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ON OPERATOR BOHR TYPE INEQUALITIES

LIMIN ZOU AND CHUANJIANG HE

(Communicated by M. S. Moslehian)

Abstract. The purpose of this paper is to discuss inequalities related to operator versions of the
classical Bohr inequality. We obtain refinements of some inequalities due to Cheung and Pecari¢
[J. Math. Anal. Appl. 323 (2006) 403—412] and Zhang [J. Math. Anal. Appl. 333 (2007)
1264-1271]. Moreover, we present two inequalities for multiple operators, which are similar to
ones proposed by Chansangiam et al. [J. Math. Anal. Appl. 356 (2009) 525-536].

1. Introduction

Let B(H) be the algebra of all bounded linear operators on a complex separable
Hilbert space H. For A € B(H), A* denotes the adjoint operator of A. The absolute
value of operator A is defined by |A| = (A*A)l/ 2 If A, B€ B(H) are self-adjoint, then
A > B means that A — B is a positive operator. Let M,, be the space of n x n complex
matrices. For X € M, X;; denotes the sub-matrix of X resulting from the deletion of

1 1
row i and column j. Throughout this paper, we assume that p, g € R with —4+ - =1,
P q

where R is the set of real numbers.
The classical Bohr inequality [2] for scalars asserts that for complex numbers
721,22 and p, g> 1,
21— 2l <pla P +qlzl’

A number of generalizations of Bohr inequality for operator in B (H) have been estab-
lished [1, 3—11] over the years. In 2003, Hirzallah [7, Theorem 1] obtained an operator
version of Bohr inequality, which says thatif A,B € B(H) and 1 < p < ¢, then

|A—BI +|(1—p)A— B < p|A]* +4q|B]. (1.1)

Inequality (1.1) was extended to all possible cases of p, g by Cheung and Pecari¢ [4,
Theorem 1, Corollary 1, and Theorem 2] as follows:
(1) If p< 1, then

PIAP+q|B? <|A— B+ |(1—p)A—B?,

2 2 2 2 (1.2)
PIA+4q|B" <|A-B["+|A-(1-q)B[".
Mathematics subject classification (2010): 47A63.
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) If 1 <p<2,then

[A=BP+|(1-p)A—BP <plAP+q|B’ <|A-B+|A-(1-¢)B. (1.3
(@iii) If p > 2, then

[A=B’ +|A—(1-q)B <plAP +q|B” <|A-B+|(1-p)A-B. (14

Recently, Zhang [10, Theorem 7] presented a generalization of operator Bohr in-
equality for multiple operators, which states that if & is a positive integer and A; €

k
B(H), j=1, ---, k, then for any positive numbers 7, ---, i with Y, t; =1,
j=1
k 2 g ,
2 A < XAl (1.5)
=1 j=1

Inequality (1.5) was generalized by Chansangiam et al. [3, Theorem 26] to the follow-
ing form:

Define X = [x;;] € M, where
2 . .
(0F _ﬁi7 L= P
= , Bi <i, j<k
le {aiaj7 l#] 5 (X,,ﬂ,E]R, l\l,J\k

If X <0, then
2

k k

Y oAl < BilAlN (1.6)
j=1 i=1
If X > 0, then
2

k k
Y oAl =Y BlAl%
= =

(1.7)

In this paper, we give refinements of inequalities (1.2)—(1.5). Moreover, we obtain
two inequalities for multiple operators, which are similar to inequalities (1.6) and (1.7).

2. Main results

In this section, we shall present some operator Bohr type inequalities. To achieve
it, we need an operator equality, which is equivalent to some existing results.

LEMMA 2.1. Let AABEB(H), p, ¢#0,1,and 0 < A < 1. Then

A ()
plAF+q|B* = \A—B\z—I—Iﬁ [(p— 1)A+B|2+ﬁ A+(g—1)B*. (2.1)
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Proof. Note that

= 1A+BE = A (- DR+ S BP0 BB ),

1-2 14 R
EjﬂA+@—UBf:EtTMF+O—AMq—UBF+U—AMAB+BAL

1
and 1 = qg—1= 1 By simple calculations, equality (2.1) follows from above

p
equalities. This completes the proof. [

REMARK 2.1. Abramovich et al. [1, Equality 2.2] proved that for any o € R,
a(1—a)|A—B*+|aA+(1—a)B* = a|A]* + (1 —a)|B|. 2.2)

The special case for O < o < 1 has been obtained earlier by Zhang [10, Theorem 2].
Note that for o # 0, 1, equality (2.2) is equivalent to

2

1 1

=——|A*+ = |B.
o

o 11—«
A—B*+-——|A+—B —
1—o o 1-— o

1
Taking —— = p,

1
—= d usi lit
- , — 4 and using equality

1 2 1 2
_— —1)A+B"=——|A —1)B
p_ll(p )JA+B| q—1| +(q@—1)B|

in the last equality, we can easily conclude that (2.2) is equivalent to (2.1). Fujii and
Zuo [6, Theorem 4.1] proved that for t # 0,

1 1
A+ B>+ —la —B*=(1+1)]AP + (1 + ;) B
Simple calculations show that above equality is also equivalent to (2.1).

Now, we refine inequalities (1.2)—(1.4) by utilizing equality (2.1).

THEOREM 2.1. Let AABEB(H), p, q#0,1,and 0 <A < 1.
(i) If p <1, then

pIA +q|BP* <|A—B|*+Aq|(1 - p)A— B,

PIAR +q|B? < |A—B+(1—2)plA—(1—q)BJ. (2.3)
(iD) If 1 < p <2, then
=B +](1-p)A—B[ < |A—B+((g—1)(1- 1)+ A)|(1— p)A— B[
S 24)

SIA=BP+((p—D)A+1-2)|A—(1—q)B]
<|A—BP+]A—(1—q)BP.
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(iii) If p > 2, then

A—B’+|(1-q)A—B]> <|A-B+((p—1DA+1-1)|A—(1—q)B]
<p|A|2w;q\Bl2 )
<JA=BI"+((g—1)(1-24)+A)|(1—-p)A—B|
<|A-BP+|A—(1-p)BJ.

2.5)

Proof. Let p < 1,then g <1 and pg < 0. It follows that
! (p—1)A+BI* <0
p—1"" h

and

1 2
— A —1)B|” <0.
q—1| +(q—1)B|
By (2.1), we obtain

A
plAP +4q|Bf* < |A—B|2+lﬁ|(1—P)A—B|2

<|A—B|2+< +7L)|(l—p)A—B|2

p—1
= |A—B]>+2q|(1-p)A—B

and

1-2
plAP +q|Bf < |A—B|2+ﬁ\A—(1—CI)B|2

A
< |A—B|2—|—< 1+1—7L) |A—(1—q)BJ
—|A—BP+(1-2)pla—(1-q)BP.
Then, inequality (2.3) holds.

Since 1 < p < 2 implies g > 2, it follows that

1 1
1>1and—1<1.N0W,

we prove the second and third inequalities of (2.4). By (2.1), we have

1-2

pIA] +q|B* > \A—B\2+M(p—1)A+BI2+F\A+(61—1)BI2
j—

_ \A—B\2+M(P—1)A+B|2+ﬁ|(P—1)A+B|2

=|A-B]+ <A+%> (p—1)A+B?
=[A—B+((q—1)(1-A)+A)|(1-p)A—B]*.
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This is the second inequality of (2.4). Meanwhile, by (2.1), we also have

)
p\A\2+q\BI2<IA—BI2+pTI(p—1)A+BI2+(1—7L)\A+(61—1)B\2
=|A— B +q)L A+ (g—1DBP+(1=L)|A+(g—1)B
A
:|A—B|2—|—<F+l—k)|A+(q—l)B|2
= [A=B+((p—DA+1-1)|A—(1—¢)B.

This is the third inequality of (2.4). Next, we prove the first inequality of (2.4). A
simple calculation shows that

(1=p)A=B> = ((g=1)(1=A) +2)|(1 - p)A— B’
1

(
(1=2)(2—q)|(1-p)A—BJ
0.

NI

Consequently,
[A—BI*+|(1-p)A=BP < ((g—1)(1=2)+2)[(1-p)A—B[.
Finally, we prove the fourth inequality of (2.4). Similarly, we have

A= (1-q)B = (p—1)A+1-2)JA—(1—q)B]
A2-p)lA-(1-q)B]
0.

Vol

So,
A—BP+((p—DA+1-2)|A—(1—-q)B <|A-BP +|A—(1—¢q)B]’

Similar to the case of 1 < p < 2, we can prove inequality (2.5), so we omit the
details. This completes the proof. [

REMARK 2.2. Inequalities (2.3)—(2.5) are refinements of inequalities (1.2)—(1.4),
respectively. Zou et al. [11, Lemma 2.1] proved that

2
A= B+ 2 1(p = DA+ B < plAP +qlB] <A~ B+ |A+< ~ 1B} (26)
for 1 < p<2and

A—B|*+= |A+( —1)B* <plAP?+q|B*<|A—B)? +—\( —D)A+B? (2.7

-2
for p > 2. Taking A = Z_ » in (2.4) and (2.5), we obtain inequalities (2.6) and (2.7)

respectively.



1166 LIMIN ZOU AND CHUANIJIANG HE

REMARK 2.3. Cheung and Pecari¢ [4, Theorems 3, 4] obtained some Bohr type
inequalities for operators in B(H) by using inequalities (1.2)—(1.4). By utilizing in-
equalities (2.3)—(2.5), we can refine some results obtained by Cheung and Pecari¢ [4,

Theorems 3, 4].

REMARK 2.4. Chansangiam et al. [3] established some generalizations of Bohr
inequality for operators in B (H ), such as inequalities (19)—(34) in [3]. The crucial tool
for these results is Theorem 10 in [3], i.e., inequalities (1.2)—(1.4) of this paper. We can

obtain some refinements of these inequalities by using (2.3)—(2.5).

The following result is a refinement of inequality (1.5).

THEOREM 2.2. Let k be a positive integer and let A; € B(H), j=1, ---, k.
k
Then for any positive numbers ty, ---, t, with Y, tj =1, t; # 1, it holds that
J=1
k 2 | k ‘ 2 )
Y tAj| +smin{n, 1—n}Ai— Y —LA;l <Y t]A)] (2.8)
~ 2 = 1—t P
J= J=1j# =1
for 1 <i<k.
Proof. For 0 < o < 1, by (2.2), we have
1
loaA+ (1 —a)B|2+§min{(x, l—o}A-BP <alAP+(1—-a)|B?. (29)

Note that
koo 2
1A+ - AL = A+ (1 1) Y lj il > I<i<k
j=Tjpis i
It follows from (2.9) and (1.5) that
5 1 Lo
‘I1A1—|— ---—|—l‘kAk| +§min{t,-, l—l‘i} A — 2 l—jt'Aj
=Lzt Tl
. 2
1
= |t A+ (1 —1) Z l—t'Aj
J=1, j# !
1 k lj ?
—l—zmm{t,-,l —t,'} A — ‘72' 1 —tiAj
J=1,j#
k P 2
2
<HAP+ =) Y _’tA,
J=1, j#i !

SulAiP 4+ |A
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for 1 <i < k. Thus,

2
th j

This completes the proof. [J

1 tj
+ = IIllIl{l‘l7 Zi} Ai— 2 / -Aj

Finally, we present two inequalities for multiple operators, which are similar to
inequalities (1.6) and (1.7).
Let k be a positive integer. For B; € R, 1 < j < k and any positive numbers

k
oy, -+, o with ¥ a;j =1, a; # 1, we define Y = [yj] € My, where
=1
2 .
o —(1—a)Bj, j=s
is = k l 2.10
Vi { o0, ids #J (2.10)

THEOREM 2.3. Let AjeB(H), j=1,---, k. If Y =[yjs] isas(2.10) and Y <0,
then

2 2
k k
o 2
Zaj il +3 mm{a” DY 1_—JwAj <alAlP+ Y BilAj|
J=L,j#i ' J=Lj#i

for 1 <i<k.

-Y
Proof. 1t is known that —Y > 0 is equivalent to —Z = a )2 > 0, which im-
— O
plies Z; < 0. It follows from (1.6) and (2.9) that
2 . B; £ a;j ’
(Xi|Ai‘ +(1—Oli) Z |A | OC,‘A| +(1—(Xl) 2 Aj
=] — =1 — oy
J=Lj# =1, j#
‘ 2
> oA+ (1—a) Y, 'y
= Voo 1 —q; 7
J=1j#
2
1 SR
+§m1n{oz,-, 1-— OC,'} Ai— '_Z' 1——OC,AJ
J=1, j#
1 k o ?
\(xlAl—i- —|—OCkAk‘ + = mln{a,, —OC,} A; 2 J j
=il O

for 1 < i< k. This completes the proof. [J

THEOREM 2.4. Let A;jeB(H), j=1, -+, k. If Y =[yjs] isas(2.10)and Y >0
then

k
D 0A;
=1

for 1 <i<k.

2 k

Ai— X1 fja_Aj

j=1j#

k
>alAl+ Y BilA

j=Lji

+min{oy, 1 — o4}
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Proof. By (2.2), we know thatfor 0 < @ < 1,

a|AP+(1—a) B> <|oA+ (1 —o)B> +min{o, 1 —a}|A-B*.  (2.11)
. . . Y L
It is known that ¥ > 0 is equivalent to Z = 17)2 > 0, which implies Z; > 0. It
follows from (1.7) and (2.11) that
2
k k
) 5 o
(Xi|Ai‘2 +(1—065) Z lﬁj |AJ| gai‘Ai|2+(l—ai) 2 ! J
P 7 =1 — oy
j=1,j#i J=1,j#
2
k o
< |oGA + (1 — oy : j
+( a)._z’. .l—ai J
J=1j#
2
. . o
+m1n{oz,-, 1-— (Xi} A — '721 .l—q(X,'Aj
J=1j#
k o 2
:‘OClAl-i----—|—OCkAk‘2+mi1’1{OC,‘,1—OC,'} A;— 2 J A,’
1t 1-— o;
j=1, j#i
for 1 < i< k. This completes the proof. [
REMARK 2.5. By Theorem 2.4 and inequality (2.8), we have
) k , & 5> 1 k o 2
alal’+ X BilAil < X oylAj[ Fominfoy, 1—o} A= X 1A,
L= - e i 0 41
J=1,j# J=1 J=1, j#i
Consequently,
k , k , o1 k o 2
Y Bilail < X ofa[ o min{os 1 -0}t A= Y Aj
e i - 2 =1 — oy
j=1,j#i j=1,j#i J=1,j#

This is also an inequality for multiple operators.
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