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CONVOLUTION INEQUALITIES IN WEIGHTED LORENTZ SPACES

MARTIN KREPELA

(Communicated by J. Pecaric)

Abstract. We characterize boundedness of a convolution operator with a fixed kernel between
the weighted Lorentz spaces A”(v) and T9(w) for 0 < p<g< oo, I <g<p<oo and 0 <
q < p =eo. We provide corresponding weighted Young-type inequalities and also study basic
properties of some new involved r.i. spaces.

1. Introduction

Methods involving convolution of a function f with a kernel function g, i.e.

(f+g)(t /f —x)dv, r€R, (1)

have experienced a great attention and a widespread use in various important parts of
analysis. By choosing a specific kernel in this general setting, we get many well-known
operators, which themselves are of substantial importance. As examples here we can
mention Newton, Riesz or Bessel potentials, Stieltjes and Hilbert transforms, mollifying
operators, etc. One of the main questions in this field is the boundedness of the linear
operator given by a fixed g and the formula

Tg:f|—>f>|<g

between certain function spaces. This problem is further related to convolution inequal-
ities. The classic case is the well-known Young inequality stating that for 1 < p,q,r < oo
and £ 41 =141 itholds

1f*8llg < fllpllgllr,  fell, gel’.

Here || - ||, denotes the Lebesgue L” -norm. The connection to the boundedness ques-
tion is obvious: If X,Y,Z are given function spaces and the inequality

If=gllz<Clfllxliglly, feX, g€Y, 2)

we get the boundedness T, : X — Z for any g € Y. On the other hand, if we have the
estimate ||7,||x—z < C||g||y ., then we retrieve (2). Notice here also that the assumption
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p < ¢ in the Young inequality cannot be avoided. Indeed, as shown by Hormander in
[9], a nontrivial convolution operator is never bounded from L? to L? if g < p.

The Young inequality was further developed for classical Lorentz spaces Ly g,
1 < a < oo, generated by

ey = (0 0)Pet ) ' icpen

0

* 1
[fllzge =" sup f*(x)xe,
XE(O,OO)

and L, gy generated by
”fHL(oc‘,,B) = Hf**”Laﬁ

Here f* stands for the nonincreasing rearrangement of f and f** for the Hardy-
Littlewood maximal function (see e.g. [1]).

O’Neil [16] proved that, for 1 < a,b,c < e and 1 < g < p < o such that 1+é =
% + % and % = Ll] — };, the inequality

||f*gHLa,q g C”fHLh,p”g”Lc,H f € Lb7p7 8 € LCJ? (3)

is satisfied. This result was further improved in [10, 20] up to the range 0 < a,b,c < oo
and 1 < g < p < oo. Blozinski [2] showed that in a limit case of (3) with @ = b and
c =1, for an a.e. nonnegative g,

Tg:Lpp— Lgp

holds if and only if g =0 a.e. However, in a recent paper [14] Nursultanov and
Tikhonov proved that the same problem has a nontrivial solution if we replace the inter-
val of integration in (1) by (0, 1) and consider the convolution for 1 -periodic functions.
In that case the inequality

1F*8llzy < Cllf ey, 8 llE,

was shown to be satisfied for all 1-periodic f € Ly, ,, g € Ly ). Here the functionals
I llzp+ Il [l are naturally given juston (0,1), as well.

In this paper, we provide necessary and sufficient conditions for the boundedness
T, : AP(v) — T'(w) for fixed weights v,w and various combinations of the parameters
P,q. Moreover, we obtain Young-type inequalities (2) for X = AP(v), Z =T4Y(w) and
characterize the largest rearrangement-invariant space Y for which these inequalities
are valid.

To obtain these results we use the classical O’Neil inequality [16] and the weighted
Hardy-type inequalities which have undergone a wide development in the last two
decades. A survey of the classical cases may be found e.g. in [4], newer and more
general results are developed and summarized in [8]. (For further related results see
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e.g. [12].) Our method enables us to obtain both the results for convolutions on R and
on a finite interval.

Our paper proceeds in the following way: In Section 2 we present the definitions,
state the problems and prove some preliminary results. Section 3 includes the main
results, i.e. the weighted Young-type inequalities involving A and I" spaces. In Sec-
tion 4 we present some additional results and also verify that the results of [16, 2, 14]
mentioned above follow as special cases of our theorems. Finally, Section 5 deals with
some fundamental properties of function spaces which appear in the inequalities.

2. Preliminaries

Throughout the text we use the following notation: If € is a measurable subset
of R, we write .# (Q) := {f: Q — R measurable} and .#,(Q) :={f € .#(Q); f>
Oa.e.}.If p € (1,e0), we define the conjugate exponent p’ by p’ := 1%'

In what follows, we will consider m € (0,0, unless specified else. We denote

P {f € # (R); m-periodic} if m < oo,
= (R) if m = oo,

and
En:={f€ Pu; f=00nR, fiseven, fisnonincreasingon (0,%)}.

Notice that Py, &, C .4 (—'2,%) in the sense of the restriction of f to (—%,%). We
introduce these classes to be able to treat both the convolution on R (as in [16] etc.)
and the convolution of m-periodic functions, m < e, (as in [14]) at once. In the case
m = oo, the description of the classes is rather simple: .. = .# (R) and &.. consists
of nonnegative “symmetrically decreasing” functions on R.

The usual notation F < G means that F < CG where C is a constant independent
of appropriate quantities in F and G. If C~'F < G < CF with such C, we write F ~ G
and C is then called the equivalence constant. By L . we denote the set of all locally
integrable functions on R. Next, a weight w is a nonnegative function on (0,m) such
that for all 7 € (0,m) it holds 0 < W (z) < oo, where

1
W(t) ;:/ w(s)ds, t€[0,m].
0
For a weight w, the L?(w)-norm of f € .#(0,m) is given by

Wl i= [ 17O, <o
1m0 = esssupl(0) ().

t€(0,m)

Let f,g € &,,. We define the convolution f g by

(f+2) /__f @
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if the right-hand side is well-defined for a.e. t € (— Z, %) . Notice that if fxg is defined,
then fxge€ P,.
For f e ./ (— % %) we define the nonincreasing rearrangement of f by

f(r) :==inf{s > (=2.5), [f(0)] > s} <1}, t€(0,m), (5)

and the maximal function f** by

Ni=1 [ reas reom), ©

see e.g. [1]. Observe that, although the m-periodic function f (for m < o) is defined
on R, the above defined rearrangement of f represents just the rearrangement of f’s
restriction to the interval of periodicity. If m = oo, we get the “standard” rearrangement
and convolution on R. Again, this approach will allow us to cover the results for both
finite and infinite m by a single theorem. It may be also worth noticing that, if f € &,
the properties of f yield f(¢) = f*(2t) for all t € (0,%), a fact which will be useful
later.

The following definition includes the standard definition of an r.i. norm (see [1]),
modified for functions from the class &2,,.

DEFINITION 2.1. Let p : &, — [0,0] be a mapping. We call p a rearrangement-

invariant (r.i.) Banach function norm or just simply an r.i. norm if for all f,g, f,, € P,

(n € N), for all constants a > 0 and all measurable subsets E of (—%,%), the follow-

ing properties hold:

P p(f+g)<p(f)+p(g).

(P2) p(af)=ap(f),

P3) p(f)=0« f=0ae.,

(P4 0<g<fae = p(g)<p(f),
(P5) 0< fu T fae = p(fu) Tp(f),
(P6) [E[ <o = p(xE) <o,

(P7) |E|<oo = [ f<Cgp(f) for some constant Cg € (0,c0) depending on E and
p but independent of f,

(P8) f*=g" on (0,m) = p(f)=p(g).

If p is an r.i. norm, the collection X = X (p) of all functions f € &2, suchthat p(|f]) <
oo is called an ri. space. For formal reasons, we will consider the set consisting only of
the zero function to be also an r.i. space.
The mapping p is called an zi. quasi-norm if for all f.g,f, € P, (n € N), all
> 0 and all measurable E C (—%,%), the conditions

(P1%) p(f+g) < B(p(f)+p(g)) for some constant B € (1,) independent of f,g,
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and (P2)—(P8) are satisfied. In that case, X(p) is said to be a quasi-normed r.i. space.
We call X(p) an ri. lattice if for all f,g € &, all a > 0 and all measurable E C
(—%.,%). the conditions (P2), (P4), (P6) and (P8) are satisfied.

If X(p) is an r.i. lattice, for every f € 22, we define ||f||x := p(|f|). Notice that
Il - ||lx is not necessarily a norm.

We say that an r.i. lattice X is embedded into an r.i. lattice Y and write X — Y if
there exists a constant C > 0 such that || f]|y < C||f]|x forall f € X.

Let g € &,,. We consider the operator T, defined by
T,:fr frg, )

acting on all functions f € &, for which fxg is defined. We will study the bounded-
ness
Ty AP(v) — T9(w),

where v,w are weights on (0,m) and AP(v), T9(w) are the weighted Lorentz spaces
defined as

AP(v) = {f & P | fllarey) = ( [ e dx) " < w},

T (w) = {f € P fllraqw) = (/Om(f**(X))qW(X)dX) "< °°}

for p,q € (0,00), and

AZ(v) = {f € Pm; If [ a=(v) :=esssup f*(x)v(x) < w},

xe(0,m)

™ (w) = {f € P |1F ey = esssup f* (Wwlx) < w}.

xe(0,m)

Of course, for m < e, the A or I' norm of f € £, controls just the behavior of f on
the periodical segment. Let us also point out that A”(v) with p € (0,eo] is not neces-
sarily a normed (not even quasi-normed) linear space (see e.g. [7] and the references
therein). Since

(f+8)" () <f7@)+&7(1), 1€(0,m), (8)

(see e.g. [, p. 54]), the structure T9(w) is a normed linear space for g € [1,<] but only
quasi-normed for ¢ € (0,1). However, we will still refer to AP(v) and TY(w) as to
“spaces” and to [ - [|zp(,) and [ - [lra(,) as to “norms”. Notice also that the weighted
Lorentz spaces are always at least r.i. lattices.

Our first aim is the following: Given weights v,w and exponents p,q, we want to
find sufficient conditions on the kernel g under which T, : A”(v) — I'(w) is bounded,
ie.

||f*g||r‘1(w) - HT:g'f”l"‘i(w) < C”fHAP(V)’ fe Ap(v)7 )
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and to obtain estimates for the optimal constant C = ||Tg || ap(,)—ra(w) in terms of g.
Recall that the operator norm of 7 is given by

|Tellx—z:= sup [|Tofllz-

[lfllx<1

Let us formally put ||7,||x—z := o if there exists a function f € X such that T, f is not
defined.

In addition to this, it will be shown that if g € &, then the sufficient conditions
are also necessary for the boundedness 7, : A”(v) — I'!(w).

Later on, we will see that || Ty||zr(,)—ru(y) is estimated from above by a norm of g
in an r.i. space Y. (In case of g € &, it will even hold || T (1) —ra(w) = [|g]|y ) This
will allow us to write the result in the form of a Young-O’Neil inequality

1f*&llragw) S Ifarllglly,  fEAP(v), g€Y. (10

Moreover, the space Y will be optimal in the following sense:

DEFINITION 2.2. Let X,Y,Z ber.i. lattices. We say that Y is optimal for the pair
(X,Z) if the inequality (2) holds and the following is satisfied: If Y is an r.i. lattice such
that

If+gllz < fNxllglly, fEX g€,
holds, then ¥ < Y .

In other words, the optimal lattice for (X,Z) is the essentially largest one for which
(2) is satisfied.
The key result in our method is the O’Neil inequality [16, Lemma 2.5]:

LEMMA 2.3. Let m € (0,] and f,g € 2,,NL},.. Then, for every t € (0,m) it
holds

(F2)" @O <t O+ [ £ () (11)

Observe that for convolutions both on a bounded and unbounded interval we get
the same estimate (11) which allows us to treat the two cases at once, as mentioned
before.

Furthermore, we are going to use the fact that the O’Neil inequality is sharp in the
following way:

LEMMA 2.4. Let m € (0,o0|. Let f,g € &y NLL.. Then for every t € (0,m) it
holds

08”0+ [ 10 6)dy <127 ) ) (12

Proof. The result was mentioned in [16] without proof. A part of the proof is
sketched e.g. in [ 18, Remark, p. 145]. For the convenience of the reader, we present the
whole proof here.
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Let m € (0,00] and f,g € &, ﬁLlloc. According to the symmetry, we observe that
f(t)=f*(2t) and g(r) = g*(2¢) forall 1 € (0,%). Now let 7 € (0,%) be fixed. Then

[ =g g0 / =)= gln) [ f)ax

‘) [ rega=C [ p e
Next,
| tu=ngwar= |7 ra=ngdx> [ gt ar
= [ reogea=3 [ g wax
Thus it holds

80> [ f0-gar+ [ rl—0g0)ds

1 2t m
>3 (oo [ rwa [ 1w was).
0 %
Hence, we get g*(2t) 02’ frx)de+ 5 f*(x)g" (x)dx < 2(f *g)(r). The left-hand side
g*

is equal to the expression [;" f*(x) min{g*(x),¢*(2¢)} dx which is clearly nonincreas-
ing in ¢. Thus, we obtain

e [ rwat [1rog a2 (13)

Now, using Fubini theorem and the following part of (13):

) [ r <

(once as it is and once with f and g having changed places), we write

2t

2t
287 (2)f7(20) = 5, A g (v)dy A f7(x)dx

= %/Ztg*(y) /yf*(X)dxderi/Omg*(y) /yztf*(X)dxdy
= [Te 0 [roaas s [rw [owa
< %/0 (f*g)" (5) dy

= ;/Ot(f*g)*(y)dy
=4(f*g)" ().



1208 MARTIN KREPELA
Combining this and (13), we finally proceed to
28" 20120+ [ £ (g () dx < 4F1g)" (0 +2(7%8)" (1)
6(f )™ (1) <12(f+g)™ (21).
Since 7 € (0,%), we have proved (12). [

REMARK 2.5. Let a,b € R and f,g € &n leoc Then the inequality (12) is
actually satisfied for any f,g € L . such that f() = f(t+a) and g(t) = g(t +b) for
all ¢ € R. It follows from the fact that (f*g)* = (f*xg)*.

3. Main results

We start this section with the general theorem below. It treats the boundedness of
the operator T, between an r.i. lattice X and I'?(w).

THEOREM 3.1. Let m € (0,0]. Let X be an ri. laitice over (—%,%) and let
8 € Py. Let w be aweight and q € (0,]. For f € Py, t € (0,m) put

Rof (1) i=1f (g™ (1), Ref(r) / ()8 (s)ds,  Ref(r) = Ryf (1) + Ref (1).
Then
(@) If Ry : X — L1(w) is bounded, then Ty : X — I'"(w) is bounded and
[ Tellx—raw) S IRgllx—ra(w) < e
(ii) Let g € &y. If Ty : X — T9(w) is bounded, then Ry : X — Li(w) is bounded and

IR llx—ra(w) S 1 Tellx—raw) < oo

(iii) If there exists an r.i. space Y over (—%, %) such that, for all g € Py, it holds
IRellx—ra(w) == lgllv, then Y is optimal for (X,T9(w)).

Proof. (i) Tt holds [|Rq|llx—ra(w) = ||Rgllx—rs(w) < °°. Thus, for any f € X, it
holds Ryg | f|(¢) < oo for ¢ € (0,m). From (11) we get (Tjy||f])**(t) < Rg [ fI(t) <
for ¢ € (0,m), therefore Tjy[f|(¢) < o for a.e. ¢t € (0,m). Thus, |Tof(¢)| < Tjg|f](2)
fora.e. r € (0,m), so T, is well-defined on X . Next, we get

HTgHXHF‘?(w) = Ssup ||(Tgf)**||m(w) < sup ||Rgf||Lq(w) = ”RgHXHLq(wy
I£1lx<1 ll/1x<1
(ii) Let g € &, and T, : X — I'%(w) be bounded. By definition of the operator
norm, there exists a sequence {f; },en of functions such that || f,|[x <1 forall n € N
and
}}EEOHRgf"”Lq(W) = [|Rellx—z9(w)-
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Since R, f = Rgf if f*= f*, we may assume that f,, € &,, n € N. Thus, by Lemma
2.4 we obtain ||Rg fullza(w) < 12| fu * &llra(w) » hence

ﬁ”RgHX—»Lq(W) = %JHEC HRgfn”L‘i(w) < ll}gglf“fn*g”l"q(w) < HT:S'HX—»F‘?(W)a

so the proof of this part is finished.
(1) If ge Y, we get

1 gllragw) = 1 Tef lIraqe) S IS Tellx—raow) = I f xR lx 200wy S I flIx Il
hence (2) holds with the given Y. Now let Y be an r.i. lattice such that

£ *gllraewy S IflIxlglly, fEX, g€Y. (14)

Let g € &, and [|g||y < co. From (14) we get that || T||sp(,)—ra(w) < llgll5 - Hence, (ii)
yields that [|Rg||x a0y S | Tgllx—ru(w) - Together we obtaln

l&lly 2= [[Rellx—asw) S 1 Tellx—row) < llglly-

Since Y, Y are r.i., it holds B
Iglly Sllglly, g€,

hence Y < Y . Therefore, we have proved that Y is optimal for the pair (X,T[¥(w)). [

Now we are ready to bring the desired results about the convolution operator be-
tween AP(v) and T'Y(w). We are going to characterize the norm || - ||y of the r.i. space
Y :={h € P,; ||h|ly <} which is optimal for (A”(v),T%(w)) in (10). The form of
the results varies depending on the mutual relation of p and g. We need to find es-
timates on [|R || ar(v)—ra(w)» [IRElar(v)—r9(w)- The norm ||RY[|xp(v)—ra) equals the
best constant C such that

( | m(f**(r))qtq<g**<t>>qw<t>dz)” <c ( / m(f*(t))”V(t)dt> " ores(-3.3),

holds, while ||RfH AP(v)—La(w) €quals the best C; in

m m q % m P

(['([roewes) wou) <a( [ ramos)’ rer -1,
(16)

Both (15) and (16) are Hardy-type inequalities for monotone functions and the optimal
constants C;, C, have been fully characterized. The inequality (15) represents the
embedding A — T (see e.g. [4, 3]). A similar survey of (16) may be found e.g. in [8].
Direct references are given in the proof of Theorem 3.2 below.

In what follows, we will use the fact that for any m € (0,0 and any @,y €
A+ (R) it holds

sup @(x)+ sup y(x)= sup [@(x)+y(x)].
xe(0,m) xe(0,m) x€(0,m)

We also apply the convention “ = :=0".
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THEOREM 3.2. Let m € (0,00] and let v,w be weights. For g € Py, let ||g|ly be
given by the following:
1) IfO<p<1, p<g<oo,let

1

el i= sup a7 ("W + [t @mvina]’

x€(0,m)

) If 1l <p<g<eo, let

fstvi= s (["e @)y o) when

xe(0,m) X

+ g (W T (X)V 7 (x)

+ ( /0 “yer (t)v(t)dt)

(i) If 1 <g<p < oo, let

/om </ (g**(’”"W(f)df) 5 ( /Oxf”'V*"’ ()v(1) dt) T Y ()

+ (87 ()XW (x)V 4 (x)v(x)

([ o)’

~|-

glly ==

1v) If 1l =g < p < oo, let

/0 ! (g**(x)W(x) + / " e (w(r) dt)plxl’/Vpl ()v(x) dx]

—|—/xg deP()

8lly ==

Then, for each choice of p,q from the previous list, the inequality (10) is satisfied. If
g € &n, then || Ty ar()—ra(w) = llglly. The space (Y, - ||y) is optimal for the pair

(AP(v),T¥(w)).

Proof. As for checking that Y generated by || - ||y in each of the cases is a (quasi-)
normed r.i. space, we refer to Proposition 5.6.
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Now let us focus on the main part of the proof. At first, clearly itis ||Rg|| AP(V)—L9(w)

~ ||R} || Ar(v)—L9(w) + HR | Ap(v)—La(w)- In each case (i)—(iv), we will use the known

equivalent estlmates of HRg | AP (v)—La(w ||RgH AP(v)—Li(w) - They have a form of certain

functionals of g and we will show that when added together, they actually form a norm
of ginY,ie. [lglly > IR} ar(v)—La(w P(v)—La(w) TOT every g € Py,

Then the results will follow from Theorem 3.1: By its (i) part, if g €Y, then
T, : AP(v) — T9(w) is bounded and ||Tg | ar(v)—ra(w) S [l€lly» hence (10) is satisfied.
By Theorem 3.1 (ii), if g € &, then we get even HT || Ar(v)—Ta(w) = [|glly - Theorem
3.1 (iii) then implies the optimality of Y.

So, in each case we just need to check that ||Rl||Ap y—La(w) T ||R5HAP (V) L4 (w) »
obtained from the appropriate Hardy-type mequahtles are equlvalent to ||g||y for any
g€ Pn.

(1) By [19, Theorem 3(b)] and [13, Theorem 2.1(a)] we get

L 1
IR v~z 00 V7P () [ ( / (g**(t))‘fw(r)dz) "+( JA tq(g**(t))qw(t)dt> ] :
xe(0,m) x
1
q
HRA%||A”(V)*>L‘7( )= sup V ” (/ (/ g ( ) )dt) .
xe(0,m)

Obviously, [|Rg[|ar(y)—zaw) + IRz Apr)—ratw) = llglly-
(i) From [17, Theorem 2] and the dual Versmn of [15, Theorem 1.1] it follows:

1

1
m q X, , -
IRt = sup. ( / <g**<t>>qw<t>dt) ( fever <t>v<t>dt)”
x€(0,m X

+ sup ( / xtq(g**(t))qw(t)dt> "V

x€(0,m
=:A1+ Ay,

m t v , i 1
IRl -ss) = w0 ( [ ([ o) V—va(t)dr) Wi ()
x€(0,m X X

< ([ (from) o) v
=:A3 —|—A4.

Since for every x € (0,m) it holds
V) = (VI ) = v m)) (17)

([ (v wa)” =
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we get

(1 /Oxg*@)ds)qw(t)dt)% ([v) e ([ ([0 ds)qw(t)dt)év‘%(x)

and so

Asi= sup ( /'"<g**<t>>f”ﬂ”vP’(t)v(t)dt)” Wi (x) S Ar+As+As.

x€(0,m) X
Observe also that A3 < As. Hence
IR A () 190w+ IREl Ar () —raw) S AL+ A2+ A3 +As <Ay +Ar+ A3+ As+As

SAI+Ar+As+As
SA +Ay+As+Ay

SR A () —ra (o) IRE Ap ()L ) -
Since A1 +Ay+As+As ~ [g|ly . we have obtained ||Ry || sr(v)—r4() + [ RE | ar(v)—19(w)

>~ lg|ly-
(>iii) In this case [17, Theorem 2] and the dual version of [15, Theorem 1.2] (cf.

also [4, Theorem 4.1] and [8, Theorem 5.1]) yield

HR;’ HA”(V)—»Lq(W)

+ (/Oqu(g**(x))qW(x) dx) v (m)
=:A| +Ap+ A3,

IR | Ap () 19(w)

( /0 ( /Ox ( [ &) dS)qW(t)dt) Yy (v (x) dx>

- 1
v r

n /0°° (/m </th*(5) ds)prp,(t)v(t)dt> "W (ow(a) d

=: A4+ As.

7

12
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Clearly it holds

Ao+ Ay~ (/Om (/Oxg*(s)ds)rW;(x)V_;(x)v(x)dx> —: A,

Integration by parts and (17) provides that for all € (0,m) we have

/WP (/ v 1’) (x)dxg/Imwé(x)vﬁ(x)v(x)dx.

The function x — (f; g*(s)ds)" is nondecreasing, so by Hardy’s lemma (an analogue
of [1, Proposition 3.6, p. 56]) we obtain

A= (/Om (/Oxg*(s)ds> (/ v )L,wx)dx>£§A67

thus also As +A7 < Ay + A4+ As. Next, we can write

As+Aq ~ (/OmW/r’(x)w(x) (/xm(g**(;))P’;P’V—P’( w(t )dt) / dx) ; =:Ag,

hence putting all the estimates together yields

~I—

Ay +As+As SAg+Ag SAry+As+As

and so finally HRIHAP )—L4(w (v)—L4 (w) ~A+A3+Ag+Ag~ HgHY
(iv) By [4, Theorem 4. 1(1v)] and [8 Theorem 5.1(v)] we have

AP (v)—Ld(w) = (/Om (/Oxtg**(’)w(t)dt>pl V*p’(x)v(x) dx) 4
) </m </wg**(t)w(t)dt)p/x”’V”’ () dx) ’7

+/ xg™ (x)w(x)dx V7 (o0)
— A+ A+ As,
IR ar a5t (/ (f [ mamoa) VP<><>dx)/

Clearly,

A+ ||R§,||Ap(v)ﬁm(w) ~ (/0 (g**(x))p,xple,(x)pr,(x)v(x) dx) =: Ay,
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hence [[Ry||ar(v)—ra(w) + IRZIAp () —ragw) 2 A2 +A3+Ag > [lglly. O

For a given combination of weights v,w and exponents p,q in Theorems 3.2-3.6
we got the optimal space (Y, ]| - ||y). However, this space may consist only of a.e. zero
functions. In such case we have the following observation:

COROLLARY 3.3. Let m € (0,%0], p,q € (0,00|, let v,w be weights. Let the opti-
mal space Y for (AP(v),T9(w)) in (10) satisfy Y = {0}. Let g € &, be nonnegative
a.e. and such that T, : A?(v) — T'(w) is bounded. Then g =0 a.e.

Proof Let g € &, be nonnegative and g # 0 in measure. Then there exist € > 0,
a,be (—%,%) and h = e, ;) such that h < g a.e. Since h # 0, it holds ||h||y = o
and therefore, by Theorem 3.1 (ii) and Remark 2.5, T}, is not bounded between AP (v)
and T(w). Since 0 < & < g, for every nonnegative f € AP(v) we get 0 < T, f < T, f .
Thus also (7;,f)* < (T, f)* and it follows that 7, is not bounded between A”(v) and
rw). O

REMARK 3.4. In general, functions from AP(v) do not have to be locally inte-
grable. In particular, for p € (0,%), we know that A?(v) C L. if and only if one of
the following conditions is satisfied (cf. [4, 17, 19]):

(@) p e (0,1] and limsup, o, 1V 7 (t) < oo,

(b) p € (1,%) and there exists € > 0 such that [if /”' =1V~ (1) dr < co.

Let AP(v) ¢ L} .. Then T is well-defined on AP(v) if and only if g =0 a.e. One may
directly check that Y = {0} in all cases of Theorem 3.2 (i)—(iv). Hence, this theorem
(trivially) holds even for A?(v) ¢ LlOC , thus we do not assume (a) or (b) in its statement.

Now we state the results for the weak-type spaces. The way of proving them is
the same as in Theorem 3.2. Analogues of Corollary 3.3 and Remark 3.4 hold for these
cases as well.

THEOREM 3.5. Let m € (0,00|. Let v,w be weights. For g € Py, let ||g|ly be
given by what follows:

1) If0< p<1, then

lglly i= esssup [g™* (Iw(r)ev 7 (1) + " (IwlxV 7 ()]
0<x<y<m

(1) If 1 < p < oo, then

~ |-

([ & oy )

g™ (%) ( /O xtpllVll’/(t)dt> ] .

llglly := esssup w(x)
0<x<m

N
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Then, for p € (0,0), it holds

1F*&llr=w) S I fllaryllgllys  feAP(v), geY. (18)

Moreover, if g € &y, then || Tg||ap()—r=(w) = l|&ly - The space (Y,||-|ly) is optimal for
the pair (AP (v), T (w)).

Proof. We will again show that [|g|ly ~ |[R}||ap(v)—1=(w) + [ REllAr(v)—1=(w) and
apply Theorem 3.1. (For more details see the proof of Theorem 3.2))
(1) It holds (cf. [4, Theorem 2.6(1)])

1
IRgllAr(y) 1wy = esssup g™ (Mw(y)aV ™7 (x),

O<x<y<m
¥ 1
IR p(v) 1=y == esssup [ g"(s)ds w(x)V "7 ().

O<x<y<m Jx
In the definition of ||g||y we observe that [|g||y ~ [|R} || ar(v)—r=(w) + IRZ | Ap (v)— 1= () +
B, where

1
B :=esssup xg" (x)w(x)V "7 (x).
x€(0,m)

However, itis easy to see that B < || Ry|| ap (y)—1=(w) - therefore [|g|ly = [[RE || ar(v)— 1) +

“R§||A”(v)~>L°°(W) .
(ii) We get (cf. [4, Theorem 2.6(i)] again)

1
7

K% X /_ _ P
IRty = esssu ¢ Cawta) ([ v )"
xe(0,m) 0

1

/ p/
IR2]| Ap (v) L )Ness(gup wix (/ (/ g ( ) VP (t)v(t)dt) .
RIS m

Since
i V_L 1
/ 1 P /
(/ V- p dt) <V r(x)= () (/ tp_ldt>
by 0
1
1 Y I v
< - /V Py —"de)
x \Jo
we get
L/
B :=esssup xg** (/ ' p ) HR | AP (v)—L= () -
x>0
Thus,

lglly ~ HR;”A”(V)HLN(W)—'— HREHAP(V)HL‘”(W)—FB =~ ||RéHA/’(v)HLN(W)+ ||R§||AP(V)HL°°(W)
and the proofis finished. [
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THEOREM 3.6. Let m € (0,00|. Let v,w be weights. For g € Py, let ||g|ly be
given by what follows:

(1) If 0 < g < oo, then

p 1
mfo x d mo g (t)dt !

_ TR TR PR
llglly </O (8 (X)/O esssupyc (o) V(s)  Jx CSSSUPse(o’t)V(s)> w(x) )

(i) If g = oo, then

e x dr m *(r)dr
lally = esssup (59 [ e w(x).
0 esssuPyc(o ) V(s)  Jx esssupgegq v(s)

x€(0,m)

Then, for g € (00|, it holds
If*gllrag) S I la=wllglly,  feEAT(v), g€Y. (19)

Moreover, if g € &y, then || Ty|| A=) —raw) = lIgllv- The space (Y, |- ||y) is optimal for
the pair (A~ (v),T?(w)).

Proof. Once again, let us show ||g||y =~ ||RéHA°°(V)—>Lq(W) + ||R§HA‘>°(V)_>L,,(W) and
apply Theorem 3.1. (See details in the analogous proof of Theorem 3.2.)
ppLy gous p
(i) From [8, Theorem 5.5] it follows

1 m x dr q 3
Rl A= ()= La(w) = (/0 (8 (x)/o W) w(x)dx) ;
m m g (r)dr ! 7
2 _
IRl A= (v)—Law) = (/o (/x PO —— Y SUPsc (o) v(s)) w(x) dx) .

One clearly sees that ||g|ly ~ [|R} || x=(v)—za(w) + [IRZ A= (v)—29(w) -
(ii) Here, by [8, Theorem 5.5] as well, we get

x dt
RY || A () =) = €SSSU **x/ —_——w(x),
R | A=(v)—L=(w) x€(07mr)>g (x) b 53 5UDreion 70) (x)

m *(r)de
Rz, (1)L () = €SS SU L )
IRg || A= (v)—L(w) xqomr)’ i esssupse(07t)v(s)W(x)

and thus obviously [|g|ly = [|Rg||a=(v)—r=(w) + IRl a=(v)—1=(w) - O
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4. Further results and applications

At first, here we present two additional results of independent interest. The propo-
sition below provides an alternative expression for the right-hand side of O’Neil in-
equality (11):

PROPOSITION 4.1. Let m € (0,c0] and let f,g € P, NL}
(0,m) it holds:

ioc- Then for every t €

tf**(t)g**(t)-‘r/ f* —hmsup Sf** ** _|_/ **_ * **_g*).
t

S—m—

Proof. We may assume that f**,g** < e on (0,), otherwise the identity holds

trivially. Recall that (g**)’ (r) = w forall # > 0. Assume first m < oo and take
a fixed ¢ € (0,m). Then integration by parts yields

/tmf**(g**‘g*):[‘sf**( ( +/ gt

Subtracting [;" f*(¢** — g*) from both sides, we get

hence

Notice that since all integrals involved in the procedure exist and are finite, all per-
formed steps were correct. Now, consider f,g € .# and suppose that f*, f** ¢*, ¢**
are rearrangements on R (given by (5) and (6) with m = o). By the previous part, (20)
holds for any parameter m € (0,o0), thus passing m — e on both sides and using the
monotone convergence theorem gives the result for m = oo, [

We now get the following corollary:

COROLLARY 4.2. Let m € (0,), f,g € P,NLL. andlet w be a weight. De-
note |-y = -3 - Then

[y < MBS 77 e ) 670 g w0 21
0 m 0
Proof. Following Lemma 2.3 and Proposition 4.1 we get
[0 amoa
</O [tf** = +/ £is ))ds] w(t)dr
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< [ [M 6 - 06 - G)as|woa
< Ml P 7 ) — 2 60) 6 6) " )t s
_ w+/Om(f**([)_f*(z))(g**(t)—g*(t))W(t)dt. O

This improves the result of [14, Lemma 2.1], in which a weaker version of it is
proved, namely with ¢g** instead of ¢g** — g¢* in the integrand on the right-hand side of
210).

Next, let us show that our theorems cover the classical convolution-related results
which we thus can obtain by applying the inequalities from Section 2 to special choices
of weights.

REMARK 4.3. O’Neil’s result [ 16, Theorem 2.6] says that for 1 < a,b,c < e and
1<g<p<eosuchthat 1+}=3+1and ; =11 the inequality (3) holds for
all f,g € &, where m may be both finite or infinite and the functionals || - || Lyp are
defined on a corresponding interval (0,m). Let us show that this result now follows as
a special case of Theorem 3.2 (iii)/(iv):

Consider g > 1. Recall that since a,b,c > 1, it holds [ - ||, ~ | - Iz, and
analogously for L., (see e.g. [, p.219]). Hence, it suffices to confirm the inequality

1f * &llraew) S N1l ar) 1€1er () (22)

with v(x) := x5, w(x) :==xa~! and u(x) := xé~'. By application of Theorem 3.2

(iii) and a direct calculation involving the given weights, we obtain that || f * g|[r() S
£l A llglly holds with

= HgHFr(u)—'_V_%(WZ) </0m(g**(t))‘1t‘1w(t)df>q
' </om (/xm@**(t))qzzldf)%xwldx)%
’ (/()’”(/xm(g (1)) 17T dt) v r ldx>7

Since g** is nonincreasing, the Hardy-type inequality [8, Theorem 5.1(iii)] implies

1
m m r(b—1) "
(/0 ([ oytta) e 1dx) < el
T 1
(/0 ([ e wdr)"xi—ldx) < el
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If m = oo, we obtain that V™7 (m) ([ (g™ (1))4%w(z) dr) @ =0 since V(o) = co (by the
convention “= = 07). For m < e, from [17, Remark (i), p. 148] it follows

Vfé(m) (/Om(g**(t))qt‘!w(t)dt) ! < llgllrrw)-

Verifying the requirements of all the used theorems is yet again done by a direct calcu-
lation of the weights. We got || - [|y = || - [|r(,) and it shows that (22) holds.

The case ¢ =1 follows analogously using Theorem 3.2 (iv) and the same sources.
Therefore, we checked that from Theorem 3.2 it follows that the inequality (3) holds
and L, is the optimal space for the pair (L, L q)-

REMARK 4.4. Furthermore, we can investigate the limit case of (3) with a =b
and ¢ = 1. Using exactly the same method as above, we reach the inequality

”f*gHth 5 Hf||LI)A,pHgHL(1‘r)7 VS me? § GL(I,V)'

For m < - we obtain the result of [14, Theorem 2.1(a)] so. Unlike the case of a finite
m, for m = oo the space L(; ,), which we obtained as the optimal one, consists only of
the a.e. zero function. Thus, Corollary 3.3 yields: If g € &, is nonnegative, then T} is
bounded from Ly, to Ly, if and only if g = 0 a.e. Hence, we recovered the result of
[2, Theorem 2] for convolution operators.

5. Properties of related function spaces

In this part we introduce a new type of function spaces based on the optimal space
Y we got in the previous and list some basic properties of these structures. We define
them as systems of functions over the domain (—%7 %), where m is, without loss of
generality, taken from [1,e0].

DEFINITION 5.1. Let m € [1,o], p,q € (0,00) and let u,v be weights. For g €
P, we define

lgllxraquy) = (/Om (/xm(g**(t))pu(t)dt) ' v(x) dx) ' ,

1

m P

18l k() == esssup(/ (g**(t))”u(t)dt> v(x),
x€(0,m) \/X

1

”g”K"‘“‘i(u,v) = </Omesssup (g**(t)u(t))qv(x)dx> .

1€ (x,m)

Then we put KP4 (u,v) := { f € Pu; || fllkra(uy) < =} »analogously we define K7 (u,v)
and K= (u,v).
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‘We could also consider the norm

181l &= (uv) 7= esssup g™ (£)u(r)v(x).
t>x>0

However, this would bring no innovation since | - |[g==(,,) then coincides with
|- (o) for @(r) = u(t)ess supyc o V().

Function spaces which actually are special cases of these have already been spo-
radically mentioned before. For example, in [6], the space K'(u,v) with a spe-
cial choice of u,v appears as the optimal space for a certain Sobolev embedding into
a Morrey-type space.

We start with showing the conditions under which a K space is nontrivial.

PROPOSITION 5.2. Let m € [1,o0] and let u,v be weights. Then:

(i) If 0 < p,q < oo, then KP4(u,v) # {0} if and only if

/Om (/xm (II:_(tl))p dt) % v(x) dx < . (23)

(i) If 0 < p < oo, then KV (u,v) # {0} if and only if

1
" ult) )P
esssu dr )] v(x) <eo.
x€(0,mr)) </X (t+1)p ( )

(iil) If 0 < g < oo, then K=(u,v) # {0} if and only if

m q
/ esssup w(t) v(x) dx < oo
0 te(x,m) (t + l)q

Proof. (1) At first, one sees that for all # > 0 it holds

P
4D (t) o2

v T (t+ 1P 24

# < ([)
20+ S

Assume that there exists 07 f € .# (—%,%) such that | f||gpa(,,) < °°. Then it holds
0 < f**(1) < « and by (24) we get

w5 (1))4  fm m %
> Wl > 1 D20l > Lo [ ([ ) ot

Now assume that (23) holds. Then by the other part of (24) we obtain that o ;) €
KP4(u,v). Cases (ii) and (iii) are proved analogously. [J

Recall (see e.g. [, p. 73]) the spaces L' NL> and L' 4 L= generated by the norms
1Al =inf Ll filli+ 120} [l = max{[[ £l [1f]l=}
=i+t

where L' = L'(0,m) and L* = L™(0,m).
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PROPOSITION 5.3. Let m € [1,00]. Let 0 < p,q < oo and let u,v be weights such
that KP9(u,v) # {0}. Then

L'NL” < KP9(u,v) — L'+ L™
Proof. This is proved directly by exactly the same method as in [1 1, Proposition

1.4(2)] where an analogous result for I" spaces is shown. [

From Proposition 5.3 we see that if |- ||gpa(uy) S ||+ 2142~ then KP9(u,v) =

L'+ L in the sense of equivalence of norms. This is considered to be another type of
triviality. We characterize it by what follows:

PROPOSITION 5.4. Let m € [1,00] and let u,v be weights. Then:

() If 0 < p,q < oo, then KP(u,v) = L' +L> if and only if

Cim /0 (/m Gﬂ)pu(t)dz)%v(x)dmw.

(i) If 0 < p < oo, then KP=(u,v) = L' + L if and only if

m /1 p %
esssup (/ (— + 1) u(t)dt) v(x) < oo.
x€(0,m) \/x !
(iii) If 0 < g < oo, then K4 (u,v) = L' 4+ L if and only if

m q
/ esssup (;—kl) u?(r)v(x)dx < oo.
0

te(x,m)

Proof. (1) First let us suppose that C = . For each n € N we define the function
o= nxo.1] + 1. Then || f,||;1,;~ < 1 forall n € N but by the monotone convergence

theorem it holds anHKp,, (uy) 1 € =co. Thus, L'+ L~ o KP4(u,v).

Now assume that C < oo. Let f € L' + L™ be arbitrary Let ficL' and o € L™
be functions such that f = fi + f> and || f|| ;1 ;- > (||f1||1+ Il 2]l) - Then f**(r) <
@ + || Al € (0,m), and thus it holds

s = 11 Pl < [ (" (P2 e )ty ar) sty

0
<2C|fIlS, ..

hence L'+ L~ < KP4(u,v). Thus, L' + L~ = KP4(u,v) by Proposition 5.3. The
proofs of (ii) and (iii) are analogous. [l
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REMARK 5.5. Notice that if m < oo, the conditions may be slightly simplified: In

Proposition 5.2 (i), the factor _(tii

gously in Proposition 5.2 (ii), (iii). In Proposition 5.4 (i) we may replace (1 + %)F by

in (23) may be replaced just by u(r) and analo-

4 and similarly in (ii) and (iii).

Finally, let us justify our use of the word “space” in connection with these struc-
tures.

PROPOSITION 5.6. Let m € [1,o9]. Let p,q € (0,0] and let u,v be weights such
that KP4(u,v) # {0}. Then |- ||kpa(uy) is an ri. quasi-norm. If p,q > 1, then ||-
| kra(uy) is an ri. norm.

Proof. We will check that the functional || - || Kra(u,) satisfies the P-properties from
Definition 2.1. The (P1*¥) property follows from (8). In the case p,q > 1, Minkowski
inequality is used to get (P1). Conditions (P2)—(P4) are easy to check using the proper-
ties of rearrangement (see [ 1, p. 41]). Property (P6) follows by the nontriviality condi-
tions of Proposition 5.2. Next, let E C ( 7 2) be measurable and |E| < oo. It holds

(see [1, p. 74]) that fo =infr—g 14 (|| filli +|E|| f2]|l) and, by Proposition 5.3,
there exists a constant C > 0 such that || |1 ;- < C||fl|kpa(u,) forall f € KP9(u,v).
Hence, for all f € KP9(u,v) we get

Lo [T = nt QBN < 05 EDI e
<UL+ ED oy

Thus, (P7) holds. The last condition (P8) is obvious. [
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