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WEIGHTED COMPOSITION OPERATORS FROM THE
LIPSCHITZ SPACE INTO THE ZYGMUND SPACE

FLAVIA COLONNA AND SONGXIAO L1

(Communicated by J. Pecaric)

Abstract. In this work, we give several characterizations of the bounded and the compact weighted
composition operators from the Lipschitz space into the Zygmund space.

1. Introduction

Let X and Y be Banach spaces of analytic functions on a domain Q in C, u an
analytic function on Q and let ¢ be an analytic function mapping € into itself. The
weighted composition operator with symbols u and ¢ from X to Y is the operator uCy,
with range in Y defined by

uCof = MCof =u(fo@), for f € X,

where M, is the multiplication operator with symbol u and C, is the composition
operator with symbol ¢.

We refer the interested reader to [7] and [24] for the theory of the composition
operators.

Let D be the open unit disk in the complex plane C, S(D) the set of analytic
self-maps of D, and let H(D) be the space of analytic functions on . Let H” =
H*=(D) denote the space of bounded analytic functions f on D with norm || f]|e =
sup.cp |/(2)].

A well-known class of small spaces of analytic functions that will be considered
in this work is the Lipschitz space Lipy (with 0 < o < 1) of functions f € H(D)
satisfying the Lipschitz condition of order ¢ : there exists a constant C > 0 such that

|f(z) = f(w)] <Clz—w|*, forall z,w € D.

Such functions f extend continuously to the closure of the disk. Furthermore, the
associated boundary function f(e"), for t € R, satisfies the analogous condition

|f(e") — f(e®)| < Ch%, for |t —s| < h.
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The quantity
[f(2) = f(w)]

flliipe = |f<o>|+sup{ R w} <o

defines a norm on Lipy, .
Let f € Lipy and set C = sup{% z,welD,z# w} . Then, for z€ D, we
have

F@I<IFO) +Clal” < 1 fllipe-

Thus, taking the supremum over all z € D, we obtain

£ llee < 1f Nl Lipe- (1)

By a theorem of Hardy and Littlewood [14], the elements of Lip, are character-
ized by the following Bloch-type condition: A function f € H(ID) belongs to Lipg if
and only if

a(f) =sup(1—[z]*)' "% f'(z)] < oo )
zeD

Moreovet, ||flzip, = [/(0)] + e(f).
The Bloch space Z is the Banach space consisting of the analytic functions f on
D satisfying the condition

Br= s;gh —[z)f (2)] < oo

The norm is defined as || /|| = | f(0)| + Br.
In this work, we shall also consider the Zygmund space 2 consisting of the func-

tions f € H(D)NC(D) such that

S OH) + f () 21 ()]
h

171l = sup <o,

where the supremum is taken over all 8 € R and 7 > 0. As a consequence of Theorem
5.3 of [10] and the Closed Graph Theorem, a function f € H(DD) belongs to 2 if and
only if f/ € %. Furthermore,

1= sup(1 = |2[*)|f" (2)].
zeD
The quantity

11l = 1£(0)+ 1 (0)| +Sg£(l ~ )" @),

yields a Banach space structure on % .
The spaces Lipy and the Zygmund space play an important role in connection to
the theory of the H” spaces when 0 < p < 1. Indeed, in [11] it was shown that for
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appropriate choices of o, the spaces Lip, and 2, as well as the generalizations of
such spaces where the function is replaced by its nth derivative, can be viewed as duals
of certain H? spaces. For more information on these and other facts regarding these
spaces, we refer the interested reader to [10] and [11].

In recent years, considerable interest has emerged in the study of the weighted
composition operators. A well-know theorem due to Banach states that for a compact
metric space K, the onto linear isometries of C(K) are of the form

Tf=u(fop),

where |u(x)] =1 forall x € K, and ¢ : K — K is a homeomorphism. Motivated by
this theorem, active research on the description of the isometries of Banach spaces of
analytic functions has confirmed that the weighted composition operators characterize
the onto isometries on many Banach spaces of analytic functions, including the Hardy
space HP (for 1 < p < o0, p #2)[9, 13], the weighted Bergman space [15], and the
disk algebra [12].

Composition operators, weighted composition operators, and related operators be-
tween the Zygmund space and some other spaces of analytic functions have been stud-
iedin[2, 6, 16,17, 18, 19,25, 26, 27]. Composition operators, multiplication operators,
and weighted composition operators on spaces of Lipschitz functions in various settings
have been studied in [1, 4, 8, 20, 21, 22, 23].

An interesting question in operator theory is whether the boundedness (respec-
tively, compactness) of a linear operator 7 : X — Y (with X and Y Banach spaces) can
be characterized by means of the boundedness (respectively, convergence to 0, under
the boundedness assumption on the operator) of some countable collection of functions
in the range of T .

The existence of such a sequence to characterize compactness has been shown in
the case of the composition operator on the Bloch space and BMOA [28], but no known
examples exist for the weighted composition operators on spaces of analytic functions,
such as the analytic Besov spaces B), with 1 < p < e, BMOA or the Bloch space itself.

On the other hand, in [3] and [5], it was shown that in the case of the weighted
composition operator uCy mapping H™ or the minimal Mobius invariant space B into
A, the sequence { ||u@*| %} can be used to characterize boundedness and compactness.
In [6], we showed that the bounded and the compact weighted composition operator
uCyp mapping H” into the Zygmund space can likewise be characterized in terms of
the boundedness (respectively, convergence to 0) of the sequence {[lu¢*|| #}.

Motivated by these observations, in this work we seek analogous results for the
operator uCy, mapping the Lipschitz space to the Zygmund space. We show that, in fact,
scaling the sequence {u@*} by a factor k=%, similar characterizations of boundedness
and compactness hold in this setting. Specifically, we show that uCy : Lipy — Z is
bounded (respectively, compact) if and only if the sequence {||k~%u¢*|| »} is bounded
(respectively, uCy, is bounded and {[|k~“u¢*|| »} convergesto 0 as k — c.) To prove
these results, we shall make use of the following family of Lipschitz functions of order

o:
1—lal?)/
{ZH%I GED,j:1,2,3}.
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Throughout this paper we shall adopt the convention of denoting by C a positive
constant whose value may change at each occurrence.

2. Boundedness of uCy : Lipy, — 2

In this section we characterize the bounded weighted composition operators from
Lipy to the Zygmund space. For a fixed a € D and for z € D, set
(L—]al) .
()= ———, j=1,2,3.
Jaj(2) (1—az)i @ J
A calculation shows that these functions belong to the space Lipy,.
In order for the operator uCy : Lipg — Z to be bounded, it is clear that u = uCypl
must belongs to 2.

THEOREM 1. Let 0 < a <1, u € Z and ¢ € S(D). Then the following condi-
tions are equivalent:
(a) The operator uCy : Lipq — 2 is bounded.

(b) sup||k_“uqok||gf < oo,
k=1

(¢c) The following quantities are finite:

Ny = sup(1 — [z]*)[u(2)¢’ ()],

z€eD

N == sup(1 —[z]*) |2 (2)¢' () + u(2) 9" (2)],

z€eD

A= max sup ||uC, ;
=123 wePD” ofow).j

(d) The following quantities are finite:
(1= [zl*)[2u' (2)¢' (2) + u(z) 9" (2)|
M :=sup
Ve (1= lp)P)—

- PRI QP
Mo = Je@Pre

b

Proof. (a) = (b). For an integer k > 1 and z € D, let py(z) = k- %zF. Since
the sequence {py} is bounded in Lipg , if uCy : Lipg — 2 is bounded, then for each
integer k > 1, we have

k™ *ug|| 2 = [[uCopi| # < ClluCo|.

Therefore, the supremum of ||k~ %ug*
(b) = (c). Suppose

4 over all integers k > 1 is finite.

>1

M=max{||u||% supk-“mpkff} <o
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By the formula (u@)” = u" @ +2u' ¢’ + ug"”, for z € D, we obtain
26/ (2)¢' (2) + u(2) 9" (2)| < [(ue)" (2) + [u" (2) ()]

Ny < sup(1 = [2*)[(ue)" (2)| + sup(1 — ||*) | (2))|
zeD zeD

» <2M. 3)

On the other hand, from the formula
(u(p2)” =u"Q* + 4 0@’ +2u@'? + 2u@@” = u" @* + 2002u' Q" +ue”) + 2uq'?
for z € D, we have

2lu(2)(2)*] < |(ug®)" ()] + |u" (2) ()| +2l9(2)]126' (2) ' (2) + u(2) 9" (2)].

Therefore, since |@(z)| < 1 and up? € 2, multiplying by (1 — |z|?), taking the supre-
mum over all z € D, and using (3), we obtain

2N; < sup(1 — [z)|(u@?)" (2)| +sup(1 — 2]?)[u” (2)]
z€eD z€eD
+2sup(1 —[2*) |26/ (2)9' (2) +u(2) 9" (2)]
z€eD
<2%27%q?| o + M +4M < TM.

Next, by Stirling’s formula, for ¢ € D and for j = 1,2,3, the power series representa-
tion of f; ; is given by

Josl@) = (1=l i %wk

‘a| Ek/alkk

Hence for w € D, passing to the norm and using the assumption, we obtain

[4Co fipw. jll 2 < C(1—[@(w)?)! 2 o (w) K|k~ “ugt| »
<CM, for j= 1,2,3.
(c) = (d). Assume Ni,N, and A are finite. A direct calculation shows that

@) = (1=laP), i) =

and

/1 _ (j—a)(j—f—l—a)ﬁz
Jadl @) = apre

=1,2,3. )
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To simplify the notation, we set v(z) = 2u'(z)¢’(z) + u(z) @” (z) . Then, for w € D, from
(4), we obtain

(WCo 1) (w) = (1~ |o(w) P)*u ”(w)+%
(1—)(2— o)u(w)g <>2<p<w>2
* (o)) )
o 2= av(w)e(w)
(UCo fpu)2)" (W) = (1= |p(w)|*)*u (W)+W
(2—a)(3— a)u(w)g <>2<p<w>2
(o)) ©
and
" o I 3 viw —W
(WCoFipiy ) (8) = (1~ @) P)*u <w>+%
(3— o) (4 — @)u(w) g/ (w)*o(w)’
oo 7
Subtracting (5) from (6), we get
—(UCpfoiw)1)" (W) + (UCp L) 2)" (W)
_ el (4=20)u(w)g' (v e(w) )
(I—lp(w)P)-@ (I—lpw)P)o
On the other hand, subtracting (5) from (7), we obtain
—(UCq o))" W)+ (UCp [ 3)" (W)
, —2
_ 2welw) | (10—4o)u(w)'(w)p(w) )

(1=lp(w)[2)!-« (1=lp(w)[?)>~«

Subtracting from (9) twice (8), we obtain

2u(w) ' (w)*p(w)”
(I—|p(w)[?)>—
= (UCy fp().1)" (W) = 2(uUCq f()2)" (W) + (UCq fp() 3)" (W), (10)
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which implies that

(1= wP)lu(w)e' (w)*[|@(w)?
(1= lp(w)[?)>—=

1
< S (L= WI)WCp fpiu1)" )] + (1= W) (uCq fo) )" (W)]

2

1

5= W) (UCo fpm3)" (W)

1 1
< 3 luCofommallz +1uCo o 2ll 2 + 5 14Co forn) 31 2 (1)
<24 (12)

Moreover, from (9) and (10), we obtain

T = (=34 0)uCopn 1) () + (5~ 20) o 2)" ()
—(2 =) (uCpf(w) 3)" (W),
which implies that

(1= WP lv(w) lo(w)]
(1= lp(w)P) e
< (1= W) (3= @)l (C 1) ()| + (5 = 20| (4Cp ) 2) ()]
+(2— ) | (UCp i) 3)" W)

(3= [4Co ) 1|2 +(5-20) [uCpfyuy ol 2+ 2= uCo i3l 2 (13)
(10 — 4a0)A. (14)

<
<
Fix r € (0,1). If |@(w)| > r, then by (14), we have

1= [w|H)|v(w)|r
b o

so that
1—|w|? 10 —40)A
(1= PIbi|_ (10-da)a. s
(I—lo(w)]?) r
If |p(w)| < r, then
(=P _ N
(I=lp(w))t= = (1-r)l-e’
which, combined with (15), implies that M| < oo.
Arguing similarly, if |@(w)| > r, then from (12) we obtain
~hl? (032
(1= ) u(w)g! (w)?] _ 24 06

(I=lpwPe =7
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On the other hand, if |@(w)| < r, we get

=P’ W) _ N
(I=lpw)P)ze = (1—r2)e
From (16) and (17) it follows that M, is finite.
(d) = (a). Assume (d) holds. Since Lipy C H* and for f € Lipy, by (1),
1£ll < 1f1]2ipg, » We have

a7)

|(uCo £)(0)| < [u(O) £ |zipes
and

Clu(0)¢'(0)|
2

| (uCo ) (0)] < [ O)[| fllzipe + (1= |0«

£l Lipe- (18)

In addition, for an arbitrary z in D,

(1- \le)\(ucqof)”( )l

(1= zP)|u" @) f (9(2) +v(=)f (9(2) +u(2)9' (2 " (9(2))]

< (1—\ZI2)[IM’ @I @@+ VIS (9)] + [u(z) ¢ )*[11" (@ (Z))\}

(=[P, (=P uE)e )]
(I=le@P)'=*  (A-leE)P)**

where in the last inequality we have used (2) and the following well-known characteri-
zation of Bloch-type functions (see [29]):

sup(1—[2[)'~[f(2) = £/ (0)] +sup(1 = [[*)*~*| /" (2)|-
zeD z€eD

< CIIfLipa[(l P @)+ ] 19)

The boundedness of uCy : Lipy, — 2 follows from (18) and (19) after taking the
supremum over all z € D. The proof of the theorem is now complete.

3. Compactness of uCy, : Lipq — 2

We begin the section with a useful compactness criterion which will be used to
characterize the compact weighted composition operators from Lip, to the Zygmund
space. Its proof is based on a standard argument similar to that of the proof of Lemma
3.7 in [22] and will be omitted.

LEMMA 1. Suppose that 0 < oo < 1, ¢ € S(D) and u € H(D). The operator
uCy : Lipg, — 2 is compact if and only if uCy : Lipq — 2 is bounded cﬁidfor any
bounded sequence { f, }nen in Lipg which converges to zero uniformly on D, we have
|uCofullzz — 0 as n — eo.

We now show that the compact weighted composition operators can be charac-
terized in terms of the sequence |uCypy,| 2, where we recall from Section 2 that
pi(z) = k™%, for ke N and z € D.
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THEOREM 2. Let 0 < a < 1, u € H(D), ¢ € S(D) and suppose that uC, :
Lipy, — % is bounded. Then the following conditions are equivalent:
(a) The operator uCy : Lipq — Z is compact.

(b) lim [k~ %ue|| » = 0.

(c)l(p(hm [uCq fouw)jllz =0, j=1,2,3.
)l

i UERIG) 0P (1R R @) e ()]
@ m eepee = O m le =0.

Proof. (a) = (b). Since the sequence {p;} is bounded in Lipy and converges
to zero uniformly on D, if uCy : Lip, — 2 is compact, then by Lemma 1,

Ik~ “uq*|| » = [uCppil| > — 0 as k— oo,

(b) = (c). Suppose ]}51010 |k~ “u@*||» = 0. Let M be an upper bound for the
sequence ||k~ %u@X|| 2. Then, given € > 0, there exists a positive integer N such that
|k~ %ug*||» <& forall k>N.

From the power series representations of f, ; used in the proof of Theorem 1, for w €

D, we have

[uCofoiw).jllz < C(1—[o(w Z\(P )k ugh]|

CL=low)P)Y 3 lo(w)[ K[k~ *up®

k=N
< (1—|o(w)|*)/CN/M +Cst.

Letting |@(w)| — 1 and noting that € is arbitrary, the desired result follows.
(c) = (d). Assume (c) holds. Using (13), we get

A=wP)hw)| _ G=dluCofpmillz 5 —20)uCofpw)allz

(= lomPr e S oW " oW
(2= a)[[uCo fp(w) 3l 2 o
o (w) :

as |@(w)| — 1. Moreover, using (11), we obtain

(L= wP)lu(w)o'w)?| _ [uCofomn.illz  uCofomallz | uCofoum sllz
I=lew))>=* = 2lp(w)] o (w )I2 2lp(w)?

which approaches 0 as |@(w)| — 1. The desired result follows.

(d) = (a). Assume that (d) holds. By the boundedness of uCy : Lipq — 2 and
the proof of Theorem 1, we see that the quantities Ny and N, are finite.

)
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From (d), for any € > 0, there is a number 8 € (0, 1), such that
(=P, (=l uEe' )]
(I=le@P)= "7 (1-leE)P)**

whenever § < |(z)| < L. B
Let {g,} be a bounded sequence in Lip, converging to zero uniformly on D.
Employing (20), we have

sup(1 — [2I)| (uCpgn)" (2)]

<E§, (20)

z€D
jlelg(l—\d )" (2)8n(9(2)) + u(2)9'(2)*81 (9(2) + v(2)8(9(2))]
Sup(l — |2} (z )gn(<P(Z))|+| (Sl;‘P 5(1 — 121} |u(z) ¢’ (2)*g) (¢ (2))|
zeD ¢(2)|<
+ sup (1—2)|u(2)¢'(2)°s(9(2))]

s<lp()]<1
+ sup (1-[P)r@E)gn(e@)|+  sup  (1—|z*)|v(z)gn(0(z))]

0(2)/<5 s<lp(z)/<1

(0(2))] +| ?L;‘P 5(1 — 21 u(z) ¢’ (2)*/|gn (9(2))]
P(z)|<

| (1 P ()P
FCloline S T TR @

(1=]zP)Iv@)
+ sup (1= |zP)v(2)l|gh(@(@) + ClignllLipy, sup ——— e
lo(2)|<5 P o <11 = lo(2)[2) 1=

< lull 2 sup |gn(w)| + Ny sup gy (w)] -+ N2 sup |g,,(w)|+€Cl[gnllLipg-

weD lw[<é lw[<é

Therefore, we get

[14Cpgnll 2 = |1(0)gn(@(0))| + 1/ (0)gn(9(0)) +u(0)g, (9(0)) ¢ (0))
+ fg]g(l — 2P (uCpgn)" (2)|

< ([u(0)]+ | (0)])|gn(9(0))] + [1(0)g,((0)) 9’ (0) up (w)]

+ N1 sup [g,(w)|+ N2 sup [g,(w)]+&ClIgnllLipe- 2y

N Iw|<8

From the uniform convergence to 0 of the sequence g, on D, it follows that g/, — 0
and g/ — 0 uniformly on any compact subset of I as n — oo. Therefore, (|u(0)|+

|1/ (0)])|gn(9(0))] +[(0)g,(¢(0))¢’(0)] — 0 and
[[ul| 2 sup |gn(w)| + N1 sup |g,(w)|+ N sup |g,(w)| — 0
weD [w|<o [w|<o

as n — oo. Hence, letting n — oo in (21) and noting that € is an arbitrary positive
number, we obtain lim, ... [[uCygn|| 2 = 0. By Lemma 1, it follows that uCy : Lipg —
Z is compact. The proof of the theorem is now complete.
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4. Component operators

We conclude the paper by highlighting the results for the cases of the multiplica-
tion operator and the composition operator mapping the Lipschitz space into the Zyg-
mund space, which, to the best of our knowledge, have not appeared in the literature.

COROLLARY 1. Let u € HD) and 0 < oo < 1. The following statements are
equivalent.

(a) The operator M,, : Lipy, — % is bounded.
(b) The operator My, : Lipo, — Z is compact.
(¢) The symbol u is identically 0.

Proof. From part (d) of Theorem 1, we see that if M, : Lip, — £ is bounded,

then (3|
u(z

SUp ——— 5

zeD (1= [zH)t~

This implies that |u(z)| — 0 as |z] — 1. Thus, u is the constant 0. The other implica-
tions are obvious.

Noting that (@?)” =2¢'%+2¢¢", for ¢ € Z, sup,cp(1—|2)?)|¢'(z)* < o is
equivalent to @> € 2. Thus, from Theorem 1, we obtain the following result.

< oo

COROLLARY 2. Let 0 < ax < | and ¢ € S(D). The following statements are
equivalent:
(a) The operator Cy : Lipg — Z is bounded.

(b) sup||k‘°‘qongf < oo,
k=1

2 Al e o,
(©) ¢,0° € Z, and [max, sup [CoSfpw),jllz <

(1=lzP)l e’ )2
1—

(@) sup (2" a), o,
z€eD

D8 < SUP (i)

Lastly, from Theorem 2, we deduce the following characterization of the compact
composition operators.

COROLLARY 3. Let 0 < o <1, ¢ € S(D) and suppose that Cy : Lipq — Z is
bounded. Then the following conditions are equivalent:
(a) The operator Cy : Lipg — 2 is compact.

(b Jim [[£~%¢"l» = 0.

(© lim |Cofowm).jllz=0, j=1,2,3.

[p(w)[—1
(d) lim w -0 (1-|z)l¢" ()

o (lopye = O Lim | eppre = O
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