is organized as follows. In sections 2 and 3, we shall present new
Lyapunov-type inequalities for systems (1.1) and (1.4), respectively. In section 4, we
present an application of this type inequality obtained for the problem (1.4)—(1.6).

Now, we present some inequalities on Dy (x), Ey(x) and F for k= 1,2,....n
which are useful in the comparison of our main results. We know that since the function

h(x) = xP~! is concave for x >0 and 1 < p; < 2, Jensen’s inequality h (2+) >
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1 1
%[h(a)) +h(v)] with ® = —— and v = —— implies

&k (x) Mk (x)
Dy (x) = Ey (x) (1.39)

for | <pp<2, k=1,2,....,n. If p; >2 for k = 1,2,...,n, then the function h(x) =
xP=1 is convex for x > 0. Thus, the inequality (1.39) is reversed, i.e.

Dy (x) < Eg (x) (1.40)

for py >2, k=1,2,...,n. In addition, since the function /(x) = x! =Pk is convex for
x>0 and p; > 1, Jensen’s inequality 7 (%) < 1[I(w)+1(v)] with @ = &(x) and
v =M (x) implies

Dk ()C) ng (141)

for k=1,2,...,n. By using inequality (1.14) with A = &, (x) >0 and B=1; (x) >0
for k=1,2,...,n in E; (x), we obtain the following inequality

Ey (x) < Fy (1.42)
for k=1,2,...,n.

2. Lyapunov-type inequalities for system (1.1)
For system (1.1), one of the main results of this section is the following theorem.
THEOREM 2.1. If fi € C([a,b],R) for k=1,2 and (u; (x),uz (x)) is a nontrivial
solution on [a,b] for the problem (1.1)—(1.3), then the inequality

b Bi/p1 b /2
1< (/ f1+ (S)Dilxl/l?l (S)Dgz/l?z (s)ds) (/ f2+ (S)Dll}l/l?l (S)D§2/p2 (S) ds)
’ ‘ 2.1
holds.

Proof. Let uy(a) = 0 = ug(b) for k = 1,2 where a,b € R with a < b are con-
secutive zeros, and u; for k = 1,2 are not identically zero on [a,b]. Multiplying the
first equation of system (1.1) by u; and the second equation of system (1.1) by u»,
integrating from « to b and taking into account that uy(a) = 0 = uy(b) for k =1,2, we
get

b b
| )1 6] ds = [ fi(5) e ()1 ez 5)| s 22)
and

b b
| ra )]s )]s = [ £ (5) o (5)/P o (5) s, 23)

By using u (a) = 0 and Holder’s inequality, we get

e ()] < / 1, (s)] ds < (/;r;/um ) ds) (=t (/uxrk ) i 6) ds) e
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for k=1,2 and x € [a,b]. Thus, we get

g ([P & (x) < /:"k (s) |uy ()| ds (2.4)

for k= 1,2. Similarly, by using u; (b) = 0 and Holder’s inequality, we get

1=pg b / k
P00 < [0 [u (0)] s 2.5)

for k=1,2 and x € [a,b]. Adding (2.4) and (2.5), we have

b
g ()P < Dy (x) / i (s) i (5) | dis 2.6)

a

for k=1,2 and x € [a,b]. After that by using similar technique to the proof of Theorem
2.1 given by Tang and He [32], it can be showed that the equality case in (2.6) does not
hold. Thus, we get

b
(P < D) [ () )] s exp

a

for k=1,2 and x € (a,b). For k =1 in the inequality (2.7), we get
b
ot ()17 <D () 1 (5) o (5)|° e 5)| s 8

from (2.2). If we take the % and % -th powers of both side of inequality (2.8), we
have

.y b ar/pi
o (1 < D7 0 (56 917 s 9 @9)
and

b Bi/p1
P <o ) ([ Ol @ e@as) L @10

respectively. Multiplying both sides of (2.9) by f;" (x) [u2(x)|*?, integrating from «a to
b, we have

b l—a/p b
(/ £ () Jur ()] Juz (s)|* ds> < / 15 () uz (s)|* Df"/”l (s)ds. (2.11)
Similarly, for k = 2 in the inequality (2.7), we get
b
12 ()17 <Da(x) [ £ (5) s ()P [z (5) P s @12)

from (2.3). If we take the % and % -th powers of both side of inequality (2.12), we
have

b 0/p2
s (1% < D2/ 0) (5 60 0" o 9P 1)
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and

b B2/p2
jur ()17 < D/ (x) ( | B @ 6P ) ds) : (2.14)

respectively. Multiplying both sides of (2.14) by f5" (x) [u; (x) |ﬁ !, integrating from a to
b, we have

b 1=B2/pa b
( LA @ 6P |M2(S)|ﬁ2dS) < [ £ @ 08" s)ds. @.15)

By using (2.13) in (2.11) and (2.10) in (2.15), we have

([t o maoi=a) " <mn ([ 5 6o o)
(2.16)

a/p2

and

( [ 5 6O o) ds) P ( [ 6 9 (5] ds)ﬁl/m,

(2.17)
where

DA/PI (5) poa/rs b BB (o B
M, = / £ (s (5)DL/P2 (s)ds and M, = / £ (5) DPYP () DEP2 () dis

respectively. If we take the e; and e, -th powers of both side of inequalities (2.16) and
(2.17), and multiplying the resulting equations, we obtain

K/“bf;r (5) [ue (5)|*" fuez (5| ds> l_al/m] e
X [(/abf; () |ug (s)|ﬁ1 2 (s)|ﬁ2 ds)lﬁz/m] o
< [Ml (/a”ffr (s) |1 (5)|P! |uz (S)|ﬁ2ds)a2/p2] o

b Bi/p1] €2
x [Mz (/ 17 () Juy ()] |uz (s)|a2ds> 1 . (2.18)

It is easy to see that by using similar technique to the proof of Theorem 2.1 given by
Tang and He [32], we obtain the following inequalities

b b
0< [0 ) o (s)|ds and 0< [ 15 5) i (5)P o) s,
(2.19)
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Now, we choose e; and e, such that 0 < [ f;7 (s)|u1 (s)|*" |ua2 (s)|*2ds and 0 <

ff () |u (s)|l31 |up (s)|l32 ds cancel out in inequality (2.18), i.e. solve the homoge-
neous linear system

(l—%)el - %62 = ,}
. B\ (2.20)
g~ (1mR)e=0

We observe that by hypotheses 71+ 72 =1 and g—i + 1‘% = 1, this system admits a
nontrivial solution, indeed all equations are equivalent to

<l—ﬂ> el :&ez and %el = (l—&> €.

P1 P1 P2 )2)

Hence, we may take e = g L and e; = 22 , and we get inequality (2.1) which completes
the proof. [

For system (1.1), another main result of this section is the following theorem.

THEOREM 2.2. If fi € C([a,b],R) for k=1,2 and (u; (x),uz (x)) is a nontrivial
solution on [a,b] for the problem (1.1)—(1.3), then the inequality

Bi/p1 o/p2
1< (/ er 0!1/171 ) ;‘2/1’2 (s)ds) r (/bf; (S)EFI/PI (S)Efz/l’z (s)ds) r

(2.21)
holds.

Proof. Let ux(a) =0 =ug(b) for k =1,2 where a,b € R with a < b are consec-
utive zeros, and uy for k = 1,2 are not identically zero on [a,b]. As in the proof of
Theorem 2.1, we have (2.2)—(2.5). If we take k = 1 in inequalities (2.4) and (2.5), then
we have

i P <& ) [ () s ()] ds 2.22)

a

and
pi—1 b / ri
luy (x)|”' < nf (x)/ r1(s) |u1 (s)| ds (2.23)

X

for x € [a, b]. Multiplying the inequalities (2.22) and (2.23) by i~ ! (x) and &' ! (x),
respectively, we obtain

nP @) @ < EEm ) [ @) as @24

and
b
PO W < EEm@ [ 6es @29)
X
for x € [a,b]. Thus, adding the inequalities (2.24) and (2.25), we have

w @P (&P @4l @) < GEmEP ! [ neld o) as @26

a
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for x € [a,b]. Itis easy to see that the function &/ )+ ny ! (x) takes the minimum
value at ¢; € (a,b) such that &; (c;) = 11 (c1). Thus, we get

|y (x)[! (é{"*l(cl)Jrn{"*l(cl)) < (él(x)nl(x))pl*/br1 (s) | ()| ds. 2.27)

a

Since & (c1)+ni(c1) = &1(x) +Mi(x), Vx,c1 € (a,b), and & (c) = S0 +m ) (x)—iz—m(x) —

1 br:/(lfﬁl)(s)

7 Ja ds, we have

(91 227 (& )+ )" = i P [260 )] <

G@m@ [ n )] )] as (2.28)

and hence from (2.2)

b
ur ()" < Ey (X)/a fr(s)ur ()" Juz () ds (2.29)

for x € [a,b]. After that by using similar technique to the proof of Theorem 2.1 given
by Tang and He [32], it can be showed that the equality case in (2.29) does not hold.
Thus, we get

P < B0 [ 6 (9] s )]s 2:30)

for x € (a,b). The rest of the proof is the same as in the proof of Theorem 2.1, and
hence is omitted. [

REMARK 2.1. Itis easy to see from the inequality (1.39) thatif we take 1 < p; <2
for k= 1,2, then inequality (2.21) is weaker than inequality (2.1). Hence, Theorem 2.2
is better than Theorem 2.1. Similarly, from the inequality (1.40), if py > 2 for k=1,2,
then Theorem 2.1 is better than Theorem 2.2. In addition, if py =2 for k = 1,2, then
Theorem 2.1 coincides with Theorem 2.2.

In general case, the results of Tang and He [32] can not be compared with our
results, but they only compared with each other in the special cases as follows.

REMARK 2.2. Let the condition (1.21) holds. Thus, Theorem 2.1 coincides with
Theorem K (or Theorem 2.2 given in Tang and He [32]) for the problem (1.22)—(1.23).
Moreover, from the inequality (1.39), if we take 1 < p; < 2, then Theorem 2.2 gives a
better result than Theorem K for the problem (1.22)—(1.23).

By using the inequality (1.41) in (2.1) or (1.42) in (2.21), we obtain the following
result from Theorem 2.1 or 2.2.

COROLLARY 2.1. If fi € C([a,b],R) for k=1,2 and (u; (x),uz (x)) is a non-
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trivial solution on [a,b] for the problem (1.1)—(1.3), then the inequality

Y ﬁl(;’)l’l) b 0‘2(/{’)2*1)
(/ ri/(lm)(s)ds) ! (/ ré/(lm)(s)ds> 2
B o
Pt n b + ” on+p
X / fi (s)ds / > (s)ds > %2R (2.31)

holds.

REMARK 2.3. It is clear that Corollary 2.1 coincides with Theorem H given by
[7]. In fact, Theorem 2.1 or 2.2 is a generalization of Theorem H.

3. Lyapunov-type inequalities for system (1.4)

For system (1.4), one of the main results of this section is the following theorem.
THEOREM 3.1. If fy € C([a,b],R) for k=1,2,...,n and (uy (x),uz (x),...,un (x))

is a nontrivial solution on [a,b] for the problem (1.4)—(1.6), then the inequality

n b n o/ pr
1<] (/ TA0) § 2t) ds) (3.1)
k=1 a =1
holds.

Proof. Let uy(a) =0=u(b) for k=1,2,....n where n € N, a,b € R with a<b
are consecutive zeros and uy for k = 1,2,...,n are not identically zero on [a,b]. By
using uy (a) = 0 and Holder’s inequality, we get

for k=1,2,...,n and x € [a,b]. Thus, we get

1-p x .
&0 < [l 9] s 32
for k=1,2,...,n. Similarly, by using u; (b) = 0 and Holder’s inequality, we get
b
1—
e ()P ™ () < / ric (5) [ug (5)]™ dis (3.3)

X

for k=1,2,...,n and x € [a,b]. Adding (3.2) and (3.3), we have

b
()| < D) [ i) (5)| s (34)

a
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for k=1,2,....,n and x € [a,b]. After that by using similar technique to the proof of
Theorem 3.1 given by Tang and He [32], it can be showed that the equality case in (3.4)
does not hold. Thus, we get

g ()P4 < ALy (), (3.5)

o/
where x € (a,b) and Ay = (fabrk () |u} (s)’p"ds> T for k= 1,2,...,n. If we take

the % -th power of both side of inequality (3.5), we obtain

g (x)|% < AD/ P (x) (3.6)

n
Multiplying both sides of (3.6) by f" (x) ] |ui(x)|* for k=1,2,...,n, integrating
i=1(#k)
from a to b, we have

/fk |ul )O"ds</AD°"‘/p"()fk ) I1 lu(s)[%ds 3.7
=120

for k =1,2,...,n. On the other hand, multiplying the k-th equation of system (1.4) by
u; and integrating from a to b, we get

b b n _ b n _
/rk(s);u;(s);Pkds:/ fk(s)H\u,-(s)\%dsg/ £ O s)%ds (3.8
a a i=1 a i=1

for k=1,2,....,n. By using (3.8) in (3.7), we have

n

b b
/ 1 (5) |l (s) [P ds < / ADAP () £ (s) T Jwi()[%ds  (3.9)
a a =108

for k =1,2,....n. Therefore, by using (3.6) in (3.9), we have

</abrk (s) |uz (S)|pkds)l_a"/1’k )

for k =1,2,....,n. If we take the e;-th power of both side of inequalities (3.10) for
k=1,2,...,n, and multiplying the resulting equations, we obtain

n b ex(1—og/pr) n o ex
(RACTACIEY <H( SYRC) R )
k=1 a i=1(k) a

A/fk HD""/”' ds  (3.10)

i=1(k) a

and hence

kli[l </b ri(5) [ ()] ds) exll=a/r)

n 7 & n 1 *
_ (/b . (s) ’u;{ (s)|17/< ds) K i=1(k) (/bf]:_ (S) HD:-Xi/pi (S)dS) . (3.11)
k=1 \/a k=1 \"4 i=1

—
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It is easy to see that by using similar technique to the proof of Theorem 3.1 given by
Tang and He [32], we obtain the following inequalities

/brk (s) | ()| ds >0 (3.12)

for k=1,2,...,n. Now, we choose ¢; such that [”r; (s) |uj. ()| ds for k=1,2,....n
cancel out in inequality (3.11), i.e. solve the homogeneous linear system

(p1 —061)61 — (041) — ogesz ... — e, =0
—0pey + (pz - Otz)ez — opes ... — one, =0 (3.13)
—ope;  — oy e — opes3 ... + (pn—0p)e, =0

n
. (07 . . .. .
We observe that by hypothesis 2 = = 1, this system admits a nontrivial solution,
i—1 Pk
indeed all equations are equivalent to

n o
e | =eé, —
Pk ( Ek) ) <i=%ek> pi)

for k=1,2,...,n. Hence, we may take ¢; = % for k=1,2,...,n, and we get inequality
(3.1) which completes the proof. [

For system (1.4), another main result of this section is the following theorem.

THEOREM 3.2. If fy € C([a,b],R) for k=1,2,...,n and (u; (x),uz (x),...,un (x))
is a nontrivial solution on |a,b] for the problem (1.4)—(1.6), then the inequality

n b n O/ Pr
<1 (/ 0] I e (s)ds> (3.14)
k=1 a =1

holds.

Proof. Let uy(a) =0=u(b) for k=1,2,....n where n € N, a,b € R with a<b
are consecutive zeros and u; for k = 1,2,...,n are not identically zero on [a,b]. As
in the proof of Theorem 3.1, we have inequalities (3.2) and (3.3). Multiplying the
inequalities (3.2) and (3.3) by n/*~ "(x) and S Y(x), k=1,2,...,n, respectively, we
obtain

1P Ol 0P < Gme)" ! [Tn @ o) e 619
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and
pr—1 Dk pr—1 b / Pk
i () g () |P* < (G M (%) /x i (s) | ()| ds (3.16)

for k=1,2,...,n and x € [a,b]. Thus, adding the inequalities (3.15) and (3.16), we
have

b
(O (57 00+ 07 () < GOm0 [ ) i (9] ds - 37
a
for k=1,2,...,n and x € [a,D]. It is easy to see that the functions ’g’,f"_l(x) + n,f"_l(x)
take the minimum values at ¢ € (a,b) such that & (cx) = Mg (¢x) for k=1,2,....n.
Thus, we get

(P (527 e+ (@) < G [ o) () s 318)
for k=1,2,...,n. Since ék(ck) +T]k(ck) = ék(x) +T]k(x), Vx,cr € (a,b), and ék(ck) =

ék(x)‘;nk(x) _ %ff rli/(lfpk)(s)ds, we have

o ()P [ 227 (Belo) + i) = e ()P 260 ()] <

&m0 [ (o) ()" s 3.19)

a

and hence .
() < Ee() [ (s) [ (9] ds (320)

for k =1,2,....,n and x € [a,b]. After that by using similar technique to the proof of
Theorem 3.1 given by Tang and He [32], it can be showed that the equality case in
(3.20) does not hold. Thus, we get

g ()P < APV AE (x), (3.21)
o/ p

where x € (a,b) and Ay = <f:rk (s) |u} (S)|pkds> for k =1,2,...,n. The rest of
the proof is the same as in the proof of Theorem 3.1, and hence is omitted. [

REMARK 3.1. By using the inequalities (1.39) and (1.40), it is easy to see that
Theorem 3.1 is better than Theorem 3.2 when p; > 2 for k = 1,2,...,n, and Theorem
3.2 s better than Theorem 3.1 when 1 < p; < 2 for k=1,2,...,n. In addition, if py =2
for k=1,2,...,n, then Theorem 3.1 coincides with Theorem 3.2.

REMARK 3.2. Let n=1. Thus, Theorem 3.1 coincides with Theorem L given by
Tang and He [32] for the problem (1.22)—(1.23). Moreover, from the inequality (1.39),
if we take 1 < p; < 2, then Theorem 3.2 gives a better result than Theorem L for the
problem (1.22)—(1.23).
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REMARK 3.3. Note that (1.1) is a special case of (1.4) where n =2, B = ¢¢; and
B> = 0. Under these conditions, we can see that the inequality (3.1) (or (3.14)) of
Theorem 3.1 (or 3.2) reduces to the inequality (2.1) (or (2.21)) of Theorem 2.1 (or 2.2).

If we use the second mean value theorem for integrals in the inequalities (3.1) and
(3.14), we obtain the following results from Theorems 3.1 and 3.2, respectively.

COROLLARY 3.1. If fy € C([a,b],R) for k=1,2,...,n and (u; (x),uz (x),...,un (x))
is a nontrivial solution on [a,b] for the problem (1.4)—(1.6), then there exist some points
di € (a,b) for k=1,2,...,n such that

n n %/ P n b o4/ px
H (HDi—ai/Pi (dk)> < (/ kar (S) dS) (3.22)
=1 k a

k=1 =1

holds.

COROLLARY 3.2. If fy € C([a,b],R) for k=1,2,...,n and (u; (x) ,uz (x),...,un (x))
is a nontrivial solution on [a,b] for the problem (1.4)—(1.6), then there exist some points
di € (a,b) for k=1,2,....n such that

n

n %/ P n b O/ Pk
I (H gl (dk)> < ( / £ (s)ds) (3.23)
i=1 k=1 a

k=1

holds.

REMARK 3.4. Note that if we take r;(x) = 1 and dy = ¢; where |u;(c;)| =
maxb |ui(x)| for i,k =1,2,...,n in the inequality (3.22), then Corollary 3.1 coincides
a<x<

with Theorem I given by [8]. Therefore, Theorem 3.1 is a generalization of Theorem

I. In addition, by using the inequality (1.39), if we take 1 < py <2, r(x) =1 and

dp = ¢; where |ui(c;)| = maxh|ui(x)\ for i,k = 1,2,...,n, then Corollary 3.2 gives a
a<<x<

better result than Theorem I.
By using the inequality (1.41) in Theorem 3.1 or (1.42) in Theorem 3.2, we obtain
the following result.

COROLLARY 3.3. If fr € C(la,b],R) for k=1,2,....,n and (u; (x),uz (X),...,u5 (x))
is a nontrivial solution on [a,b) for the problem (1.4)—(1.6), then the inequality

S o b B oy (1=pr)/ Pk n b 0/ Pk
M il ( / A/ Pk)(s)ds) <11 ( / fi (s)ds> (3.24)
a k=1 a

k=1
holds.

REMARK 3.5. If we take n = 2, then Corollary 3.3 coincides with Corollary 2.1
with B; = oy for i =1,2.

REMARK 3.6. Let n =1 and r; (x) = 1. If we compare Theorem 3.2 with The-
orem D given by Sim and Lee [31], then the positivity condition on the function f in
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Theorem D can be dropped for the problem (1.17)—(1.18). Thus, Theorem 3.2 gener-
alizes and extends Theorem D. In addition to this if p; = 2, then Theorem 3.1 or 3.2
reduces to Theorem B for the problem (1.10)—(1.11). Moreover, from the inequality
(1.40), Theorem 3.1 with p; > 2 gives a better result than Theorem D for the problem
(1.17)—(1.18).

REMARK 3.7. Since |f(x)| > f*(x), the functions f;" (x) for k=1,2,...,n in the
above results can also be replaced by | fi(x)| for k=1,2,...,n.

4. Lower bounds for generalized eigenvalues

Now, we present an application of the Lyapunov-type inequality obtained for sys-
tem (1.4).

We obtain the following result which gives lower bounds for the n-th component
of any generalized eigenvalue (A1,A;,...,A,) of system (1.7). The proof of the follow-
ing theorem is based on above generalization of the Lyapunov-type inequality, as in that
of Theorem 9 of Cakmak and Tiryaki [8] and hence is omitted.

THEOREM 4.1. There exist a function hy(A, A2, ..., Ay—1) such that
hl(/ll,k27...,7tn,1) <2,n (41)

Sfor any generalized eigenvalue (Ay, A2, ..., Ay) of the problem (1.7)—(1.9), where

n—1 b n —Pn/ 0
h (M, A, A1) = i [H (Akock)“"/”"/ r(s) I1 D,‘(S)a"/p"(s)ds‘| 4.2)

n k=1 a i=1
Sfrom the inequality (3.1) or

n—1

b n —Pn/On
H(?Lkak)a"/pk/ r(s)HEia"/pi (s)ds] 4.3)
i=1

k=1 a

1
hi(A1, A2, A1) = — [

Sfrom the inequality (3.14).

REMARK 4.1. By using the inequalities (1.39) and (1.40), it is easy to see that
Theorem 4.1 with (4.2) gives a better lower bound than Theorem 4.1 with (4.3) when
pr > 2 for k=1,2,...,n, and Theorem 4.1 with (4.3) gives a better lower bound than
Theorem 4.1 with (4.2) when 1 < p; <2 for k= 1,2,...,n. In addition, if p; =2 for
k=1,2,...,n, then Theorem 4.1 with (4.2) is exactly the same as Theorem 4.1 with
(4.3).

REMARK 4.2. Let n =2 and ry (x) = 1 for k= 1,2. If we compare Theorem 4.1
with Theorem G given by Napoli and Pinasco [21], we obtain hi(A;) > k;(A;) since
the inequality (1.41) or (1.42) holds. Therefore, Theorem 4.1 gives a better lower bound
than Theorem G.
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REMARK 4.3. Note that after the second mean value theorem for integrals in (4.2)
and (4.3) are used, if we take ry (x) = 1 and d; = ¢; where |u;(c;)| = maxb|ui(x)| for
a<x<

i,k=1,2,...,n in (4.2), then Theorem 4.1 with (4.2) reduces to Theorem J given by [&].
In addition, if we take 1 < py <2, r;(x) =1 and dy = ¢; for i,k =1,2,....n in (4.3),
by using the inequality (1.39), then Theorem 4.1 with (4.3) gives a better lower bound
than Theorem J.

REMARK 4.4. Since hy is a continuous function, then h;(A1,A2,...,A4,—1) — +oo
as any eigenvalue of Ay — 0" for k = 1,2,...,n — 1. Therefore, there exists a ball
centered in the origin such that the generalized spectrum is contained in its exterior.
Also, by rearranging terms in (4.1) we obtain from (4.2)

-1

n b n n
o [ roflor el < fiase as
k=1 a i=1 k=1
or from (4.3)
—1
n b n n
a]?k/l’k/ r(s)HE;xi/p" (s)ds < kHI x]?k/l’k. (4.5)
k=1 a i=1 B

Itis clear that when the interval collapses, left-hand side of (4.4) or (4.5) goes to infinity.
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