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CONCENTRATION-COMPACTNESS PRINCIPLE FOR GENERALIZED
MOSER-TRUDINGER INEQUALITIES: CHARACTERIZATION
OF THE NON-COMPACTNESS IN THE RADIAL CASE

ROBERT CERNY

(Communicated by B. Opic)

Abstract. Let B(R) CR", n>2, be an open ball. By a result from [1], the Moser functional with
the borderline exponent from the Moser inequality fails to be sequentially weakly continuous on
the set of radial functions from the unit ball in Wol‘"(B(R)) only in the exceptional case of
sequences acting like a concentrating Moser sequence (in particular, these sequences are weakly
converging to zero).

We extend this result to the case of a nontrivial weak limit and the Moser functional with
the borderline exponent from the Concentration-Compactness Alternative. The same result is
obtained for the Orlicz-Sobolev space WoL"log” L(B(R)) with o < n— 1. We also consider the
case of Orlicz-Sobolev spaces embedded into multiple exponential spaces.

1. Introduction

Throughout the paper, Q is a bounded domain in R"*, n > 2, @, denotes the
(n— 1) -dimensional Hausdorff measure of the surface of the unit sphere in R" and the
n-dimensional Lebesgue measure is denoted by .Z”. By Vu we denote the generalized
gradient of u and u* is the Schwarz symmetrization of u (the definition is given in
Section 2). The space Wol’"(Q) or WoL®(Q) (where @ is a Young function) stands
for the closure of C3(Q) in W(Q) or WL®(Q), respectively. We use the standard

n

. ;.
notation ' = =y

For functions from WO1 "(Q) the famous Moser-Trudinger inequality [21] concern-
ing a classical embedding theorem by Trudinger [25] states that

1
, <C(n, K, L"(Q)) when K < no'”}
sup /exp(K|u(x)|" )dx 1 (L.1)
Vil gy <172 = oo when K > nwﬁ
n
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1
The proof in the case of K > nw/~; easily follows from the properties of the Moser

0" T
n—1
functions 7y, € WO "(B(R)), t € (0,1), defined by

logl’(%) for |x| € [0,7R)]
iy (x) = (1.2)
-1 1
con_”1 log™n (%)log(%) for |x| € [tR,R].

From (1.1) and the Vitali Convergence Theorem (see e.g. [16, page 187]), it fol-
lows that if p < 1, then the functional

) = [ exp(no ] plu(a) ") (13)

is sequentially weakly continuous on the unit ball in WOI’"(Q) . That is,
we—u and |[|Vu||pnq) <1 = Jp(up) — Jp(u).

If p > 1, thenitis well-known and easy to check that the functional J, is generally
not sequentially weakly continuous on the unit ball in WO1 "(Q). Indeed, if p > 1 and
Q contains the origin, we fix R > 0 such that B(R) C Q and we obtain J, (1) — oo
as t — 0, while for every sequence #, C (0,1), such that 7z — 0, we have iy, — 0
and J,(0) = £"(Q) < oo (in the case of 0 ¢ Q, we use translated Moser functions).
If p=1, we fix R> 0, we set Q = B(R) and it is easy to check that there are Cy >
Z"(B(R)) =J1(0) and 1y € (0,1) such that Jy(ri,) > Cy forevery t € (0,10).

In recent paper [1] the following characterization of the sequential weak continuity
of the functional J, concerning the case of p =1 and u; — 0, where u; are radial
functions from WOl "(B(R)), is given.

THEOREM 1.1. Let n €N, n>2 and R > 0. Suppose that {uk} C WOl "(B(R))
are radial functions such that ||Vug||pnpry) < 1 and up — u in W0 "(B(R)). If

lim supJy (uk) >J; (I/L),

k—o0

then there are {uy, } C {ux} and {tn} C (0,1), t, — 0, such that

~ m-—oo

Uy, — iy, "0 inWy"(B(R)).

In fact, Theorem 1.1 gives some information only in the case of u = 0 a.e. Oth-
erwise (i.e. when u is nontrivial), Theorem 1.2 below and the Vitali Convergence
Theorem imply limy o J () = Ji (u).

Let us note that, in paper [1], a more difficult version of Theorem 1.1 concerning
the case of non-radial functions on an open set Q C R? is given. In that case, one has
to consider a translated Moser sequence. It is an open problem whether some analogue
of the result as Theorem 1.1 for non-radial functions in the case of n > 2 holds.
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If p>1 and u; — u (we do not mind whether u is trivial or not), then there
are many sequences distant from {7, } such that Jy,(ux) — e while we always have
Jp(u) < oo by the Trudinger embedding (for example, fix any p € [1,p) and consider
up = p_%ﬁhk, with # — 0, and observe that #; — 0 in WOI’"(B(R)) ).

A natural question to ask is what happens if the limit function u in Theorem 1.1
is nontrivial (which means in this context that u is a nonzero function). The aim of
this paper is to answer this question in the radial case. The result is the following. If
0 < |[Vul|2pry) < 1, then there is P > 1 depending on ||Vul|.»(p(r)) such that the
functional Jp behaves in a similar way as the one in Theorem 1.1, while for every
p < P we have J,(ux) — J,(u) and for every p > P we generally do not have that
{Jp(ux)} is a bounded sequence. The constant P is the borderline exponent from the
Concentration-Compactness Alternative by Lions [19].

We are going to prove our result in higher generality. We replace the Sobolev
space WO1 "(B(R)) by more general Orlicz-Sobolev spaces embedded into exponential
and multiple exponential Orlicz spaces.

For the convenience of the reader we first focus on the case of WO1 "(B(R)), then
we deal with the general case of WyL®(B(R)).

Sobolev case

An often used improvement of the Moser-Trudinger inequality is the following
result from [5] and [19, Theorem 1.6 and Remark I.18] which concerns one of the cases
in the Concentration-Compactness Alternative for the Moser-Trudinger inequality.

THEOREM 1.2. Let n € N, n > 2 and let Q C R" be a bounded domain. Let
{ur} C WOI"n (Q) be a sequence satisfying

Vgl ) < 1, up—u in WOI’"(Q) and  up—u ae. inQ
for some u € Wol’"(Q). Let us set
0 =|IVulljug €[0,1]  and  P=(1-0) 7 (1.4)

(Where we read P = oo if @ = 1). Then for every p < P we have

L n
/ exp(nw,” | plug(x)["T)dx < C where C is independent of k.
Q

n—

In the version of Theorem 1.1 with a nontrivial weak limit, it is natural to work with
the functional J, where p = P. Indeed, if p < P, we can again use the Vitali Con-
vergence Theorem. Furthermore, it is shown in [5], that if we take a suitable func-
tion u € Wy " (B(3R)) and if we set

==

u=u+(1—0)nm

L,
k
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then we have ||Vu||i»piary) = 1, ux — u and Jp(ug) — oo for every p > P. Hence
for p > P, we can again construct many sequences such that u; — u and J,(ux) — oo,
while Jp,(u) < oo.

Now, let us state our results.

THEOREM 1.3. Let n €N, n>2 and R > 0. Let {u;} C W,"(B(R)) be ra-
dial functions such that ||Vug||ppry) < 1 and wy — u in WOI""(B(R)). Let 6 €10,1]
and P € [1,00] be defined by (1.4). If 6 < 1 and

limsupJp(ux) > Jp(u),

k—o0

then there are {uy, } C {ux} and {t,,} C (0,1), t, — 0, such that

uy,, —u— (1 —O)Vinﬁ

tm

"Z70  inW,"(B(R)).

We are also able to prove the following result which is a bit stronger, since we do
not suppose that i, are radial. On the other hand, we obtain the assertion only for the
symmetrized functions (u;, —u)* in the place of u; —u. However, the result in terms of
(g, — u)* instead of u} —u" seems to be more suitable for possible future ambitions
to obtain a version of Theorem 1.3 without the assumption concerning the symmetry.

THEOREM 1.4. Let n € N, n>2 andlet Q C R" be a bounded domain. Let R >
0 be such that £"(Q) = £"(B(R)). Let {u} C Wol’"(Q) be such that ||Vuy||pnq) < 1
and uxy — u in Wol’"(Q). Let 6 €10,1] and P € [1,o0] be defined by (1.4). If 0 < 1 and

limsupJp(uk) > Jp(u),

ko
then there are {uy, } C {ux} and {tn} C (0,1), t, — 0, such that

m—oo

(ukm—u)#—(l—e)ﬁlrh,m — 0 in Wol’"(B(R)).

Both previous theorems are contained in our general result concerning the Orlicz-
Sobolev spaces embedded into exponential and multiple exponential spaces (see Theo-
rem 1.7 below).

Orlicz-Sobolev case

First, let us recall some well-known results concerning embeddings into exponen-
tial and multiple exponential spaces. If / € N and o <n— 1, we set

n o n

=—>0 B=1- = 0
4 n—l—Oc>7 n—1 (n—l)y>
Y
Bbnw! | forl= (1.5)
and Ky, o= ,
B%a),f_1 for ¢ >2
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The Sobolev-type space WyL"log® L(Q), built on the Zygmund space L"log* L(Q),
is continuously embedded into the Orlicz space with the Young function that behaves
like exp(¢?) for large # (see [17] and [10]). Moreover it is shown in [10] (see also
[8] and [11]) that in the limiting case oo =n — 1 we have the embedding into a dou-
ble exponential space, i.e. the space WyL"log" ' Llog*logL(Q), o < n— 1, is con-
tinuously embedded into the Orlicz space with the Young function that behaves like
exp(exp(t")) for large ¢. Further, in the limiting case o =n — 1 we have the embed-
ding into a triple exponential space and so on. The borderline case is always o =n— 1
and for o > n— 1 we have the embedding into L=(Q). It is well-known that the Zyg-
mund space L"log® L(Q) coincides with the Orlicz space L*(Q), where

(1)

m———7 1,
o g1 log®(r)

the space L log" ! Llog®logL(2) coincides with L®(Q) where

. (1)
lim — o
1= " log" (1) log” (log(t))
and so on. For other results concerning these spaces and their precise definitions we
refer the reader to [11], [12], [13], [14], [15] and [22].

The following notation is useful when dealing with the multiple logarithmic and
multiple exponential spaces. Let us write

217

logyy) (1) = log(?) and log;(#) = log(log;_y(¢)) forj>2, jEN,
and
expyy) (1) = exp(t) and expy; () = exp(expy;_yy(¢)) forj=>2, jEN.

Let /€ N and oo < n— 1. Then we have the above mentioned embedding results for
any Young function @ satisfying

lim () —1 (1.6)
T (H logl (1 )) logf (1)
(for / =1 weread (1.6) as lim,_,., % =1). As Q is bounded, all Young functions

satisfying (1.6) give us the same Orlicz-Sobolev space.
Now, let us recall the generalized Moser-Trudinger inequality.

THEOREM 1.5. Let K>0, /€N, neN, n>2, o <n—1 andlet Q C R" be

a bounded domain. Let ® be a Young function satisfying (1.6).
() If u € WoL®(Q), then

/Qexpm (Ku(x)|") dx < oo.
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(i) If K < Ky ¢, then

sup / expy (Klu(x)[") dx < C(£,n, 0, ®,.2"(Q),K).
Q

UEWOLO (Q).[|@ (V)1 gy <1

(i) If K > Ky ¢, then

sup / expyy (K|u(x)[") dx = oo

UEWOL®(Q).[|@(Vu)|| 1 <1 Q

The first assertion follows from [10, Remarks 3.11(iv)]. The remaining two asser-
tions follow from [18, Theorem 1.1 and Theorem 1.2] (cases £ =1 and ¢/ =2) and [7,
Theorem 1.1 and Theorem 1.2] (case ¢ > 3). It is also shown in [18] and [7] that if
K = Ky .o, then the finiteness of the supremum depends on the choice of ®.

Now, let us recall the result from [4] concerning the improvement of the Moser-
Trudinger inequality in the case of a nontrivial weak limit.

THEOREM 1.6. Let Y €N, neN, n>2, a<n—1 andlet Q C R" be a bounded
domain. Let ® be a Young function satisfying (1.6). Let {uz} C WoL®(Q) be a se-
quence satisfying

P Vur)[ 1) < 1, we—u in WoL®(Q) and  up—u ae. inQ
for some u € WyL®(Q). Then for every

Y
n

p<Pi= (1= 10(Va)) |y
(where we define P = oo if ||®(|Vul)|[11(q) = 1) we have

/Q expyy) (K n,aplu(x)[") dx < C where C is independent of k.

See [6] and [3] for the full statement of the Concentration-Compactness Principle con-
cerning the spaces WoL®(Q) with @ satisfying (1.6).

In view of Theorem 1.6 it is natural to extend the definition of the functional J,
from (1.3) to

Ip(u) = [ expg(Kenaplueo)] ).

Next, we define the functions plying the role of the Moser functions in the Orlicz-
Sobolev setting. First, let us fix L > 1 such that

logy(L) is well defined and positive.

We set for every € (0, 1)

1w -1 3
B o, log&](%) for |x| € [0,7R]
1-n -1 L p
m(x)=4¢B7" o, " logy (%)logﬁ](‘%) for [x| € tR, %] (1.7)
x 1 7B
(21— 25 5B @, " log)y (4)logfy (L) for|x| € [£,R].
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Now, we introduce two conditions on the Young function @ (satisfying (1.6)) that guar-
antee the uniform convexity of the space WyL®(Q) equipped with the Luxemburg norm
corresponding to @. These conditions are

for every € > O there are ke > 1 and 7 > O such that

O ((1+e)t (1.8)
% > ke forevery t > t¢

and
@ is strictly convex. (1.9)

By the criterion from [23, Theorem 10 in section 7.2], the uniform convexity follows
from (1.8), (1.9) and the A;-condition. It can be easily checked that the A;-condition
follows from (1.6). Notice that the above criterion can be also applied to the uniform
convexity of the Luxemburg norm corresponding to the Young function f®, with arbi-
trary 3 > 0.

Now, we can state our main result.

THEOREM 1.7. Let Y €N, neN, n>2, a<n—1 andlet Q C R" be a bounded
domain. Let R > 0 be such that £"(Q) = Z"(B(R)). Let ® be a Young function
satisfying (1.6), (1.8) and (1.9). Let {u;} C WoL®(Q) be a sequence satisfying

/ D(|Vur(x))dx < 1 and ug—u  in WoL®(Q)
Q
for some u € WoL®(Q). Let us set

6 :z/QdD(\Vu(x)Dde [0,1], &= /B(R)d)(Wu#(x)\)de [0,1],

Po=(1-6)71cll,o] and Pr=(1-&)77el[l,o].
() If 6 < 1 and limsup,_...Jp, (ux) > Jp, (1), then there are {uy, } C {ux} and {t,} C
(0,1), t,y — 0, such that

n—

(g, —u)* — (1= 0)im, "="0  in WoL®(B(R)). (1.10)
(iD) If & <1 and limsupy_.. Jp, (u) > Jp, (1), then there are {uy, } C {ux} and {tm} C
(0,1), ty — 0, such that

m—oo

Wi —uf —(1=E)im, "570  in WoL®(B(R)). (1.11)

(iii) In the special case of u=0 a.e. (hence 0 =& =0), we have Py = P =1, (1.10)
and (1.11) read

uf —my, "570  in WoL®(B(R))

m

and we do not need to assume (1.8) and (1.9).
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Notice that since u and u* are equidistributed (and similarly for u; and uﬁ ), we can
read the condition Jp, (ux) — Jp, (1) also as Jp, (uf) — Jp, (u*).

Theorem 1.7 implies Theorems 1.3 and 1.4. Indeed, in the case of radial functions,
we hz;;/e 0 = &. Next, for o =0, we have B = 1. Thus, we observe that m, = i,
in B(7).

1 o .
Furthermore, we have log™ » (%) — 0 as r — 0 and thus it is easy to check that

—0 ~ —0
Vil R\BE)) =0 and Vi 5 . 0.

Hence we obtain
m-—oo

My, — 1y, "= 0 inW,"(B(R)) (1.12)

and thus Theorems 1.3 and 1.4 follow from Theorem 1.7.

REMARK 1.1. Forevery / € N, n > 2, oo <n— 1, there exists a Young function
satisfying conditions (1.6), (1.8) and (1.9). For example, we can consider a Young
function @ satisfying

D is strictly convex,

o fort € (0,19) (1.13)

Q1) =
" (H log o )) logfé] (r) fort € (t;,)

for suitably chosen 0 < 79 < t;. The function @, obviously satisfies (1.6) and (1.9).
The proof that @y satisfies (1.8) is given in Section 3.

The paper is organized as follows. In Preliminaries we recall several basic facts
concerning Orlicz-Sobolev spaces. In Section 3 we give some notes concerning the
uniform convexity of the spaces WOI’" (Q) and WoL®(Q).

For the convenience of the reader interested in the Sobolev case only, we give
simple proofs of Theorems 1.3 and 1.4 in Section 4. Let us also note that in Section 4
we do not use any results from Preliminaries.

The rest of the paper (Sections 5 and 6) is devoted to the more general Orlicz-
Sobolev case. In Section 5 we study properties of the Moser-type functions defined
in (1.7). The proof of Theorem 1.7 is given in the sixth section.

Since Theorems 1.3 and 1.4 follow from Theorem 1.7 (see (1.12)), the reader
interested in the Orlicz-Sobolev case may skip Section 4. In fact, in the Orlicz-Sobolev
case we use the same strategy as in the Sobolev case, but we have to overcome several
technical difficulties. These difficulties are due to the fact that several phenomenons and
constants are related to the Luxemburg norm, while others are related to the modular. In
the Sobolev case, the modular is just the n-th power of the norm and thus passing from
one to another is easy. In the Orlicz-Sobolev case, the relation between the Luxemburg
norm and the modular is much more complicated. However, some careful estimates
can be achieved using the observation that the Luxemburg norm is very close to 1 if
and only if the modular is very close to 1 (see (2.4)). Furthermore, if we deal with
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functions possessing very large gradients, then their modulars (with respect to a Young
function satisfying (1.6)) are very close to the n-power of the norm, as, for example,

At)"log® (A
%‘W@l" for A > 0 and 7 very large.

Sometimes it is possible to pass from the Luxemburg norm with respect to @ to the
(equivalent) Luxemburg norm with respect to B®, where 3 > 0 is chosen so that we
can use (2.4) for the second norm. In fact, the proof of (1.10) rests upon this strategy and
thus all the preliminary computations and estimates have to be done for the Luxemburg
norm with respect to B®, with § > 0 being a general number.

2. Preliminaries

By B(R) we denote an open Euclidean ball in R” centered at the origin with the
radius R > 0. By C we denote a generic positive constant which may depend on ¢,
n, oo, ® and £"(Q). This constant may vary from expression to expression as usual.
When integrating with respect to the n-dimensional Lebesgue measure we simply write
Jo®(|Vu|) instead of [ ®(|Vu(x)|)dx, etc.

Young functions and Orlicz spaces

A function @ : [0,00) — [0,00) is a Young function if @ is increasing, convex,
®(0) =0 and lim; . 22 = oo,
We denote by L®(Q) the Orlicz space corresponding to a Young function @ on a

set Q with the Lebesgue measure. The space L?(Q) is equipped with the Luxemburg
norm ]
. u

HuHLq>(Q)=1nf{7L>0:/Q(D(T> gl}. 2.1)

A, -condition

We say that a Young function @ satisfies the A;-condition, if there are 74 > 0 and
Ca > 1 such that
D(2r) < CAD(1) whenever > 5.

It is easy to see that if @ satisfies the A;-condition for one fixed ¢4 > 0O then it satisfies
this condition with arbitrary 74 > 0 with a different constant C, > 1. But we cannot
take 74 = 0 provided 5, > 0 in general. From the A, -condition one easily proves that

Ju|
O(—— =1 whenever ||u||;o o) > 0, (2.2)
/9 (H”HL‘D(Q)> L@

the convergence in the norm is equivalent to the convergence in the modular  (2.3)

k—o0 k—so0
lurllfo@) — 1 = /Qq)(|uk\) — 1, (2.4)
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norm is bounded away from 1 from below

<= modular is bounded away from 1 from below,

norm is bounded away from 1 from above
<= modular is bounded away from 1 from above,

norm is bounded from above <= modular is bounded from above.

It is not difficult to check the A, -condition for our Young functions satisfying (1.6).

Orlicz-Sobolev spaces

Let @ be a Young function satisfying (1.6). We define the Orlicz-Sobolev space
WL®(Q) as the set
WL®(Q) = {u: u,|Vu| € L*(Q)}

equipped with the norm
||”||WL<I>(Q) = ||”||L¢(Q) + ||V”HL<I>(Q)7

where |Vu| is the Euclidean norm in R” of the generalized gradient Vu of u.

We put WoL®(Q) for the closure of C(Q) in WLP(Q). The space WoL®(Q) is
a reflexive Banach space and it is compactly embedded into L*(Q). As Q is bounded,
on WoL®(Q) we can also use the Dirichlet norm

lullwyro (@) = Vull o),

which is equivalent to the standard Sobolev-type norm given above.
We write that u; — u in WoL®(Q), if

8uk

d
98—)6,-de—>/98_;de forevery ve LY(Q) andi € {1,...,n}

where WV is the associated Young function to ®.

Finally, let us recall that the norm in the space WoL®(Q) is weakly lower semi-
continuous and so is the modular of the gradient.

Non-increasing radially symmetric rearrangement
The non-increasing rearrangement u* of a measurable function u on Q is
u(y) = inf{s >0: Z2"{xeQ: |ulx)|>s}) < y}7 y>0.
We also define the non-increasing radially symmetric rearrangement u* by

W (x) = u* (% \x\") forx € B(R), Z"(B(R))=.2"(Q).
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For an introduction to these rearrangements see e.g. [24]. When dealing with a radial
function «* on B(R), it is often convenient for us to work with its one-dimensional
representative 4 : [0,R] — [0,0) defined by

h()x|) == u® (x). (2.5)

REMARK 2.1. For every u € Wol’l(Q) its one-dimensional representative /1 de-
fined in (2.5) is locally absolutely continuous on (0,R] (and thus differentiable almost
everywhere).

Proof. Fix & € (0,R). By [20, Section 1.1.3], every function from W'!(Q) satis-
fies ACL, i.e. it is absolutely continuous on almost all lines parallel to coordinate axes.

Hence the function
tu(t,xa,... %) =h(\/12+ X34 ...+x2)

is absolutely continuous for almost every [xa,...,x,] € R"~!. In particular, we can find
[x2,...,x,] € R""! suchthat c:=x3+...+x2 < g and the above mentioned function is
absolutely continuous. Hence 7 — h(v/1?+ ¢?) is absolutely continuous and it is easy
to see that y — h(y) is absolutely continuous for y > v/¢2 + ¢2, while v¢2 + ¢2 < 2¢ <

6. O
We often use the Pdlya-Szego principle (see for example [2], [9], [24]).

THEOREM 2.1. Let ® be a Young function and let u € W' (R") satisfy £"({x €
R": u(x)] > t}) < oo forall t >0. Then

[ v > [ e(vid),

It is obvious that in the situation from Theorem 2.1 one also has ||Vu|| [O(RY) =
|| Vu?|| oy~ Let us also note that in the literature, there is often assumed that u is
non-negative in Theorem 2.1. This assumption simplifies the discussion of the equality
cases, but it is irrelevant as far as the inequality is concerned, since |V|u|| = |Vu| a.e.

Preliminary results

LEMMA 2.1. Let 0 < C| < Gy, Q CR" be an open set and let ® be a Young
Sunction satisfying (1.6). Then for every € > 0 there are G > 0 and 0 > 0 such that
for every u € WoL®(Q) satisfying C; < IVull o) < G and [(y, <y ®(|Vul) <6
we have

(1=&)l[Vilffog, < [ @(Vul) < (1+&)[[Vlforq,
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Proof. Letus write A = ||Vu]| ®(q) to simplify our notation. We can suppose that
A > 0, otherwise the proof trivially follows from (2.1). We are going to show that we

can make ﬁ Jo®(|Vu|) as close to 1 as we wish via a suitable choice of G and §.
Let ®( be a fixed Young function from (1.13). By (2.2) we have

5 Lova) -1
m/mv‘/<m5
= /{WMKG}@(IV ul) + /11 /{lvul>G}¢o(\vu\)
’ %/{vwc} (9ul) = @0V _/{vu<c}®<%>

g IC SR MU SELICS)

=h+h+hL—14—1Is—I.
Next, we claim that we can make I3, I and I, —I5 as small as we wish choosing G

sufficiently large. This is obvious for I3 and I, since we have (1.6) and € is bounded.
If G is sufficiently large, for /5 we have

b= {vu>c}(w> (Hl ( >>log%<wx_u‘>'

‘We can write

o) =
log(|Vul) log(|Vul)| = log(G)

lmw>4_bﬁv<mwmmmm@n

and similarly for the remaining iterated logarithms. Hence choosing G very large, we
can make each log; (¢ [Vu |) as close to log;(|Vu|) as we wish and thus 5 can be made
as close to I, as we w1sh

Finally, for G fixed, we choose 6 > 0 so small that /; and I are as small as we
wish (let us recall that % is bounded and @ satisfies the A;-condition). Thus, we are
done. [

LEMMA 2.2. Let R > 0 and let ® be a Young function satisfying (1.6). Then
there is G > 0 with the following property:

Forevery B >0 and € >0, there is yo > 0 such that if u € WoL®(B(R)) is a radial
function, then it satisfies

S E R B
€(0,50) = |h(y)|<GR+(1+¢€)p "B ™ w,,_"llog?( >|\V”\|Lﬁ¢{\vu\>c})
(2.6)
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where ||Vul| LB ({|Vul>G}) denotes the Luxemburg norm with respect to the Young func-

tion BD on the set {|Vu| > G}.
In particular, setting € =1 we have yg > 0 such that

Ll
yEOy0) = )| <C+Clogfy (<)1Vullpw o 2.7)

Proof. The proof for the case § =1 and £ =1 can be found in [18] (see the proof
of Theorem 1.1), the case B =1 and ¢ > 2 is treated in [7]. The case  # 1 can be
obtained by a minor modifications of these proofs. We omit the details. [

3. Uniform convexity of W, " () and WoL®(Q)
A Banach space is uniformly convex if for every € > 0 there is 6 > 0 such that

lul[ = (V][ =1, lu=v][>e =

2] <1-e

We already know that the space WoL®(Q) equipped with the Luxemburg norm
corresponding to a Young function @ satisfying (1.6), (1.8) and (1.9) is uniformly
convex. This is also true for the space Wol’"(Q) which can be considered as a space
WoL®(Q) with ®(¢) =¢".

It is a well-known fact that if a sequence converges weakly in a uniformly convex
Banach space, that is u; — u, and ||ug|| — ||u|| (where || - || is a norm in this space),
then then u; — u (strong convergence in norm). We shall need a slight modification of
this property.

LEMMA 3.1. In every uniformly convex Banach space the following assertion
holds. For every € > 0 there is § € (0,1) such that

up = u, ||ull =1, ||lug]| < 140 for every k
= ||ux —ul| < € for every k sufficiently large.

Proof. The proof'is standard. [l
REMARK 3.1. The homogeneity of the norm implies, that Lemma 3.1 holds with

general ||u|| > 0 and ||u|| < (1+ 8)||u||. In the case of our Orlicz-Sobolev spaces,
these assumptions can be also replaced by

/Qd)(|Vu|)>0 and /Qq>(|vuk\)<(1+5)/gq>(\vu\).

Indeed, we can apply Lemma 3.1 with respect to the norm given by the Young function
B®, where the constant 3 is chosen so that

[ Bo(vul) =1.
Q
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Since B@ satisfies the A;-condition, we have that || V|| 1po(q) =1 and [|Vug|] 15 (q)
are close to 1. Therefore, by Lemma 3.1, we have that u; — u are small in the norm
corresponding to B® and thus they are also small in the equivalent norm corresponding
to @.

In the rest of this section we prove Remark 1.1.

Proof of Remark 1.1. It is enough to check condition (1.8), the remaining proper-
ties are obviously satisfied. By (1.13) we have for ¢t > #;

oy (14+ey)  n(1+e) (T, log,] ((1+e>t>>1ogf;;]<<1+s>t>>r<<1+s>r>

o) =TT logf ™ (1)) logfy ()Y (1) ’
(3.1)
where
=14y ! <li[10g’1(t)> +2 (]ﬁpog*l(t))
j=1 A n\ip .
Now, we have o
e (l4ey > (140), (3.2)
and
I} logf (1 +€)r)
>1 (3.3)

(=1 | yon—1
IT;=; logm ()
Furthermore, we see that taking 7, sufficiently large we can make both Y((1+€)7) and
Y(¢) as close to 1 as we wish and thus

Y((1+¢€)r) 1
e (3.4)
Finally, we have
log((1+€)1) _1 log(1+¢) . €
log(t) log(t) ~ log(r)

and thus for ¢ large enough we obtain

log®((14€)t) _ /log((1+€)t)y —lel e -l )
log®(7) >( log(t) ) 2(1 @) > (1+¢€)75.

For the iterated logarithm it is also easy to prove (see for example [7, Lemma 2.2]) that

logfé]((l +é€)r)
log? 1

l—

> (14¢)” (3.5)

for ¢ large enough. Thus, by (3.1), (3.2), (3.3), (3.4) and (3.5) we can set k, = (1+ 8)%
and we are done. [l
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4. Proofs of Theorem 1.3 and Theorem 1.4

For every ¢ € (0,1), we define the following functional acting on functions from
1.n
Wo " (B(R))
() = / Vi ()"~ 2V, (x) - V() dix.
B(R)

In the sequel, we are interested in radial functions only. Suppose that 4 is the one-
dimensional representative of a radial function u (see (2.5)) and let g; represent 77 .

PROPOSITION 4.1. Let R > 0. The Moser functions and the functional defined
above have the following properties:

[V || 2 B(r)) = 1 foreveryt € (0,1), 4.1)
NN e g | _ h(Rr)
(my ,u) = @) log ™ n (t )h(Rt) = @) foreveryt € (0,1), 4.2)
|Gy )| < ||Vullppry)y  foreveryt € (0,1), (4.3)
(i}, u) gy for every fixed radial function u € WOI"n (B(R)) 4.4)
and .
P n d
T 45)

Proof. Property (4.1) is well-known and easy to compute from

w91 = (3 (2m)") ' = lei)

i=1
and (see (1.2))

0 for |x| € [0,7R)]
g (lxl) = o (4.6)
—w, " log™n (%)ﬁ for |x| € [tR,R].
Furthermore, property (4.3) is easily obtained using Holder’s inequality.
Let us prove (4.2). By (4.6) and (1.2) we have

* R / n—2 1 / n—1 s D=t 1 R,
<mz,u>=/0 & gt (V)on-1y" dy=—w, [ " log" " (;> [ 1 ()dy

R 11 _ h(Rt)
=wm, log (;)h(Rt) = SR

We proceed to the proof of (4.4). Fix € > 0. From the absolute continuity of
the Lebesgue integral there is 7 € (0,R) such that ||Vul|z(p(s)) < €. Furthermore, for
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0 < y1 <y2 <R one has by Holder’s inequality
v
) =) < [ W)l dy
b7

2., S R S eS|
= [ [HW)loyy ™ @,y = dy
1

_1 V2 V2 dy
<ot ([P Woreya) ([
1< i " oY )

1

1
o

“a Ly
= @, " |[Vuller(s)\50)) log” (y—1>

Therefore we have from (4.2) and Z(R) = 0 for # small enough
1 1
()| < 07 tog 7 () (1n(2) ~ h(R)| -+ n(Re) — (1))

HVMHL”(B(R))IOg"l (R> [Vl log <1§z>>

CA[.

VA
<)
0

VAN
—
o
UQ\
3=
/N N TN

< log

and (4.4) follows.
Now, we proceed to the proof of the last property. We have from (1.3) and (4.2)

R 1 , B
5yt = [ exp(naT T p" -1y dy
1 S ,
= a)n_lR"/ exp(nw, " p|h(Re)[" )t"ildt
0
I 1 ,
= w,HR"/ exr)<np10g<;)\<ﬁ1?7u>\")t"*ldt
0
1 ’
=w,HR"/ (1= pl(mr ) 4t
0 t

Thus, we are done. [

The following Lemmata 4.1 and 4.2 are Sobolev versions of more general Lem-
mata 5.1 and 5.3, respectively. Since there would be only a minor simplification of the
proofs in the Sobolev setting, instead of the proofs we just give the reference to the
proofs in the Orlicz-Sobolev setting.

LEMMA 4.1. Let {t;} C (0,1), tr — O and let the sequence {u;} C Wol'n(Q)
satisfy ||Vug||r(q) < C. Then for every € > 0 there is & > 0 such that the following
assertion holds:

Ifue Wol’"(Q) satisfies ||Vul|pnq) < & and there is ko € N such that

<m,k,uk> 1—¢ fork = ko,
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then there is ki € N such that

iy (e —w)*) > 1-5¢  fork>hk

Proof. We can use the proof of Lemma 5.1. Since we have ®(¢) =", we are
interested only in the first of the two cases considered when proving (5.16). [J

LEMMA 4.2. Let {tk} C (0,1), ty — 0 and let {uy} C WOI"n (B(R)) be radial func-
tions. If ||Vur||1n(pry) < 1 +0(1) and (iit; ,ux) — 1, then

u—ig, — 0 inW,"(B(R)).

Proof. We can use the proof of Lemma 5.3. It is enough to set 8 = 1 and replace
the collection of Moser-type functions {m, } by our Moser functions {7, }. We also
use the estimates from Lemma 4.1 instead of the estimates from Lemma 5.1. [

Proof of Theorem 1.4. Assume that 6 € (0,1) (for 6 = 0, the proof follows from
Theorem 1.1) and limsup;_,., Jp(ux) > Jp(u). Passing to a subsequence we can sup-
pose that the limit exists and limy_..Jp(uy) > Jp(u). Passing to a subsequence again
we can also suppose that u; — u in L"(Q) and u; — u a.e. in Q. Since the symmetric
rearrangement preserves the convergence in Lebesgue spaces (see [24, Theorem 1.D]),
we can also suppose that uf — u* in L"(B(R)) and uf — u” a.e. in B(R).

Step 1. We find a sequence {#;} C (0,1), # — 0, such that

hlinmf(mtk,uk) (1— 6)% 4.7
and 1
limiinf (7, (i — Wy > (1-6)n (4.8)

(passing to a subsequence of {u;} if necessary). To prove (4.7) assume that there are
6 >0, € >0 and kg € N such that

Si—

(i ul) < (1—€)(1—8) forevery ¢t € (0,0) and every k > k.

Hence using (4.5), P = (1 — (9)*ﬁ and (4.3) we obtain for k > kg
1 Sk )1/ d
() = @R / Y=l ) 4
0 y
1) o 1
< (anan/ ynfn(lfe) 7ldy+60n,1Rn/ ynfnPfldy < oo,
0 )
By the Lebesgue Dominated Convergence Theorem Jp (1) — Jp(u) which is a contra-

diction. Thus we can select {7} C (0,1), #x — 0, and a suitable subsequence of {uy}
such that (4.7) holds.
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We proceed to the proof of (4.8). First, let us introduce the following notation.
Given L > 0, we define

ur,(x) = min{ |u(x)|, L} sgn(u(x)) and uF(x) = u(x) — ur(x).

Similarly we define u} and (uy)., k € N. It can be easily seen that
/ [Vu|" = / |Vuk|" +/ V)|, ul—ulae. in Q and (ug)r — up ae. in Q.
Q Q Q

Moreover ut form a bounded sequence in WO1 "(Q) and thus there is a weakly con-
vergent subsequence. Since ui converge almost everywhere to u”, it is easy to see
that
uk — utin Wy "(Q) and () — ug in W,"(Q).
The proof of (4.8) is obtained establishing the following chain of inequalities
1 sk # s ok o L#
(I1-6)" < lllgnlnf(m,k,uk) < 111?11Hf<m,k, ()™
T - (4.9)
< liminf (i (ul —ub)*y + e < liminf (7, (i — u)*) + ¢,

with € > 0 being an arbitrarily small number and L depending on ¢ is specified below.
The first inequality in (4.9) is just (4.7). The second inequality easily follows from
81, (Rty) — o= (see (1.2)), (4.2) and
uff — L < (ub)* <.

The third inequality follows from Lemma 4.1 (up to a normalization), since we can
make [ |[Vu|" as small as we wish via a choice of a sufficiently large L. The last
inequality follows from (4.2), since g, (Rfz) — e and

g — | = Jug =+ (ur = (ug)1)| < ot — ]+ g |+ (ug) 2| < oo — ] +2L.

This completes the proof of (4.8).
Step 2. In this step we prove

Si—

hmsupHV(uk — u)#HL”(B(R)) < (l — 9) . (410)

—>00

Fix € > 0. First we fix L > 0 so large that
/\WL\"zr, 4.11)
Q

where 7 € (0, % min{0,1 — 0}) is a small number specified below.
By the Pdlya-Szego inequality (Theorem 2.1) we have

IV (e = )| 10 mry) < N1V (k= )|
< IV () — u) || + [ Vaig ey + IV @) (412)
=L+L+15



CONCENTRATION-COMPACTNESS PRINCIPLE 1263

If 7 is small enough, then (4.11) implies that I3 < €.
Next, since (i) — ur, by the weak lower semicontinuity of the norm we have
for k large enough

/|V(uk)L\">/ \vuL\"—r:/ \vu\"—/ Vil — 7= 60— 21
Q Q Q Q
and thus

/\vug\"z/ |Vuk|”—/ V()" <1—6+21.

Q Q Q

Hence, if T is small enough, we obtain I, < (1 — 9)% +e.
Let us proceed to the proof that I} < €. We obtain from (4.9) for k large enough

* 1
(g, (up)*) > (1 -0 —1)7
and thus, by (4.3) we have for k large enough
1
V@) || npry) = (1— 6 — 7).
This implies by the P6lya-Szego inequality (Theorem 2.1)
1
IViglln i) > (1- 6 —1)7
and thus we obtain
1
n n n 1
IV (i)l () = (”VukHL"(Q) - Hvuﬂ‘L"(Q)) <(O+1)". (4.13)

Furthermore, we have by (4.11)

Si—

1
1Vurllen@) = (1IVullfnq) = Ve |l )" = (0 = 1)1 (4.14)
(@) @

Now, if 7 > 0 is sufficiently small, we can use Lemma 3.1 (recall that we have (4.13),
(4.14) and (ug)r, — uy) and the homogeneity of the norm to obtain

I <e for k large enough.

Hence we have I, + L+ < e+ (1 — 9)’% + &+ €. This concludes the proof of (4.10).
Step 3. Our aim is to prove

(1—6) 7 (we—w)* —im, "=70  inW "(B(R)). (4.15)

Combining (4.8) and (4.10) with (4.3) we obtain

k—so00

% _1 k—o0 _1
<m,k,(1—9) (g —u)) =71 and [[(1-6) nV(uk—u)#HLn(B(R)) =71,

Now, we complete the proof of (4.15) using Lemma 4.2. Thus, we are done. [
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Proof of Theorem 1.3. Let us suppose that 6 € (0,1) (for 8 = 0, the proof follows
from Theorem 1.1) and limsup,_,., Jp(ux) > Jp(u). We can suppose that limy_,.. Jp(uz)
exists, it satisfies limg . Jp(uy) > Jp(u), up — u in L*(Q), up — u a.e. in Q. Recall
that we suppose that u; and u are radial functions and Q = B(R) now.

Step 1. The aim of this step is to show that passing to a subsequence we can find
{t} € (0,1), t — 0, such that

liminf (i ) > (1~ 0) (4.16)
and .
liminf{i)u —u) > (1- )7 4.17)

Inequality (4.16) is proved in the same way as (4.7). Next, (4.17) easily follows
from (4.4) and (4.16).

Step 2. In this step we prove

==

limsupHV(uk—u)HLn(B(R)) < (1 — 9) . (418)

—> 00

The proof of (4.10) is still valid for our radial functions. From (4.12) we can see that
the quantity ||V (ux —u)||n(p(r)) is again estimated by I} + L +15.

Step 3. Our aim is to prove

koo

(1= 0) 7 (ug —u) — iy, *="0 in W"(B(R)). (4.19)
Combining (4.17) and (4.18) with (4.3) we obtain

k—soo koo

* _1 _1
<7htk7(1_9) ’1(uk—14)> — 1 and H(I—G) "V(uk—u)HU,(B(R)) — 1.

Now, we complete the proof of (4.19) using Lemma 4.2. [

5. Properties of the Moser-type functions

In this section we study properties of the functions m;, ¢ € (0, %), defined in (1.7).
For every 7 € (0, %), we define the following functional acting on functions from
WoL®(B(R))
Do (Ve (x)])
mu) = — 2V (x) - Vu(x) dx,
i) = [ g V) Vo
with the convention that the integrand reads zero in the points where |V, (x)| = 0. The
function @ is a fixed Young function coming from (1.13).

In the sequel, we are interested in radial functions only. Suppose that 4 is the one-
dimensional representative of a radial function u (see (2.5)) and let g; represent m; .
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PROPOSITION 5.1. Let R> 0, B > 0 and let ® be a Young function satisfying
condition (1.6). The Moser-type functions and the functional defined above have the
following properties:

1V 0 gy = (1 +0(1))Br as 10, (5.1)
) = 2| VOVl poguy,  where w0, 652
% ~ _1 - —0
[(myu)| < (L+ 9 (@) B~ ||Vul| po gy where P(1) =0 (5.3)
and
(my,u) =00 for every fixed radial function u € WoL® (B(R)). (5.4)

Proof of property (5.1) from Proposition 5.1. The proof can be done by an easy
modification of the proof of Theorem 1.2 of [18] (see also [7, proof of Theorem 1.2]).
The details are left to the reader. [

Proof of property (5.2) from Proposition 5.1. Since we have the equivalence of the
norms || - || (g(g)) and || || sog(r)) and the homogeneity of both sides of (5.2), it is
enough to consider the case of f =1 and ||Vu||,0 ) = 1.

From (1.7) we obtain

0 fory € (0,¢R)
;1
) = { Bro, log], " (Yloghy ()T hlog ()L forye (RE) (5.5)

1 p
£ BT o, logy (%) logﬁ] (L) fory e (2,R).

Let yo < % be the constant from (2.7). If ¢ is so small that 7R < yy, we can write

oo [ QYD o RO ) "
i = [ S V-V [F R W )y dy

tR 30 R
:/ +/ +/ =h+hL+1.
0 tR Yo

From (5.5) we obtain I} = 0. Furthermore, by (1.5) we have l — B < 0. Hence

1 _p
logm (%) — 0 as r — 0 and thus (1.13) and (5.5) yield for ¢ small enough

t

Qo (—5(»)) (nfl)(%m(l)

sup ———— < Clog,
veGok)  —8H(Y) [

Hence we can use 4(R) =0 (as u € WoL®(B(R))) and |h(yo)| < C (by (2.7)) to obtain

R (n=1)(3-8) /1 (n—1)(3-8) /1
< i Y - 1/ — i Y -
I < L CIOgM <t )( W (y))dy Clogm <t )h(YO)
n—1)(1— -
<Clogfﬂ 1)(y B)(%) =0
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It remains to prove that

h(Rt) t—0
< (R ) <) where yi ()" =Y0. (5.6)

|-
Fix € > 0. We observe that for 6,8 € R and s > 0 large enough we have

log(0sP) ~ Blog(s) and logm(esﬁ) ~ log;)(s) for j>2. (5.7)

Hence we can find M > 1 so large that for every ¢ > 0 small enough we have by the
second line of (5.5)

1

R = Eole(EaE) 68

From (1.13), (5.7) and (5.8) we obtain for every ¢ > 0 small enough

M(
ye <tR7logm

1

)
t Po(—g,(») (5.9)

75[() B
- (=& ))" 1(1—1 log (§))logm(§) € (1—Ce,1+Ce).

M(
yE <tR,10gm

Furthermore, we have from (5.5), (n—1)(; =B) = —3 and (n—1)(B—1) = —
(see (1.5))

4 B
s[5 oy I(ﬁlog",]l(;—e))logm(y)< W),y dy
l°g[[f](%78)(%) et el (n=1)(3-B) (1 (n—1)B-1) (R
=/ B7"w, | logm (t>logm <y>
x (ﬁlngj]"(;j))yn—l (r[ilog’[’j]l( ))104%[(]( >( H(y)on—1y" " dy
1 S| log%(%m(%)
—oy 87 oz, (1) [ (~H())dy

ol tog,” (7) () —ogt (7)),

Therefore we have from (1.7) and (2.7)

(5.10)

1

G D)

et (3) e (" (1) 0
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Notice that (2.7) also yields for # small enough

g, (7 k) <togy (7) (c+cro (7)) < o

Next, we decompose I, into three integrals defined by

L= /y0 q’o_gt (=1 (y)) @n—1y" " dy
1og1[\z] %B)(%)
iR " /(log[ ](%173)(%)&0)(7{*8;%1} " /(10g1[\z](%13)(:)7y0)ﬁ{8§<11}
=J1++ /3,

where #; > 0 comes from (1.13). From (5.9), (5.10), (5.11) and (5.12) we can see that

for ¢ sufficiently small, we can make J; as close to ;((RR?) as we wish. It remains to

estimate J> and J3 (by an expression approaching zero).

M(L-B)
For ¢ small enough and y € (logm v

and (5.7) to obtain

@y(—g, ()

(1).v0) N{—g >t} we use (1.13), (5.5)

—a1()
= )= 1(l_[log )log[(
<l ( [ ost (s (%)))log (logm(i))
<crog (o™ o (7)) (Tt (020 7))) 5
(ijlogu (100 (7)) el (2 (7))
<Clo ]Tl ) (:)y .
This estimate, (2.7) and (n — 1)(%, —B)= —%, imply for 7 small enough
J2 </1::?[4](%'B)(} CIOg[f]z (%73)(;>(_h/(y))dy
_aog[;ﬁ(;) (v(rog”™" (7)) 1) o
< (1) e e o (1) .
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It remains to estimate J3. By (1.13) we have ®y(r) < Cr" on (0,7;) and thus for ¢

M(l,

B
small enough and y € (logm ! )([l),yo) N{—g, <1} we obtain

Do(—g(y))
—&(y)
<C(—g )

- ClogEZ]—l)(%—B)G) logfﬁl)lB*ll(lOg[f ( )) (H]og (log[[ <1>>)an_1

BiLg) 1y
2
<cuog " (7) e

Now, we can estimate J3 in the same way as we have estimated J, in (5.13). This
concludes the proof of (5.6) and we are done. [J

Proof of property (5.3) from Proposition 5.1. According to the homogeneity of
both sides of the inequality, it is enough to consider the case of ||Vul| 1P (B(R)) = I.

By (1.7) and (2.6), for every € > 0 we can find #; > 0 so small that for every ¢ € (0,7;)
we have

N A I e N2
h(R)| < (1+2¢)B 7B a)nfllog&](ﬁ> <(1+3e)B 1B a)nfllog[yq<;>
1
=(143¢e)B ng(Rr).
From this estimate and from (5.2) we infer

|h(Rt)|
gt (Rt)

[ u)| < () < (14+3€)B77 +w(1)

and thus (5.3) follows. [J

Proof of property (5.4) from Proposition 5.1. Fix aradial function u € WoL® (B(R))
and € > 0. First, by the absolute continuity of the Lebesgue integral we observe that
choosing p > 0 sufficiently small we can make the integral [, ®(|Vu[) as small
as we wish. This observation together with the fact that @ satisfies the A, -condition
imply that p can be chosen so small that

[Vl o)) <€

Now, let us write u as a sum of two functions u = u; +uy,i.e. h = h; + hy, defined by

h(r) fort € [p,R] 0 fort € [p,R]
hl(t) = and hz(l‘) =
h(p) fort € 0,p] h(t) —h(p) fort e [0,p].
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We plainly have
uy,ur € WoL® (B(R)), ||Vu1”Lﬁ‘D(B(R)) <C and HV"QHL!"D(B(R)) <&

Therefore, (1.7) and (2.7) applied to h; and hy separately yield for every sufficiently
small 7 € (0, %)

|n(Rt)| = [h1(Rt) + ha(Rt)| < [hy(Re)| + [ha(Re)| = [h1(p)| + [ha(Rt)|

<C+Clogé]<;> +C+Clogm< ! >£<Clog[]( ! >£—C8gt(Rt)

Finally, from the last estimate and from (5.2) we infer for ¢ sufficiently small

(Rt) )

) < [ 225 |+

W(I)HVI"HL/M’(B(R)) <Ce+ W(I)HVI"HL/M’(B(R)) <Ce

and (5.4) follows. [

LEMMA 5.1. Let ® be a Young function satisfying (1.6), {t,} C (0,1), t — 0
and let {u;} C WoL®(Q) satisfy [o®(|Vu|) < C. Then for every € >0 thereis § >0
such that the following assertion holds:

If u € WoL®(Q) satisfies [o®(|Vu|) < 8 and there is ko € N such that

(mi,uﬁ))l—e Sfork > kg,
then there is ki € N such that

<m;;7(uk_u)#>>1_58 fOVk}kl,

Proof. Let h be such that u*(x) = h(|x|) and let h; be such that uf (x) = h(|x]),
k € N. The proofis based on a comparison of the measure of the level sets of functions
h and hy.
First, in view (2.3) we can choose 6 > 0 so small that (5.2) and (5.3) ensure for k
large enough
h(Rt) < €8, (Rtx). (5.14)

Next, let us show that for k large enough we have

hi(2Rt) = (1 —3€)gs, (Rtx). (5.15)
For k > k¢ sufficiently large, we obtain from (5.2) and (mtk,uk> l—¢

hi(Riy) = (1 —2¢)gy, (Rix).

Since
h(2Rty) = hi(Rti) — (i (Rty) — hi(2Rty.)),
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it remains to show that for k large enough we have
hk(le) _hk(thk) < €81, (le). (5.16)

Let us prove (5.16). From [, ®(|Vu|) < C and the Pélya-Szegd inequality (Theo-
rem 2.1) we have

R
[ o(Vil) > [ @Vl = [ O~k o1y dy
Q B(R) 0

2R[k , 1 1 2R[k ,
> [ ooy 0B [ o(-h ) dy
Rty Rty
Hence
> L M ohm)a
Ct, — / —
k Rtk ki, K\y))ay
and Jensen’s inequality yields
" 1 2Rty ,
cr >c1><—/ I () dy)- 5.17
k Rix Jrs, r(v)dy (5.17)

Now, if ®(r) > Cr" for large arguments (i.e. we have ¢ > 2 or a > 0), then for k large
enough we infer from (1.7) and (5.17)

2R[k

he(Ri) — h(2R1y) — /R T h () dy < C < ey (Rr).
k

Thus, (5.16) is proved in this case.
On the other hand, if / =1 and o < 0, then it can be easily seen that for large

arguments we have @1 (¢) < 2t log™ 7 (). Hence we obtain from (5.17)

2Rty

.1
he(Rey) — hy(2Re) = / —H(y)dy < Ctd (Cr; ™) < CyCry Mog ™ (—)
R

T tk

Next, as g, (Rtx) = ClogV( k) and i, nolo0 s & we obtain (5.16) again. Having
proved (5.16) in both cases, we also have (5 15).

Now, from (5.14) and (5.15) we can see that (recall that the functions & and h; are
non-increasing)

{uf > (1-3¢e)g, (Ry)} DB(2Ry)  while  {u” >eg, (Ri)} C B(Ry).
Hence
L"({(we—u)* > (1—4e)g, (Ru)}) > L7 (B(2Ry)) — £ (B(Ruy)) > £ (B(Riy).

This implies that on the sphere {|x| = Rt;}, the value of (u; —u)* is estimated from
below by (1 —4¢€)g;, (Rty). Finally, (5.2) completes the proof. [J
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LEMMA 5.2. Let {t;} € (0,1),  — 0, B >0, G>0, § >0 and let ® be
a Young function satisfying (1.6). Then there is ¢ > 0 with the following property. If
{ury € WoL®(Q) are radial functions such that [, ®(|Vur|) < (140)B and (m;,,ux) >

((1—0)B)i, then

/ O(|Vur|) <8 for k large enough.
{IVu|<G}

Proof. We can plainly find 6y > 0 and C; = C;(n) > 0 such that for every ¢ €
(0,00) we have

1
(I—0o)n =20\
1-0)(+=25-") = (1-Co). 5.18
(1-0)(F522220) > (1-cio) (5.18)
Let us fix 0 € (0,0p) so small that

(C1+ 1) < 6. (5.19)

Fix G > G. Using (1.7), (2.6) and (5.2) we obtain for k large enough

1 hk(le) 1
n < n
(B—0B)n < (my,up) < 2 (K1) off
L1 1
" Y n
gtk Rtk < R+(1+0) Hvukﬂm{\vwbc})B ‘o, 110gm(Rtk>>+Gﬂ

1

l —n _1 1
n n Y= n
( R+ (1+20)|[Vurl| 0 1vi,>61)B wnfll()g[é](tk>>+6ﬁ

gtk Rtk

1
GR+ (1+20)||V Ri ) g
~ Rtk ( + (14+20)[ Vil 091> 1) & (Rik) ) + 0B

1
< (1420) ||V | o ((vi 63y + 2087

Thus, if G is large enough, acting in the same way as in the proof of Lemma 2.1 and
using (5.18) we obtain

O(|Vuy|) = (1 —0)||Vu|? .
/{\vuk\x’}} (Vuel) > ( I k|‘L¢({|V”k|>G})

> (1 _G)((ﬁ—aﬁizgzam)n

> (1 —Clﬁ)ﬂ.
Hence (5.19) gives
[ evuh< [ Viel) = [ @(Va)— [ (Vi)
{IVi|<G} {IVi|<G {IVuk\>G}
<50 (1o =(C1+ 1op<

and we are done. [l
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LEMMA 5.3. Let B >0, {f} C (0,1), tr — 0 and let {uz} C WoL®(B(R)) be
radial functions satisfying ||Vug|| o)) < (1 —l—o(l))ﬁ%. If (my ,ux) — 1, then

up—my, —0  inWoL®(B(R)).

Proof. The proof is easily obtained applying the uniform convexity of the norm
[|-]] 189 (p(r)) to the gradients of the functions u; and my, . Let us give the details.
First, we infer from (5.3)

1
HV“kHLﬁ@(B(R)) — B

1

) — 1 and HthkHLﬁd’(B(R)) — B

Now, since we have (mj ,my) = [gg) Po(|Vrmy

(see (5.1)), we obtain from (m;, ,uz) — 1 and HVukHLﬂq,(B(R)) — ﬂ%

My + U
. T o, - TVall o pm,
(7 2

1 N , N _1
2 <<’”tk’ |Vm,kT;¢(B(R)) > + <’”tw HVukHI:]/;@(B(R)) >> —p

Combining this result with (5.3) we obtain
Vi, + Vi
VeIl po gy ViR o oy

2

— 1.

LPO(B(R))
Therefore the uniform convexity of the the norm || - || 1P (B(R)) implies

’ ’ Vmy, _ Vuy ‘ ‘
vatkHLﬂ‘b(B(R)) HV”kHLM(B(R)) LPO(B(R))

— 0.

Finally, since vakaLﬁ‘D(B(R)) — ﬂ% and HVukHU;(p(B(R)) — [3% , we have

_1
B[ [Vimy, — Vi ‘LM(B(R))

< ’ ’ Vmy, B Vi, H
[3% vatkHLM(B(R)) LB®(B(R))
4 ‘ Vmy, _ Vuy H
vatkHLﬁd’(B(R)) HV”kHLM(B(R)) LP® (B(R))
Vuy Vuy

1

_|_ - - @@
H Vurllso pryy B

‘Lﬁ‘D(B(R))

— 0.

Thus, we are done. [
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6. Proof of Theorem 1.7

Proof of Theorem 1.7(i). Assume that 6 € (0,1) (the case 8 = 0 is studied in
the proof of Theorem 1.7(iii)) and limsup;_...Jp, (ux) > Jp, (). Passing to a subse-
quence we can suppose that the limit exists and limy_.. Jp, (1) > Jp, (). Passing to
a subsequence again we can also suppose that u; — u in L®(Q) and u; — u a.e. in
Q. Since the symmetric rearrangement preserves the convergence in Orlicz spaces (see
[24, Theorem 1.D]), we can also suppose that uf — u* in L(B(R)) and uf — u* a.e.
in B(R).

Step 1. In this step we show that passing to a subsequence we can find {f} C
(0,1), 7 — 0, such that

Si—

lilglinf<m,*k,uﬁ> >(1-0) (6.1)

and

3=

liminf(my , (1 — u)y > (1-6)n. (6.2)

Let us prove (6.1). First, let us consider the case that there are § >0, € >0 and kg € N
such that

Si—

(muf) < (1—¢€)(1—8) forevery t € (0,0) and every k > ko. (6.3)

Therefore by (5.2) with B =1, (1.5), (1.7) and Py = (1 — 9)’%
t € (0,6) small enough and k > kg

, we have for every

expy) (Ki.naPolle(RE) 7)< expyg (KenaPolsi (RO (1 )|+ w(r)))
ENY
, Yf1==
<expy (Kenalas(R)7(1-3)")
exp(n(1— £)log(1)) for¢=1

expyy((1—5)logy (7)) forl>2.

(6.4)

Since Ay (Rt) is bounded for # bounded away from zero (see (2.7)), from (6.4) we easily
obtain that the integrals

1
7Y — n n—1 . b4
/B P (Kg,,,7aP9\uk|) Y /0 " expy (Kg,n,apemk(m)\ )dz

have a common integrable majorant and thus the Lebesgue Dominated Convergence
Theorem ensures that Jp, (ux) — Jp, (1), a contradiction. Hence there cannot be § >
0, € >0 and kg € N such that (6.3) holds and thus we can pass to a subsequence
satisfying (6.1).

We proceed to the proof of (6.2). First, let us introduce the following notation.
Given L > 0, we define

ur,(x) = min{|u(x)|,L} sgn(u(x)) and ub(x) = u(x) — ur(x).
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Similarly we define uX and (u)., k € N. It can be easily seen that

/Q(D(|Vuk|):/Q(D(|Vul,;\)—|—/gcl)(|V(uk)L|)7 W — it ae. inQ

and (w)p — ug a.e. in Q.

Moreover ué form a bounded sequence in WoL®(€2) and thus there is a weakly con-

vergent subsequence. Since ué converge almost everywhere to u” it is easy to see

that
ulb — ul in WoL®(Q) and (ug)r — ug in WoL®(Q).

The proof of (6.2) is obtained establishing the following chain of inequalities

(1-6)i < liminf(m; ) < timinf (n, . (ub)*

(6.5)
< liminf(m; (ul —ub)y + e < liminf (e, (i — u)*) + ¢,

with € > 0 being an arbitrarily small number and L depending on ¢ is specified below.
The first inequality in (6.5) is just (6.1). The second inequality easily follows from
81, (Rty) — oo (see (1.7)), (5.2) and

ut =L < (ub)* <. (6.6)

The third inequality follows from Lemma 5.1, since we can make [, ®(Vut|) as small
as we wish via a choice of sufficiently large L. The last inequality follows from (5.2),
since g, (Rty) — o= and

\uﬁ—ul‘\ = |uk—u—|—(uL— (uk)L)| < \uk—u| + |uL| + |(uk)L\ < \uk—u\ +2L.

This completes the proof of (6.2).
Step 2. In this step we prove

- Y
hgl_ngV(uk u) HLﬁq’(B(R)) < 1. (6.7)

Fix € > 0. Next, we fix L > 0 so large that
/‘D(\WLI) =1, (6.8)
Q

where 7 € (0, % min{0,1 — 0}) is a small number specified below.
By the Pélya-Szego inequality (Theorem 2.1) we have

AN
V=0l 1

Q) (6.9)

L L
ch(g) + HV”kHLﬁcp(Q) +[Vu HLﬁ(D(Q)
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If 7 is small enough, then (2.3) implies that I3 < €.
Next, since (uy)r, — ur, by the weak lower semicontinuity of the modular we have
for k large enough

LoV > [ oV~ [ a(vu)~ [ a(Vut)-r=6-2r
and thus
[ o0Vt = [ @(Vuel)~ [ @V <1-6+27.  (6.10)
Q Q Q

Hence, if 7 is small enough, using (2.4) we obtain I < 1 + €.
It remains to prove that /; < €. In the proof, we employ both norms || - || o
LT

Q)
and [|- [ @ (q) - From (6.1) we obtain for k large enough
(mi ) > (1— 60— 1) 6.11)
and thus, by (5.2), (5.3) and (6.6) we have for k large enough
1
IV )|l o gy = (1 - 0 =277 (6.12)
Now, by Remark 3.1, there is 17 € (0, 3 min{6, 1 — 0}) such that
[ eV <o+2n and 0-n< [ &(Vi)
o o (6.13)
— V=)l e <

If 7 <n, then from (6.8) and [, ®(|Vu|) = 6 we see that the second inequality
in (6.13) is satisfied and it remains to prove

| (V@) < o+2n. (6.14)
To prove (6.14), let us start with the proof of
[ evidh=1-0-2n. (6.15)
By Lemma 2.1, there are G > 0 and & > 0 such that

O(|V(uh)¥)) <8 and ||V(uk)* >(1-0-n)
Sty VD <8 and VG ooz > (10 -m) o

— [ (Vb)) =1-0-2n
Q
(the assumptions of Lemma 2.1 concerning C; and C, are satisfied since

V@O0 (=) < |Vl 10 8(r)) < [IVitr||ro(q) < 1
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and (6.12) gives us the lower bound). Next, the estimate of the integral on the left
hand side of (6.16) follows from Lemma 5.2 providing 7 is small enough (the assump-
tions are satisfied by (6.10) and (6.11)) and the estimate of the norm ||V (uf)*|| L2(B(R))
follows from (6.12). Thus, we have proved (6.15).

Now, (6.15) and the Pdlya-Szegd inequality (Theorem 2.1) yield for £ large enough

[ @Vl = [ @V~ [ @(Vut) <1 [ @(V(b)) < 0+2n

and (6.14) is proved. Therefore both inequalities on the left hand side of (6.13) are
satisfied and thus we have proved that I; < €. This concludes the proof of (6.7).

Step 3. Our aim is to prove
_1 # k—o0 . @
(1—=0) n(ux—u)"—my, — 0 in WoL™ (B(R)). (6.17)
Combining (6.2) and (6.7) with (5.3) we obtain
(g, (1= 0) 77 (e —u)*) =71

and .

71 k—>°<) — =
1—0) 2 V(g —u)* = (1—0) .
[(1—6)" 7V (ug —u) I\Lﬁgg@(B(R)) (1-90)

Now, we complete the proof of (6.17) using Lemma 5.3. Thus, we are done. [

Proof of Theorem 1.7(ii). Let us suppose that & € (0,1) (the case & =0 is studied
in the proof of Theorem 1.7(iii)) and limsup; ... Jp, (ux) > Jp, (u). Again, we can

suppose that limy ... Jp, (ux) exists, limg—. Jp, (ug) > Jp, (1), up — u in L2(Q), u; —
uae. in Q, uf —u* in L°(B(R)), uf — u* ae.in B(R).

Step 1. The aim of this step is to show that passing to a subsequence we can find
{tr} € (0,1), 4 — 0, such that

liminf{m; ,f) > (1 —E)n (6.18)
and .
1i?1inf<m;;,uZ—u#> >(1-E&)n. (6.19)

Inequality (6.18) is proved in the same way as (6.1). Next, (6.19) easily follows
from (5.4) and (6.18).

Step 2. In this step we prove
limsup ||V (uf —u®)|| 1, <. (6.20)
k—soco L1-8 " (B(R))
The proof of (6.7) is still valid for radial functions u} and u* (we replace 6 by & and

we also use (6.18) instead of (6.1)). From (6.9) we can see that the quantity ||V(uz’t —

W 1, is still estimated by I} + 1+ Is.
LIS (B(R))
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Step 3. Our aim is to prove

(1—&)n(uf —u")—m, *="0  in WoL®(B(R)). (6.21)
Combining (6.19) and (6.20) with (5.3) we obtain
% _1 a4 #\\ k—o0
(my ,(1=8) n(up—u")) "— 1
and

(1= &)V (uf —u)||
L=

Now, we complete the proof of (6.21) using Lemma 5.3. [

Proof of Theorem 1.7(iii). In the proof of Theorem 1.7(i), we were using the as-
sumptions (1.8) and (1.9) only when employing the uniform convexity of the space
WoL®(Q) in Step 2 and Step 3. Thus we still have condition (6.1) which reads in our
case (recall that 6 =0)

liminf(n; uf) > 1. (6.22)
Now, we claim that it is enough to prove

hmsupHVukHch0 BE) <1 (6.23)

koo

Indeed, @ satisfies (1.8) and (1.9) and thus (6.23) and Lemma 5.3 (see also (5.3))
imply uf —my, — 0 in the Dirichlet norm corresponding to @, . Nevertheless, the Lux-
emburg norms corresponding to @y and @, respectively, give us the same convergence.

Thus, let us complete the proof establishing (6.23). Fix € > 0. By (1.6), there is
to > 0 such that @y(r) < (14 €)D(¢) for every ¢ > 1y and thus for every k we have

@ (|Val]) < (1 +s)/ o(|Vil]) < (1 +e)/ (Vi) < 1+e.
/{wz»o} ¢ (191510} ¢ B(R) k
(6.24)

Next we claim that for every € > 0 there is & > 0 such that

o(Vil)) <5 = / D (|Vul]) <. (6.25)
/{|\7uz|<to} ¢ (V<o) ¢

To prove this, pick ¢ > 0 so small that ®y(c).2"(B(R)) < §. Since ®(c) > 0, there
is plainly L > 0 such that ®(7) < L®(¢) on [0,%]. Hence we can set 6 = 5~ to obtain

#1\ # #
/ oy DIV = /{WKU} o (| Vi) + /{6<Wl<m}cbo<\vbtk\>

Dy ( +L/ (|Vu +L— =E&.
/ oo {o<|Vul|<ty} a k|) 2L
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Finally, since we have [pg) @(|Viue|) <1 and (6.22), we can use Lemma 5.2 to
ensure that for k large enough the left hand side of (6.25) is satisfied. Hence (6.24)
and (6.25) yield

Do (|Vuf :/ Do (| Vi +/ Do(|Vuf|) < 1+2€.
G ORI E OB

Now, (2.4) implies (6.23) and we are done. [
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