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SOME RESULTS RELATED WITH BEREZIN
SYMBOLS AND TOEPLITZ OPERATORS

MUBARIZ T. KARAEV, MEHMET GURDAL AND ULAS YAMANCI

(Communicated by J. Marshall Ash)

Abstract. We investigate some problems related with Berezin symbols of operators on Hardy
and Bergman spaces and their applications in summability theory and in solution of Beurling
problem. We also study boundedness and invertibility of some Toeplitz products on the Hardy
and Bergman spaces.

1. Introduction and background

A reproducing kernel Hilbert space (RKHS) is a Hilbert space 57 = J(Q) of
complex-valued functions on a (nonempty) set O, which has the property that point
evaluations f — f(A4) are continuous in # for all A € Q. Then the classical Riesz
representation theorem guarantees that for every A € Q there is a unique element
k5 € 7 suchthat f(A) = (f k) forall f € 7. The function k ; is called the
reproducing kernel of .. It is known that (see Aronzajn [1]) the reproducing kernel
kyp ;5 of F is represented by

kjf,l = Zmen (2)

for any orthonormal basis (e,),,, of 7 (Note that it is well-known that every RKHS is
separable). Let %%p 2= ”ij%” be the normalized reproducing kernel of 7. Berezin
symbol T of a bounded linear operator on ¢ (shortly, T € Z(5)) is defined by (see
Zhu [8])

T(2):= Tk akws) (A e0Q).

Berezin set and Berezin number of operator 7 are defined by (see Karaev [2])

Ber(T) := Range (T) = {T(?L) A e Q}
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and

ber(T) := sup{‘f(l)‘ A€ Q}:

respectively.
Recall that the sequence {ay},-, of the complex numbers a, is Abel convergent
to a if the limit

lim (1—1) Zant
t—>1’ =0

exists. The series Y. a, is Abel convergentto ¢ if the series Y, a,t” is convergent for
n=0 n=0

all 1 € (0,1) and lim,_,;- Y, a,t" = ¢ exists.
n=0

In this paper we study some problems related with Berezin symbols of operators on
Hardy and Bergman spaces of analytic functions on the unitdisc D ={z € C: |z] < 1}
and their applications. Namely, we prove criteria for Abel convergence of some se-
quences and series of complex numbers. We also give a particular solution of Beurling
problem in terms of Berezin symbols. Moreover, we study invertible Toeplitz products
on the Hardy and Bergman spaces.

Let T={e":7€[0,2n)} denote the unit circle and dm(z) = (2m) 'dr =
(Zm'z)*ldz the normalized arc length measure on it. The Hardy space H? of the
disc is defined as the set of all functions analytic in the unit disc D ={z€ C:|z| < 1}
for which

1/2

2 dt
£l = sup /|fre 2] <

0o<r<1

All such functions possess radial limits

f(e") = lim f(re")

r—1-

for almost all ¢ € [0,27) and H? = H? (D) can be identied with a closed subspace of
the Lebesgue space L2 (T,dm). Thus, H? is a Hilbert space when equipped with the
inner product

(o8 = /fdm /f ") g () 5 i

n=0

where f(z) = Y. f(n)7" and g(z) = 38 (n)7" are the Taylor series in the unit disc I
of f and g, respectively. H> has a reproducing kernel
k2 5(2) ! A,zeD
22\%) = ——, A2 )
HA 1-2Az

called also the Szegd kernel.
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Let L2 = L2 (D) denote the Bergman space of all analytic functions on D satisfy-
ing

1715 = [ I P aac) <
D

where dA (z) denote Lebesgue area measure on the unit disc D, normalized so that the

measure of D equals 1. Itis well known (see Zhu [8]) that kL% (2) = —L  A,zeD.

(lfxz)2 ’

A standard calculation involving the Taylor coefficients shows that | f Hiz < 1 fllg2 s
which implies that H> C L2.

2. Berezin symbols and Abel convergence of sequences and series
In this section we give in terms of Berezin symbols of weighted shift operator T,
Tavn+ 12" = ApvV/n+ 2", n >0, (1)

on the Bergman space L2 some criterion for Abel convergence of sequences and se-
ries of complex numbers. Recall that {\/ n—+ lz"}n>0 is an orthonormal basis of the

Bergman space L2.

THEOREM 1. Let {an}@O be a bounded sequence of complex numbers, and T,

be an associated weighted shift operator acting on the Bergman space L2 by the for-
mula (1). Then

(a) the series 'Y, \/(n+ 1) (n+2)a, is Abel convergent if and only if
n=0

7i| (v)

t =0<(l—t)2> ast —17;

(b) the sequence ( (n+1)(n+ 2)an> is Abel convergent if and only if

n=0

(1)
Vi(l—1)

First let us give the following well-known lemma for completeness we provide its
proof here.

=0(l—t)ast—1".

LEMMA 1. For any operator T € B(L2) we have

T(L) = (1—|/u2)2 S Vot D) (Tew,en) A" 2)

n,m=0

Sfor A € D, where e, (z) = { n+ 12"}@0 is the canonical basis for the space L2.
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Proof. Indeed,

T (1) = <T?Lg7k,?%l> - <T

( ) n=0 n=0
,
= (1 — M‘z) mmE;oen (A)em (L) (Ten,em)
= (1-1ap)’ io\/(n—kl)k"\/(m—kl)/lm (Tex,en)
(1-12F)

Y VD) (Tenen) A",

which proves (2). O

Proof of Theorem 1. Let T, be a weighted shift operator on L2. Then it follows
from formula (2) that

L) =(1-0F) Y Var Dt D) 72"

n,m=0

=2 (1— W)z %\/(n+l)(n+2)an|/12”7

or
T,(A) =2 (1 - |/u2)2 3 V1) (n+2)an|A[*" (A €D). 3)
n=0
Consequently,
Ta(4) < 2n
— | = [ 2, V(1) (n+2)a | 4] (4)
A(1=p)| b0
and
T, (A < n
) '(1—%?) S Vit D 2 AP ®
) (1—m| ) )
forall A € D. Let r = |A|*. Then (4) and (5) has the form
Ta| (2) o
S Bl 1 2)ant" 6
N ngf) (n+1)(n+2)ant (6)
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and

() =
WATED] =1 —t)ngb\/(iH— 1)(n+2)aut

for all 7, 0 <7 < 1. It follows now immediately from (6) and (7) the assertions (a)
and (b) of the theorem. [

(7

COROLLARY 1. We have: ,
(a) Ber(T,) = {x (1 —~ wz) > A1) (n+2)an A" A GD}
n=0
(b) ber(T,) :sup{m (l—|7t|2>2 LA EID)}

(c)If sup,~o+/(n+1) (n+2)|a,| < 4o, then
ber (T,) < %supn>0\/(n+ 1) (n+2)|an|.

Proof. The proofs of (a) and (b) are immediate from the formula (3). Let us prove
(c). Indeed, it follows from the condition sup,~q /(7 + 1) (n+2)|a,| < 4o that

(n+1)(n+2)a,|A)*"

) -
ber (T,) < sup (M (1 - wz) Y W”) sup/(n+ 1) (n+2)|an|
AeD n=0 n=0

< sup /(1) (12) ] sup (M(l—”' ) w )

n=0
_iggmmn\ sup (Ml (1— A1 ))

But, it is easy to verify thatif f (x) :=x(1—x%), 0<x <1, then supyc ., f (x) = %
This proves (c). U

3. On the solutions of the Beurling problem

It is easy to see from the Beurling theorem on shift-invariant subspaces that an
equivalent statement of Beurling’s theorem is the following: if SE C E, then Pg =TTy
for some inner function 6. Therefore, if T € £ (H 2) be any operator, then it is natural
to ask: when 7' = T, T;; for some function ¢ € H™?

In this section, by using the unicity theorem for Berezin symbols (see, for exam-
ple Zhu [9, Prop.6.2]) we solve this problem in terms of Berezin symbols. Note that
more general problem (namely, Abstract Beurling Problem) is completely solved by
Rosenblum and Rovnyak in [4, Problem 1].

Before formulating the Abstract Beurling Problem, let us introduce some neces-
sary notations. Let 7 be a Hilbert space. An operator S in 98 (H) is a shift operator
if S is an isometry and S*" — 0 strongly, that is, lim,—. |[|S*'f|| = 0 for all f in 7.
The operator multiplication by z on H? (D), defined by S: f(z) — zf (z) forall f(z)
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in H% (D), is a shift operator with adjoint S* : f (z) — [f (z) — f (0)]/z. For any Hilbert
space ¢, the operator
S: (Co,cl,CQ,...) — (O,Co,cl,...)

on @ =9 DY ... is ashift operator. Its adjointis S*: (co,c1,¢2,...) — (c1,¢2,¢3,...) .
An operator A € A (H) is S-analytic if AS = SA (see [4]). Let S € Z(H) be a shift
operator.

PROBLEM 1. (Abstract Beurling Problem) Characterize all products AA*, where
A is an S-analytic operator on 77 .

As we mentioned above, the solution of this problem is contained in [4]. In [4],
the authors apply the solution to prove the famous Beurling-Lax theorem. This leads to
an inner-outer factorization theory for analytic operators, and hence to an inner-outer
factorization theory for operator-valued holomorphic functions (more details can be
found in [4]).

The following result was proved in [4].

THEOREM 2. (Solution of Problem 1) Ler S € B (H) be a shift operator, and let
K=%XerS*". If T € (H), then the following are equivalent:

(i) T =AA* for some S-analytic operator A € % (H);

(ii) T — STS* = J*J for some operator J € B (H,K).

Now we give our result.

THEOREM 3. Let S€ A (Hz) be a shift operator, and let K =kerS* = (sz)l =
H?OzH>. If T € # (Hz) , then the following are equivalent:
(i) T = TyT for some analytic Toeplitz operator Ty € X (Hz) ;
(i) T (A) = |9 (A)[* (VA € D) for some function ¢ € H™;
2

(iii) T (A) = |JJ7]C\A/1|||2 (VA € D) for some operator J € B <H2, (ZH2)L> .

Proof. Suppose that T = Ty T,; for some ¢ € H™. Then, by the unicity theorem
for the Berezin symbols (see [9, Prop. 6.2]), representation T = T, qu‘ is equivalent to

T= m‘, which means that

(L) = <T¢T$§A,§A> - <T(;‘Z;L7T$Z;L>

= (0 Wk, 0 Ak ) = lo (1)

forall A € D. Further, T = T, T;; for some ¢ € H= if and only if 7 — STS* = J*J for

some operator J € & (H 2, (zH?) L) . The last equality means that T (1) —STS* (1) =

2

HJZ;L) , or
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=T(A)—
—T(A)— T?Lk,l,ﬁ,1>
=T (W) AP (Th k)
=T -APT () = (1- P T @)
-2
forall A €D. Thus, T (A) = |Jik&|\|2 forall A € D. Therefore (i) < (iii) . By consider-

ing that (i) < (ii) , we assert that (ii) < (iii) . Hence (i) < (ii) < (iii) , as desired. [

The following result, which is an immediate corollary of Theorem 3, apparently
has an independent interest.

PROPOSITION 1. For every function f € H” there exists a 1-dimensional opera-
i
tor (compact operator) Jy : H R (zH 2) such that:

~ 2
i 1f W)l = L for an 3 e

~ 2
.. Jrk
() /- = supy e L2

Proof. Indeed, forevery f € H”, letus denote J; := (I —SS*) Ty Since [ —SS*:

H?> — (sz)L is a 1-dimensional operator, T;%;L = f(A)k; and H(I—SS*)E;LH =

1/2
(1 — |M2> for all A € D, formula (i) follows immediately. It is obviously that
(i) = (i) , which completes the proof. [

4. Bounded and Invertible Toeplitz product

Let u € L = L (T,dm). The Toeplitz operator T, with symbol u on the Hardy
space H? is defined as

Tuf:P+(uf)7

where P, : L?(T) — H? denotes the orthogonal Riesz projection. Basic properties of
Toeplitz operators are that 7,7 = T for any u € L* and T,7,T,, = T,y if and only if
vEH= and we H”.

Let h € L*(T), define the Toeplitz operator 7;, on H> by T;,P = P, (hp) for poly-
nomials P. It is well-known that 7, is bounded on H? if and only if & € L= (T,dm).
However, Sarason [5, 6] found examples f and g in H 2 such that the product Ty Tz is
actually a bounded operator on H?2, though neither Ty nor T, is bounded (see for more
informations Sarason [6] and Stroethoff and Zheng [7]).
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In this section we give some results concerning the boundedness of Berezin num-
bers and boundedness below of Toeplitz products on the Hardy space.For more results
about boundedness and invertibility of operators TyT; in L2 and H?, see [7] and its
references.

For any u € L' (T), #(A) denotes the Poisson extension of u over the unit disc
D: s

-2

——dm(§).
i

w(1)= [u(®)

THEOREM 4. Let f,g € H?. Then we have:
(a) if sup, cp ‘%(l)' < oo, (ie., ber (TfTy) < +o0), then

sup [/ (2)|1g (A)| < ber (TyTg) ;
A€D

(b) if T¢Tg is a bounded and bounded below operator on H?, then there exist
Cy,Cy > 0 such that

a<lgMPIFPR) <
Sforall A €D.

Proof. (a) Since ki 5 (z) = 1_#& € H* for each A € D, the Berezin symbol 7%

of the Toeplitz product 7¢ 75 is well defined. Then we have:

TyTg(A) = <TfTZ'ZH2,7Lj€H2,A> = <T.f§(x)%m,x»%m,&>
=W<Tf?m,z}m,x> =m<f(z)?m,z}ﬂ2,x>
— kp 5 (L)
[yeslls
i p oy Mza Q[
(kg2 5 ()|

forall A €. So,

TTe(A) = f(A)g(A) (2 €D),
which implies that if ber (TyTy) < oo, then
FQIE@] = If ()l1e W] = |TrTe (A)| < ber (TTy) <+
forall A € D, which means that

sup | (4)] 1 (A)] < ber (TyTg) < +eo,
A€D



SOME RESULTS RELATED WITH BEREZIN SYMBOLS 1039

as desired.
(b) Since T;T; is bounded on H?, SUP)(1)|=1 HTnghH < +eo. In particular,

‘Tngsz’ A H < +oo. On the other hand,

SUPpen

~ 2 ~ ~
HTfTEkHZ,A H = <TfT§kH2,)L’ TfTEkH2,7L>
= <T7Tf Tekyp 5, Tk >
= (W) (T8 Mk 1K 1)

= lg P (T ke a ki )

P [ "“ﬂf () am(@) = s WPIFE (1),
-7

forall A € D. Thus

~ 2 =
|7tk a|| = 18A)RIE ) (AeD),
from which we assert that

sup g ()P /2 (A) < +oo. ®)

AeD

On the other hand, since by condition 7Tz is bounded below, we have that there exists
> C||h|| for each h € H?. In particular, putting / = kHz o

we have 5 5
e

or

C < (T Tk 0 Ty Tk ) = (T W T8 Mg 1 )
= (s WP (P S 1) = lg Q)P 1P (2)
forall A € D. So, -
c<lgMPIF () (2 eD). ©)

It follows from (8) and (9) the desired result, which proves (b). The theorem is
proved. [

COROLLARY 2. If TfT; is bounded in H? and invertible in H?, then
202
sup [g (A)|7[f]17(A) < +ee
AeD

and

inf [g ()P 17 (2) >0
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Before stating our next results, we need some auxiliary results related with so-
called atomic decomposition in Bergman spaces L2 (D) (for more details see Zhu [8]).

Recall that for A € D, ¢, is the innovative Mobius transformation of D which
interchanges the origin and A, namely,

The pseudo-hyperbolic distance on D is defined by

A—

——1, A,zeD.
1—/1

k.2 = lon (0] = |5

The most important property of the pseudo-hyperbolic distance is that it is Mobius
invariant, that is,

P(@(A),0(2)=p(4,2)

for all @ € Aut (D), the Mobius group of D, and all A,z € D.
The Bergman metric on D, also called the hyperbolic metric, is givenby /H (1)ds,
where ds is the Euclidean length element and

92 1
H (A ——logK (A, A) = ———,
here K (z,4) = = M
It is well known that the induced distance on D is given by
1. 1+4p(A,2)
= _—log ———~ D.
B=3 %—MA@AJE

The Bergman metric is also Mobius invariant

Ble(2),0(2)) =B (1;2)

forall ¢ € Aut (D) and all A,z € D.
Forany z€ DD and r > 0, let

D(A,r):={zeD:B(A,2) <r}

be the Bergman metric disc with “center” A and “radius” r.

LEMMA 2. There is a positive integer N such that for any r < 1, there exists a
sequence {A,} in D satisfying the following conditions:

(ir) D=Up_ D (A, r);

(i2) D(ln,4)ﬂﬂ)(km,4) 0 if n#+m;

(i3) Any point in D belongs to at most N of the sets D (A,,2r).
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For any 0 < r < 1, we will fix a sequence {A,} in D with the properties stated in
Lemma 2.

LEMMA 3. Forany r > 0, there is a constant C > 0 (depending on r) such that
& 2
2 (1 - \W) |f ()l <C/\f(z)|PdA (2)
n=1
D

for all analytic f and p > 1

LEMMA 4. Let r < 1, s =tanhr, and p > 1; then there exists a constant C > 0
(independent of r) such that

z/v Ja)|PdA(2) <Cs1’/|f (@ da()

forall f e Lg.

The following atomic decomposition is proved by using Lemmas 2-4 (see Zhu

(8.

THEOREM 5. If p > 1, and 1 + L1 = 1, then there exists a sequence {A,} in D
and a constant C > 0 with the following properties:

(i1) Forany {an} in (P, the function

oo —n2
O N Gl

B[N

An

n=1 (1 - Inz)z

£l < Cll{antlews

(ia) If f € LY, then there is {ay} in (P such that

) —_ n2
N Gl

An

n=1 (1 - Inz)z

{antler < CIIA Nz -

Now we state our next result.

is in Ly (D) with

E[N]

and



1042 MUBARIZ T. KARAEV, MEHMET GURDAL AND ULAS YAMANCI
THEOREM 6. Let f and g be in Lj. Let A:={A},~, and C >0 are the same

as in Theorem 5. Let T¢Ty be a bounded Toeplitz product on L2 satisfying
o ~ 2
(1) vi= 3 g () |(F = )iz, || <+

~ 2
() v = 3 1F )P (e — g o))z | < es
If there exlsts 5 > 0 such that
If (A)llg(A)] = 8 > max (CPv,CPv*)
forall A €D, then TyTy is invertible in L2 and

o C?
< 5
H( T) §—C3v

—~

Proof. Since TyTg(A) = f ()¢ (A) and (TyTy)" () = T,T; () = (1) f (2) for
all A €D, by using (i1) we have

° ~ — —~ 2
2 HTfT§kL§,)L,, — Ty Tz (An) kp2 , H

2

Mx IIMX

3 s iz, = 1 )l

8 )| Tk, — £ )iz 1,

3
Il
—

~ 2
8 )| =S Q) || = v < e

Il
Ms

3
Il
—

Analogously, we have

~ 2
HTJ Kz, — Tl )iz, |

- gf(?Ln)|2H(g_g()tn))%%’lnw:v*<+M.

Now by using the condition of theorem and Theorem 3.3 in [3], we deduce invertibility
of the operator TyTg in L2, and also the inequality

) c?
| < 57

COROLLARY 3. Let g€ L2 and f € L} (D) be functions such that T Ty is bounded

in L2 and
1/2
(/f FOaA@) <t

_ v sl
_n;l
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If there exists & > 0 such that

f(A)g(A)]=8>Ct
forall A €D, then T¢Ty is a bounded below operator on the Bergman space LZ (D).

Proof. 1t suffices to show that condition (i;) of Theorem 6 is satisfied. Indeed,
first note that the norm of the reproducing kernel ;2 ; (z) = 0 % v in LY is com-
ar —Az

—2/q
parable to (1 - \7L|2) , Where %4—% = 1. Thus, for any A € D, the function

2 2/q —\ 2 . . . . . .
(1 — 2] ) (1 - lz) is comparable to a unit vector in L}. By considering this
and using that g = ‘3—‘ for p =4, we have:

[ @=r PRz, 0] 4@

<(f (r@-raur)as @)1/2 ( [ ([fs @f)% <Z>>

1/2

) 1—\7Ln|2 4 1/2
~(fr@-roran) /D%dm)
2 1/2
L) 7 Oml)
~([ro-rarae)” /D< 1>— (G
Tz
3 4\ 2
12 (1_|An|2)7 ' -
1—\x| (flr@-rarae) /Di1 )
T
Now by considering that
(1—\&1\2)% 4 -
/ ~———5—| dA(2) =1,
'1—7an

we have that

i 8 () H(f—fw))%%

Sl ([0t aat ) mee e
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and hence, as in the proof of Theorem 4, it follows from the proof of Theorem 3.3 in
[3] that

0
s > ( g v il
for all 1 € L2, which proves the corollary. [

COROLLARY 4. Let g€ lel and f € lel be functions such that there exists My, M, >
0 such that

~ 2 2
L1 @ = [z, @ aa@ < (1-10,P)

~ 2 2
| 1e@ =g @ [tiz, @) dA@ <2 (1-10,P)

forall n> 1. If |f(A)|[g(A)] = 6 > max (C3V,C3v*) and Ty Ty is bounded in L2,
then TyTg is invertible in L2.

Proof. Indeed, by using Lemma 3 for r =1 and p =2, we have:

2

)| H km

iMx

N

Zl 18 () /D 1@ £ i O 4

M s

2
<MY (1= 12al) 18 () < 4o,

Il
-

n

and analogously,

2

M) (22— 8 Az,

g(l—w) )P < 4,

and hence Theorem 6 works. [l

HMS
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