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DETERMINATION OF ORDER OF MAGNITUDE OF MULTIPLE
FOURIER COEFFICIENTS OF FUNCTIONS OF BOUNDED ¢-VARIATION
HAVING LACUNARY FOURIER SERIES USING JENSEN’S INEQUALITY

BHIKHA LILA GHODADRA

(Communicated by Josip Pecaric)

Abstract. For a Lebesgue integrable complex-valued function f defined over the m-dimensional
torus T” := [0,27)" , let f(n) denote the Fourier coefficient of f, where n= (n(!),...,n(") ¢
7" . Recently, in one of our papers [to appear in Mathematical Inequalities & Applications], we
have defined the notion of bounded ¢ -variation for a complex-valued function on a rectangle
[a1,b1] X ... X [am,by] and studied the order of magnitude of Fourier coefficients of such func-
tions on [0,27]™ . In this paper, the order of magnitude of Fourier coefficients of a function of
bounded ¢ -variation from [0,27]" to C and having lacunary Fourier series with certain gaps
is studied and a generalization of our earlier result (Theorem in [Acta Sci. Math. (Szeged), 78,
(2012), 97-109]) is proved. Interestingly, the Jensen’s inequality for integrals is used to prove
the main result.

1. Introduction

For a function of two variables several definitions of bounded variation are given
and various properties are studied (see, for example, [8], [1]). In 2002 F. Méricz [9]
studied the order of magnitude of double Fourier coefficients with the help of Riemann-
Stieltjes integral of functions of two variables and in 2004 V. Fiilop and F. Méricz [4]
studied the order of magnitude of multiple Fourier coefficients of functions of bounded
variation in the sense of Vitali and Hardy (see [3]) in a straightforward way without us-
ing Riemann-Stieltjes integral. J. R. Patadia (see [1 |, Theorem 3]) studied the order of
magnitude of Fourier coefficients of functions in L!(T™) having lacunary Fourier se-
ries with certain gaps and are satisfying Lipschitz condition locally (that is, on certain
smaller subsets of [—7, ™). In [5], we have defined the notion of bounded p-variation
(p = 1) for a function from a rectangle [a;,b;] X ... X [@m,by] to C and studied the
order of magnitude of Fourier coefficients of such functions from [0,27]™ to C. Later
in [6] we have proved a lacunary analogue of the main result (Theorem 2) of [5] by
considering lacunary condition similar to that considered by J. R. Patadia [1 |, Theorem
3]). Recently, in [7], we have defined the the notion of bounded ¢ -variation for a func-
tion from a rectangle [a;,b;] X ... X [@m,bnm] to C and studied the order of magnitude
of Fourier coefficients of such functions from [0,27]” to C. Here we study the order of
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magnitude of Fourier coefficients of functions in L' (T") having the same type of lacu-
nary Fourier series and are of bounded ¢ -variation locally and prove result analogous
to our earlier result (see [7, Theorem 2]). Interestingly, we use the Jensen’s inequality
for integrals to prove our main result.

2. Notation and Definitions

In [7] we have defined the notion of bounded ¢ -variation for functions of several
variables that generalize our earlier definition of bounded p-variation and hence in turn
generalizes the definitions of bounded variation for functions of several variables given
by Vitali and by Hardy. For the sake of completeness, here we rewrite those definitions.

Let R be the rectangle R = [ay,b1] X ... X [am,by]. By a (finite) partition &
of R we mean the set & = {Ry,...,R,}, in which R;’s are pairwise disjoint (no two
have common interior) subrectangles of R having their sides (faces) parallel to the
standard coordinate hyperplanes and whose union is R. Let f = f(xy,...,x,) be a real
or complex-valued function on R. For any subrectangle R’ = [0y, 1] X ... X [C4, B
of R with @; < o < B; < b; forall i =1,2,...,m, we define Af(R’) as follows: When
m =72 we put

Af(R") : = Af([ou, Bi] x [0, Ba])
= f(B1,B2) — f(B1,00) — f(on, B2) + f (0, 0);

form=3

Af(R') - = Af([ou, Bi] x [on, Ba] X [05, B3])
= [f(B1,B2,B3) — f(B1, 02, B3) — f(ou, B2, B3) + f (0, 02, B3)]
—[f(B1,B2,03) — f(B1,02,05) — f(u, B2, 05) + f(ou, 00,05)]
= Aoy gy Af ([0, Bi] X [0, B2]), say;

and successively for any m > 3

Af(R) :=Af([ou, Bi] X ... X [0, Bn])
= A[a,mﬁm]Af([alvﬁl] X ... X [Olmfl,ﬁm,d).
In what follows, we consider ¢ : [0,00) — R a convex function which increases
strictly from 0 to oo and satisfy the conditions ¢(0) =0, ¢(1) = 1. The function ¢ is

said to be a A,-function if there is a constant d > 2 such that ¢(2x) < d¢(x) for all
x=0.

DEFINITION 1. We say that f is of bounded ¢ -variation over R in the sense of

Vitali (written as f € §BVy(R)) if V4(f:R), the total ¢-variation of f over R, is
finite, where

Vo(f:R) = sup{ip <|Af(Rl->|>} , 0
i=1

in which the supremum is taken over all partitions {Rj,...,R,} of R.
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REMARK 1. Note that for ¢(x) = x” (p > 1) above definition is same as the
definition of a function of bounded p-variation (see [5, Definition V]) and hence for
¢ (x) = x above definition is equivalent to that of Vitali (see, for example, [3, 4] and [7,
Remark 1]). Also, the class §BVy (R) contains functions for which the m-dimensional
Lebesgue integral over R fails to exist. The following notion of bounded ¢ -variation
is motivated by this fact.

DEFINITION 2. Incase m =2, we say that a function f = f(x;,x;) is of bounded
¢ -variation over R := [a},b] X [az,b] in the sense of Hardy, in symbol: f € ¢BVy(R),
if it is in the class @BVy(R) and if the marginal functions f(x;,ay) and f(ay,x;) are
of bounded ¢ -variation on the intervals [; := [a;,b;] and L, := [aa,bs], respectively in
the sense of Young [12].

In case m > 3, the notion of bounded ¢ -variation in the sense of Hardy over a
rectangle R can be defined by the following recurrence: f € §BVy(R) if f € §BVy(R)
and each of the marginal functions f(x,...,ax,...,X%,) is in the class @BV (R(ay)),
where k=1,...,m and

R(a) = {(X15 -+ s X1 Xpt 15 Xm) € R aj <x;<bj
for j=1,....k— Lk+1,...,m}.

This definition can be equivalently reformulated as follows: f € ¢BVy(R) if and only
if f€ ¢BVy(R) and for any choice of (1 <) j; <... < j, (<m), 1 <n<m, the
function f(x1,...,aj,,...,aj,,...,%y) is in the class §BVy(R(aj,,...,a;,)), where

R(aj,,....a;,):={(x¢,,..,xq,_,) ER™ " a; <x;< b
forj=41,....0n_n}

and {/1,...,0n_n} is the complementary set of {ji,...,j,} withrespectto {1,...,m}.

REMARK 2. When ¢(x) =x” (p > 1) our Definition 2 is same as our earlier def-
inition of a function of bounded p-variation (see, [5, Definition H]) and hence when
¢ (x) = x above definition is equivalent that given by Hardy and Krause (see, for exam-
ple, [3, 4])(refer Lemma 2 below).

Next let T be the m-dimensional torus identified with Q = [—m,]" and let
its dual be identified with Z”. The points (xi,...,x,) of Q and (n"),....n(™) of
7" are denoted by x and n respectively; n-x denotes the scalar product given by

n-x=nM . x;+...+n" .x, and |x| denotes the number /|x;[2+ ...+ |x,,|>. For
f € LY(T™) its formal Fourier series is given by

fx)~ Y fm)e™),

nezm

where f(n) denotes the n" Fourier coefficient of f(x) given by

F(n) = —(z;)m /Q F(x)e Mgy,
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Let x9 = (xo1,X02,---,X0m) denote an arbitrary point of Q, let 6 be any arbitrary
real number such that 0 < § < &, and let I = I(X¢, ) denote the m-dimensional sub-
rectangle of Q given by

1(x0,0) = {x:=(x1,...,%m) €Q: |x; —xp;| <6 for j=1,2,...,m}.

Given a subset E C Z™, a function f € Ll(’]I"“) is said to be E -spectral (or, said
to have spectrum E) if and only if f(n) =0 for all n in Z” \ E. In what follows, we
consider a set E C Z™ described in the followmg way: foreach j=1,2,...,m consider
sets EV) = {... n(’% n(jLn(()j) n(lj), ...} CZ with n() () for k=0,1,2,.

and with {n,(cj Jye ., strictly increasing such that

()
N, .
liminf% =Bl > g 2)
ke In ”kj o
where N,Ej ) — min {n,(ci)l — n,(cj )7n,(cj ) ,(cj ) } and then put E = [T/ . Now ng =
(nﬁf),nﬁg), ... ,n_£Z>) denotes the typical element of E. When m = 1, E will be taken to

be EM with upper suffix in n,El) ’s and N,El) ’s omitted.

3. Results

We need the following lemmas. Lemmas 1 to 4 are proved in [7], Lemma 5 is due
to Noble ([10], or [2, p. 270]) and Lemma 6 is its m-dimensional analogue by Patadia
[11].

LEMMA 1. If f € ¢BVy(R), then f is bounded over R.

LEMMA 2. If ¢ is Ay and f € ¢BVy(R), then for any arbitrary fixed values
cj, € laj,bj),....cj, €laj,,bj,], (1<) j1<...<jn(<m), and 1 <n < m, the

function f(-,....Cj,...,Cj,,...,-) is in the class §BVy(R(aj,,...,a;,)) and that

V¢(f(-,...,le,...,Cjn,...,-);R(ajl,...,ajn))

<d"{ Vs (fiR) +2 2 Vo (F(r- sy sy )iR(ay, - ag,))
51 <...<s,
Vl lvkE{“‘l.cm’jn}

LEMMA 3. Let f € §BVy(R), where R=[ay,bi] X ... X [am,bm]. Let {Ry,... Ry}
be a partition of R. Then f € §BVvy(R;) for each i =1,... k, and that

k

> Vs (f:Ri) <Vs(fiR).

i=1
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LEMMA 4. Let f € ¢BVy(R), where R = [a1,b1] X ... X [am,bp|. Then the dis-
continuities of [ are located on a countable number of (m — 1)-dimensional hyper-
planes parallel to some of the coordinate hyperplanes.

LEMMA 5. Let 6 > 0. Then for sufficiently large n there exists a trigonometric
polynomial T, (x) of degree at most n, with constant term 1, such that

() |T,(x)| <A187! forall x € [—r, 7],

(ii) | T (x)| < Apexp(—nd/8e) for all x such that 6 < |x| < 7,
where A1 and Ay are absolute constants.

LEMMA 6. Let 8 > 0. Then for n = (n"), ... .n™) such that each n'7) is suffi-
ciently large, there exists a trigonometric polynomial

Ta(x) = Z Ckei(klx)7

with constant term 1, such that

(i) |Ta(x)] <A107™ forall x € Q,

(i) |Tn(x)| < Azexp(—8(1-n)/8e) forall x € Q\1(0,5),
where 1= (1,...,1) and Ay, Ay are constants depending only on m.

Here we prove the following theorem.
THEOREM 1. Let E C Z™ be described as above and f : R™ — C be 21 -periodic

in each variable. If f € ¢BVu(I), f is E-spectral and ng = (n,(;), e ,n,({:'n')) ezZ" is

such that |n,(cj )| is sufficiently large for each j, then

1

fa) =0 (¢~ | ——r
)

REMARK 3. This theorem gives a lacunary analogue of our earlier result [7, The-
orem 2]. Further, by taking ¢ (x) =xP (p > 1), we get our earlier result [6, Theorem].
The proof of this theorem is similar to that of [6, Theorem] where the Holder’s inequal-
ity is used, and explains the technique (at least to new readers) how to go from bounded
p-variation to bounded ¢ -variation and how to use the Jensen’s inequality in place of
Holder’s inequality.

4. Proof of Theorem 1

We may assume without loss of generality that xg = 0. For, suppose the theorem
is true when x¢ = 0 and consider the function g(x) = f(x+x¢) = (T_x,f)(x). Then

x€1(0,0) & |x;j| <O Vj& |xj+x0; —x0j| <O Vjex+X9 € I(X9,0).
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Since f € ¢BVu(I(x9,0)), it follows that g € ¢BVy(1(0,0)). Also,
§=Txyf = §(m) =™ f(n) ¥n e Z".

Since f is E- spectral so is g and as the theorem is true when x¢ = 0 g(ng) =

o(¢~ (1/\1—[] 1”1< |)) It follows now that f(ny) = O(¢~ (1/\1'[] I”k |)) in view
of |e!™%0)| =1,
For the sake of simplicity in writing, now onwards, we carry out the proof for
m =2, and we write (x,y) in place of (x1,x;). Since f € ¢BV([0,2x]?), in view of
Lemma 4 (for m = 2), the discontinuities of f lie on a countable number of parallels
to the axes and hence f is measurable over T2 in the sense of Lebesgue. Further, by
Lemma 1, f is bounded over [0,27]* and hence f € L!(T?). As ¢BVy([0,27]?) C
®BVy(]0,27)%), f € LY(T?)N¢BVv([0,27]?).

For a given ni = (nki) n,(f)) we take My = (M,E:),Mlgz))

where foreach j=1,2,

M,Ef) = min{N,E -1 |n |1/2} In view of the symmetry of the set E(/) and (2) we
have

() ()

N9 g N g
liminf ——— — liminf —2_— — BU) > ¢
e L A R LY 6

for each j = 1,2. Thus there is a positive integer Ky such that (N,E/’) —1)/(In|n;’]) >
(8e/0) forall k; > Ky and each j=1,2. Since '

\n ‘1/2

kj—ee ln|nkj |

for each j, there is a K; € N such that (|n K \1/2)/(1n|n,(<‘;>|) > (8¢/6) forall kj > K
and each j=1,2. Taking K, = max{Ky, K|} we see that

. 86 .
M > (g) In|n’| 3)

forall k; > K> and each j = 1,2. Thus for ny such that each \n,(j/ )\ is sufficiently large

(3) holds.

Now consider the trigonometric polynomial Ty, (X) satisfying conditions of Lemma
6 corresponding to this My and &. Since f is E -spectral, the choice of My and Ty, (X)
gives us

= G / FX)Tg, (x)e ") ax

7i(nk~x)d
(2m)? (/05 /Q\105> )T (x)e X

=11 +1D, say. €))
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Now

1 .
b|= / T ~—imex) g
Il = G Q\I(O(S)f(X) My (x)e X

1
< s Age(—3(1M)/(8¢) / £(x)|dx
@m)?? Q\1<0,6)| )

1
< (~8(1M)/(8)) || ],
< Gt /1)1 )

In view of (3), for each j = 1,2, we have

_8 8 e 0

and therefore

eﬂ%(l M) *%(MJE;)JFM;E?) < 71n\n,((11)| —In|n kz‘ 1
D _2),"
gy |
Using this in (5) we get
L=0 71 6
° DROIE (6)
\nkl n, |

Now we estimate /;. Choose ng such that each \n,({j )\ is sufficiently large so that (3)

holds, and such that 27/ |n,(<j’ )\ < 6 for j=1,2. Again, for simplicity, we put ";({i) =u

and n,(;) =v. Then 27/|u| < &, 21/|v| < &, and there are unique non-negative integers

o and B such that

2n 2r 2r 2r
a—<o6<(a+1l)—; B—=<o<(B+1)—.
|ul |ul v v
Therefore
2 2 2 2
0<6-al<l o<s-pL L )
lu[  ful vl vl

Since 0 < 2% B2 < 5say,J—[— 2n ] [B ﬁlvl] 1(0, ). There-

IE Tl &
fore we can write I; as

(271r) g5, UT) ()67

(2n)? (/ /05\1) (fTw,) (x)e "™ Vax

=111 + 112, say. 3

I =
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Next we estimate I;;. Note that e~™ and e~ "” are periodic functions of periods
27 /|u| and 27/ |v| respectively. Thus by putting

2r 2r

a,zrﬂ (r=—-a,—a+1,...,a); bszsﬂ (s=-B,-B+1,....B8)
u v
we get
ar .
/ e ™dx=0 (r=—-o0+1,—0+2,...,a) 9)
ar—1
and .
/S e Mdy=0 (s=—-B+1,-B+2,....B). (10)
b.rfl

Define three functions fi, f>, f3 on J by setting
fi(ey) = (fTw ) (%,b5-1) (a—a <X < ag; by1 <y <by)
fors=—B+1,—B+2,...,B;
L(xy) = (fTw)(ar—1,y) (a1 <x<ap b_g <y<bp)
forr=—a+1,—a+2,...,0;and
[06,y) = (FTwy ) (ar-1,b5-1) (ar—1 <x < ay; by <y < by)

forr=—a+1,—0+2,...,a; s=—B+1,—B+2,...,. Since f € §BVyx(1(0,9)),
J C1(0,6) and Ty, is a trigonometric polynomial, each f; € BVy(J) and hence
(fTw, — fi — fo+ f3) € 9BVu(J) C L'(J). Further in view of Fubini’s theorem and
the relations (9) and (10) we have

. Ao b . .
[Awemdax= [ [ fi e e avy
J a—qo b*ﬁ

ag, B by ) ‘
= [ 2 (fTMk)(x7 b.\'fl)/ ewydy] e "dx = 07
hsfl

o | s=—B+1
. ag b . .
/f2(x)eil(nk'x)dxz/ /ﬂfz(x7y)eﬂ"xeﬂvydxdy
J a_q h—ﬁ

- bﬁ[ S ) [

= e x| e ™dy=0
bp |r=—a+1 -1

and

. ag. b, . .
/fg(x)e_’(“k'x)dX:/ ﬁfg(x,y)e_”‘xe_”’ydxdy
J a—qo b*ﬁ

=5 % Gmenn [ ] [ o)

r=—o+1ls=—f+1
=0.
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Using these equations in the expression for /;; we get

2r)* || = '/(fTMk)(X)ei(nk.x)dX

”ﬁ

—fi= ot f3)(xy)e e W dxdy

b
< / T = i = fa ) () an
a—q b,ﬁ

Now, by Jensen’s inequality, for ¢ >0

0 ((2aa 2bg)~ /a /b ([T — fi = fa+ f3) (%, y)dxdy>

< (2a0-25p) " [* / ¢ (cl(f T, — f1 — fo+ f3)(x,)]) dxdy

o

= (daobp)" Y /a / ¢ (c[(fTmy — f1 = 2+ f3)(x,y)]) dxdy

r=—o+1 877ﬁ+1

o

— (dagbg)” Y / H¢<c|<fTMk><xy> (FTn) (6,55 1)

r=—o+1ls=—P+1
— (f T ) (ar—1,y) + (fTmy ) (@r—1,bs—1)|)dxdy

o B

< (4aocb;3)_1 ZH 2[5 qu)(CfTMk;[ar—l,ar} X [by—1,bs])(ar — ar—1)(bs — bs—1)
r=—0o s=—p+

1 (2m)?
< (4aobp) 1%VMCJCTMI(;J)

< (4 (5-%) (5_27”))_1 %VMCJ‘TM,(;I(O,(S)),

in view of Lemma 3. Since ¢ is convex and ¢(0) =0, we have ¢(ax) < a¢(x) for
0 <a< 1 and for all x > 0. Therefore, choosing ¢ in (0, 1) so small that

<4 <6 - |27n) (5 - |277|r)>1 -(27)? Vi (cf Ty 31(0,8)) < 1

g, b ab |
/ bﬁ ‘(fTMk—fl—f2+f3)(x,y)|dxdyg < a ﬁ) (_)
a-aJb_g

N

we get
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In view of (11) and (12) we get
I =0 <¢1 (LD 13)
|uv|

Ny = Iot + oo + 1oz + Tioa + Tios + Tioe + 127 + 128, (14)

Finally, we have

where 111, ...,l12g are integrals of the function (1/(27)%)(fTw, )(x)e ™) over the
rectangles [~0,a_q] X [~6,b_g], [~0,a_q] X [bg,d], [an,8] x [~0,b_g], [aa,d] %
[bg, 0], [a-a,aa] X [~0,b_p], [a-a,aa] X [bg, 0], [-6,a-q] X [b_p,bp] and [aq, 6] X
[b_p,bp] respectively.

Since f € ¢BVy(I(0,0)), it is bounded there and as Ty, is a trigonometric poly-
nomial, there is a constant M > 0 such that |(fTw, )(x)| <M forall x€1(0,0). There-
fore we have

M a-—a (bop M M 2 2m
< — = _ <—5 — —,
a1l < (0 Lé [a didy = (@ et 8)(boy +9)

showing that Ij5; = O (ﬁ) :

Similarly, we have I122,1123,1124 = O (\ul_v|> :

Now we estimate /125. We may assume without loss of generality that —6 < b_g,
that is, bﬁ < 0, because otherwise —6 = b_,; and then I{55 = 0. Define a function &
on [a_q,aq)] x [~0,b_pg] =J', say, by setting

h(x,y) = (fTw,)(ar-1,y) (a1 <x<a; =8 <y<b_p)

for r=—o+1,—0+2,...,0. Since f € ¢BVy(1(0,6)), J' C 1(0,6) and Ty, is
a trigonometric polynomial, 4 € ¢BVy (J') and hence (fTm, —h) € $BVy (J') C
L! (J'). Further in view of Fubini’s theorem and (9) we have

/ / )C,y —zux —tvydxdy
a—q

o

2 / / )C y 71ux 71vvdxdy
r=—o+174-1

o b -B ar . .
> / 5 [fTMk ar- 1,y>{ / e“""dx}e‘”y} dy=0.
ar—1

r=—o+1 r

Thus

(27)*|I12s| =

b

-B vy
/ / (f T ) (5,)e ’“e”»‘dxdy‘
ad—o

fTMk ) (x y)ei”xeivydxdy'

b
/ /aﬁ (FTat, — h)(x.y)| dxdy. (15)
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Now, again by Jensen’s inequality, for ¢ > 0

6 <m [ 10T~ sy
< ﬁ S o eltrtn )y

S [ [ ol - asay

" 2aq 5 bp) a1/

1 ar
M/ l ZaH o 1¢ (el (f T ) (x,y) — (fTMk)(ar—l,)’))dx] dy

1 b_
S Wbﬁ)/ |j%+lv¢ CfTMk)( y)ilar—1,ar]) (ar—ar_l)‘| dy
1
S 2a(6 —bp) Ju]

1 2r

< - @
2a0(8 —bg) Jul J-

/ Vo (¢ T (-2)i el dy

Ve (cf T [a-asaa] % [~8,b_p])

+ Vo ((cfTwy ) (-, —8):[a-a,aa])|dy
d[V¢ (CfTMk; [a*%aa] X [_6’b—[3]) +V¢ ((CfTMk)('7 _6); [a*aaaa})]

- 2a,(5—bp) ju \(b B+0)
< nd[Vy (CfTMk;[a—maa} X [_5?b*ﬁ})+v¢((chMk)( —6);la-a,aal)] i
h (6 —2m/|ul) Jul’

(16)

in view of Lemma 3 (for a function of one variable) and Lemma 2. Since ¢ is convex
and ¢(0) =0, now we can choose ¢ € (0, 1) such that
mdVy (cfTwy; [a—a,ae] X [=8,b_p]) 1

(6 —2m/|ul) =2

and
Vo ((cfTw)(, —6)3a-a,a0]) _ 1
(6 —2m/|ul) S 2
Using these inequalities in (16) we get

1
¢<W/ / |(fTm, —h) xy|dxdy) <l

which implies that

o b 2aq(b_g+8
/ /5ﬁ (fTw, — h)(x,y)| dxdy < ol ﬁ ) 1( )

— ¢
26 27r 4 (L) (a7

¢ Jul
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Since ¢ is convex and ¢(0) = 0, it follows that
ap ' (y) <9 ' (ay) for 0< o<1 and y>0. (18)

As 0 < 1/|v| < 1, from (17) and (18) we get

/LZZ /_b(;ﬁ |(f Ty —h)(x,y) | dxdy < # 9! ( 1 ) .

Juv]

Using this inequality in (15) we get

wo-ofo (i)

Similar arguments shows that

_ 1
N6, 1127,1128 = O <¢’ ! (W)) .

Since ¢ is convex, ¢(0) =0, and ¢(1) = 1, it follows that ¢(x) < x and hence x <
¢~ !(x) for 0 < x < 1. In particular, we have

Lo (i> . (19)
|uv] |uv]

Using estimates of I131,...,I128 in (14), in view of (19), we obtain

mofo ()

The proof of the theorem is now completed in view of (4), (6), (8), (13), (19), and (20).
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