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SOME INEQUALITIES ON GENERAL L,-CENTROID BODIES

FENG YIBIN, WANG WEIDONG AND LU FENGHONG

(Communicated by Y. Burago)

Abstract. In this article, we define the general L, -centroid bodies, which extend the notion of
L, -centroid bodies by Lutwak and Zhang. Further, we generalize the two monotone inequalities
by Wang, Lu and Leng, and establish the Brunn-Minkowski type inequalities of dual quermass-
integrals for this new notion. In particular, the extremal values of dual quermassintegrals of the
polars of general L, -centroid bodies are also provided.

1. Introduction and main results

Let J#" denote the set of convex bodies (compact, convex subsets with nonempty
interiors) in Euclidean space R". For the set of convex bodies containing the origin in
their interiors, we write .%,". The unit ball in R” and its surface will be denoted by
B and $"!, respectively. V(K) denotes the n-dimensional volume of a body K. We
denote @, =V (B) for the volume of the unit ball B.

If K € %", then its support function, hg = h(K,-) : R" — (—eo, o), is defined by
(see [6, 20])

h(K,x) =max{x-y:y€ K}, xeR",

where x -y denotes the standard inner product of x and y.
For K,L€ %), p>1 and A,u > 0 (not both zero), the Firey L, -combination,

A-K+,u-Lex), of K and L is defined by (see [5])

h(A'K—’—Pou'L?')p:A’h(Kv')p+”h(L7')p7 (11)

where ”-” in A - K denotes Firey L, -scalar multiplication. Obviously, Firey L, -scalar

multiplication and usual scalar multiplication are related by A -K = A %K .
If K is a compact star-shaped (about the origin) set in R”, then its radial function,
px =p(K,-) :R"\ {0} — [0,e0), is defined by (see[6, 20])

p(K,u)=max{A>0:A-uckK}, ucs . (1.2)
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If px is positive and continuous, call K a star body, and write .7} for the set of
star bodies in R”. Two star bodies K, L are said to be dilates (of one another) if
pk (1) /pr(u) is independent of u € S" 1.

For K,L € ./}, p>1 and A,u > 0 (not both zero), the L,-harmonic radial
combination, A K+ ,uxLe .7}, of K and L is defined by (see [13])

PA*xK+_puxL,-)""=2Ap(K,-) " +up(L,-)"", (1.3)

where A x K denotes L,-harmonic radial scalar multiplication, and we easily see A x
K=A"7K
IfKe %f)", the polar body, K*, of K is defined by (see [6, 20])
K'={xeR":x-y<l,yeK}. (1.4)

For K,L € ./"

[

defined in [13] by

> 1 and € > 0, the L,-dual mixed volume V_,(K,L) was

(1.5)

Centroid bodies are a classical notion from geometry which have attracted in-
creased attention in recent years (see [2, 7, 14-19, 21]). In particular, Lutwak and
Zhang [16] introduced the notion of L, -centroid bodies. For each compact star-shaped
(about the origin) K in R" and real number p > 1, the L, -centroid body, I',K, of K
is an origin-symmetric convex body whose support function is defined by

hlr?,,K(”) = nV / |u - x|Pdx
- W/s e v|Ppg P (v)dS(v) (1.6)
forall u e S"!. Here
Cn.,p:(!)n+p/w2(0n(x)p,17anda)n:77;%/1“(1_,_2). (1.7)

We recall that for T € [—1,1], Ludwig [11] introduced a function @; : R — [0,00)
by
o (t) = |t|+ 7t (1.3)

Now, we define a corresponding notion of general L,-centroid bodies based on L, -
centroid bodies and definition (1.8). For K € %", p > 1 and 1 € [—1,1], the general

[

Ly-centroid body, I',K, of K is a convex body whose support function is defined by

1
hIIZ;K(”) = W/K@T(M.X)de
- Cnp(f)(n1+ PV K) s c(u-v)!pg " (V)dS(v), (1.9)
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where

np(®) = genpl(1+ 0+ (1= 7))

The normalization is chosen such that T''B = B forevery 7 € [—1,1], and Fg[( =T,K.
Let ¢4 (u-x) = max{u-x,0} (7=1)in (1.9), then a special case of definition I'}K is
FIJ;K . Besides, we also define

[,K=T,(-K). (1.10)

From the definitions of I'; K and I'5K, it is easy to verity that

ITK = fi(1) - TyK+, f2(1) - T, K, (1.11)
where ( ) ( )
1+1)?P 1—1)?
= = . 1.12
(D) (1+0)r+(1—-1)’ A7) (I+7)P+(1—-1)P (1.12)
From (1.12), it immediately follows that
H(D)+ A1) =1 (1.13)
fi(=1) = fa(7),  fo(=7) = fi(7). (1.14)
By (1.11) and definitions Flij , we easily get
R I __
erZE'er"'pE'er; (1.15)
I,’K=-T,K. (1.16)

The following are our main results: First, we show two results below which gen-
eralize the analogs of [21].

THEOREM 1.1. For K,L€ ", p>1and t€[~1,1],if V_p(K,Q) < V_,(L,0)
forany Q € 7}, then
¥ 4 Ky 2
V(T "K)n . V(T, L)
VK) T~ v
with equality if and only if K = L.

THEOREM 1.2. For K,L€.%!, p>1and t€[—1,1],if V_,(K,Q) <V_,(L,0)
forany Q € 7}, then

(1.17)

ot v "

with equality if and only if K = L.

Moreover, we establish the following Brunn-Minkowski type inequalities of dual
quermassintegrals for general L, -centroid bodies.
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THEOREM 1.3. If K,L€ ", p>1and T € [—1,1], thenfor i =n+p
Wi (K pL)) 77 < Wi} K) 77 + Wi L) s (1.19)

Jor i <n inequality (1.19) is reversed, with equality in every inequality if and only if
K and L are dilates. Here W;(K) is the dual quermassintegrals of K € ./} defined by
(see [5])

1 .
Wi(K) = — 1p(K,u)"_‘dS(u) (1.20)

nJsn-
for any real i. Clearly, Wo(K) =V (K).

Finally, the following theorem provides the extremal values of dual quermassinte-
grals for general L,-centroid bodies.

THEOREM 1.4. If K€ .}, p>1and Tt € [-1,1], thenforn< j<n+p<i

WiTLK) _ Wi(5K) _ Wil K) .

* ) = =+ % ’
Wi(T,K) — Wi(T,"K) — Wy(T,"K)

(1.21)

for j<n< i< n+pinequality (1.21) is reversed, the left equality of every inequality
holds if and only if F;K is origin-symmetric and the right equality of every inequality
holds if and only if l"lfK is origin-symmetric.

2. Preliminaries

In this section, we collect some basic well-known facts that we will use in the
proofs of our results.

According to the definitions of the polar body, the support function and radial
function, it follows for K € 7" that

1 1
hgs = —, = 2.1
e P =g (2.1)

From (1.1), (1.3) and (2.1), we easily see thatif K,L € #), p>1and A,u >0
(not both zero), then

(A-K+pp-L) =AxK*+_puL". (2.2)

For K,L €.}, p>1 and 4,1 > 0 (not both zero), the L,-harmonic Blaschke
combination, A o Ki—p,u oLe ), of K and L is defined by (see [4])

p(AoK+tpuoL, )"+ p(K, )P p(L,- )P
= =1 +u
V(AoK+puoL) V(K) V(L)

(2.3)

1
Here A oK is L,-harmonic Blaschke scalar multiplication and A o K = A7 K.
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For K,L € )

', €>0and p > 1, the L,-mixed volume V,(K,L) was defined in
[12] by

K+pe-L)—V(K
v (KL — tim LK€ D ZVIE)
P

-0t )

Lutwak [12] proved that there is a positive Borel measure, S p(K ,"), on S"~1 such that

1
Vo(K.L) =~ [ B (u)dS,(K.u). (2.4)
n Jsn-
Here S,(K,-) is called the L,-surface area measure of K € .Z,". It turns out that
the measure S,(K,-) is absolutely continuous with respect to the classical surface area
measure S(K,-) of K, and has Radon-Nikodym derivative

ds,(K,-)

K~ h(K, )P (2.5)

From formulas (2.4) and (2.5), it follows immediately that for each K € 2"

1
V,(K,K)=V(K) = - 1hK(v)dS(K, V). (2.6)
s
The Minkowski inequality of L,-mixed volume (see [13]) states that for K,L € JZ"

and p>1,
P P

Vp(K.L) > V(K) V(L) 2.7)
with equality for p =1 if and only if K and L are homothetic, for p > 1 if and only if
K and L are dilates.

The definition of L,-dual mixed volume (see (1.5)) and the polar coordinate for-
mula for volume lead to the following integral representation of L, -dual mixed volume
(see [13]):

VoK) = [ o s s () (28)

where the integration is with respect to spherical Lebesgue measure S on $"~!. From
formula (2.8), we easily see that for K € ./ and p > 1,

~ 1
VK K) =V(K) =~ [ pplu)astw). (2.9)
For K,L € ./}} and p > 1, the L,-dual Minkowski inequality (see [13]) is

Vo (K,L) > V(K) T V(L) (2.10)

Bl

with equality if and only if K and L are dilates.
For K € %", p>1and 7 € [-1,1], the general L, -projection body, IT)K € %2,

[ [

of K whose support function is given by (see [8])

Mg 0) = 0 (3) [ el v)7as, (K.,
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where |
Opp

- , and o, = ——. 2.11
1+ T)p + (1 - 1)17 P nWpCp—2p ( )

Haberl and Schuster [8] proved thatif K € %", L€ %", p>1 and T € [—1,1], then

anaP(T) = (

Vo(K,MJL) = V_p(L,TT;*K). (2.12)
Here ML denotes the L,,-moment body of L € . which is defined by (see [8])
Mg () = 0np(T) | @clu-v)p(Lv)"PdS() (2.13)

for all u € "', @(u-v) and oy ,(7) satisfy (1.8) and (2.11), respectively. From
definitions (1.9) and (2.13), we easily getfor K € ., p>1 and 7 € [—1,1],

V(K)
s

MK = (2 2yirek (2.14)
K= K. )

Combining (2.12) and (2.14), an immediate result is that if K € 7', Le /), p>1

and 7 € [—1,1], then

(O

V(KT = iy

V_p(L,IT5K). (2.15)

3. The proofs of main results

In this section, we prove Theorems 1.1-1.4. The proof of Theorem 1.1 needs the
following lemmas:

LEMMA 3.1. If K,L € ", p>1 and T € [-1,1], then

V(K. T;'L)  V_,(LT;K)
pV(K)p B pV(L§ ’ (3-1)

Proof. From (1.9) and (2.1), we have
_ 1
17 p— . p n+p
PF;‘*K(M) Cnp(T)(n+p)V(K) Jon—1 @c(u-v)Ppg " (v)dS(v).

Together with (2.8), we get

. 1 " .
Vop(L,T,"K) = n Jg pLer(”)pr;{?*K(”)dS(”)

N n(n"’_p)cn%p(T)V(K) ,/Sn—l g1 (pT(u ’ V)ppz+p(u)pl'é+P(V)dS(V)dS(u)
= n“//((l;g) ~/S”71 P;*'P(V)Pl:fiL(V)dS(v) = %T/F(K,F;,*L)'

This yields the desired result. [J
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LEMMA 3.2. [22]1If K,L € ) and p > 1, then for any Q € .7,

()’

Vop(K,0) =V_p(L.Q)

ifand only if K = L.

Proof of Theorem 1.1. From V_,(K,Q) < V_,(L,Q) for any Q € .#, taking
I',"M for Q for any M € 7", we have
V(K. TH*M) <V_,(L.TE*M), (3.2)

with equality if and only if K = L obtained from Lemma 3.2. Combining inequality
(3.2) and equality (3.1), we get

V(K)V_,(M,T5"K) _ V(L)V_,(M,T}*L)
V(M) h V(M) '

(3.3)

Taking FIT,’*L for M in (3.3) and using (2.9) and (2.10), we get that
V(L)V(l";?*L) > V(K)‘Z,,(F;*L,F;’*K) > V(F;’*L)HTPV(F;’*K)’gv(K), (3.4)

with equality in the second inequality of (3.4) if and only if K and L are dilates. Thus
it follows from (3.4) that (1.17) holds.

From Lemma 3.1, we know that inequalities (3.2) and (3.3) are equivalent. Thus
equality holds in first inequality of (3.4) if and only if K = L. Together with the equality
condition of the second inequality of (3.4), we get that equality holds in (1.17) if and
onlyif K=L. [

Proof of Theorem 1.2. Since V_ »(K,0) < V_p(L,Q) for any Q € .7}, taking
I1,"M for Q forany M € %", we have

V_p(K,TI5"M) <V (L,TT5* M), (3.5)
with equality if and only if K = L obtained from Lemma 3.2. By (2.15), we get
V(K)VI,(M,F;K) < V,,(M,F;L)V(L). (3.6)
Taking FIT,L for M in (3.6) and using (2.6) and (2.7), we obtain

P
n

V(L)V(FIT,L) V(FTL) V(FTK) V(K), (3.7)
with equality if and only if K and L are dilates. Thus from inequality (3.7) this gets
the desired result.

According to the equality conditions of (3.5) and (3.7), we see that equality holds
in(1.18)ifandonlyif K=L. [
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Proof of Theorem 1.3. From (1.9) and (2.3), and using (2.1), we easily get for any
ue s
-p _aP -p
pr;*(K_;_’)L)(u) - pr;*K(u) +pl";*L(M) (38)

Since i > n+p, it follows that —2= > 1. Thus from (1.20), (3.8) and the Minkowski’s
integral inequality (see [9]), we get

gt * ~ _ P 1 _ _n—i n—i
Wi, (K+pL)) = (;/Snn(przﬁ‘(KﬂL)(”» P ds(u)>

<WiT}K) ™77 + Wi(T"L) 7.

This yields inequality (1.19). From i < n = —"~ < 0, similar to the proof of (1.19), we
use the inverse Minkowski’s integral inequality (see [9]) to get the reversed inequality
of (1.19).

According to the equality conditions of Minkowski’s integral inequalities, we see
that equality holds in every inequality of Theorem 1.3 if and only if K and L are
dilates. [J

A special case of the reversed inequality of (1.19) is as follows:
COROLLARY 3.1. If K,Le ./}, p>1and t € [—1,1], then

_r _p
n n

V(TE (K3 ,L)) 0 = V(TSK) ™ n +V(TSL)

with equality if and only if K and L are dilates.

An extension of Beckenbach’s inequality (see [1], sec. 24) was obtained by Dresher
(see [3]) through the means of moment-space techniques.

LEMMA 3.3. (The Beckenbach-Dresher Inequality) If p>12>r>0, f,g >0,
and ¢ is a distribution function, then

1 1 1
fE(f+g)pd¢>”_'< (f]]«:fpd(b)”_’ (f]Egl’dq))W
T < + | —=— ; 3.9

(fE<f+g>fd¢ INEE, Jog7dd (39)
Jor r <0< p <1 inequality (3.9) is reversed (see [10]), with equality in every in-

equality if and only if the functions f and g are positively proportional. Here & is a
bounded measurable subset in R".

Proof of Theorem 1.4. We first prove the left inequality of (1.21), From (1.11),
(1.13),(1.14), (1.15) and (2.1), we have

P K, ) +p P(T, 7K, ) = p M(T°K, ) +p P(0, 7K ). (3.10)

Together with (1.15), we obtain

I 1 B 1 o
pI(TK, ) = 3p P(TE K, )+ 5p (1,7 K.0) (3.11)
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Combining (1.20) and (3.11), we get

_r
p

Wi (T5K) = lfsn 1 (%p‘p(l";*Km)—l—%p‘p(F;T7*K7u)) dS(u).  (3.12)

Similarly,

1 1 1 “»
Wiy (ThK) = ~ /S - (Ep_p(l";’*K,u)—FEp_p(F;T’*Km)) Tas@w).  (3.13)

By the Beckenbach-Dresher inequality together with (3.12) and (3.13), we have

- A ~ 2 -
Wn_r(r;K) s—r < 1 W (r; *K) s—r + 1 anr(r;n*[() §—r (3 14)
Wi—s(T5K) S 2\ W, (TEK) 2\ W, (T,""K) ) '

From Lemma 3.3, we know that —% >1> >0=r< —p<s<0. Together with
(1.16), and notice that W;(— ) W;(K) for any K e .7}, we get
'K n . FT*
W r(TpK) _ Waer( v K) (3.15)
n s(r* ) (rP.’ K)

Letr=n—iand s=n—jin 3.15),fromr < —p <s<0=>n<j<n+p<i, this
yields

WTK) _ WA K).
Wi(ThK) — W;(Tp"K)
According to the equality condition of Lemma 3 3, we see that equality holds in in-
equality (3. 16) if and only if p(T';"K,u) and p(T, ""K,u) are positively proportional,
namely, F *K and F *K are dilates. Since F K = —F;*K, we have l"f, K =
I,""K,ie., K= F;TK. From (1.16), this gets that I',K is origin-symmetric. Thus
with equality in inequality (3.16) if and only if F;K is origin-symmetric.
Now, we prove the right inequality of (1.21). From (1.3), (1.11), (1.20) and (2.2),
we have

(3.16)

L
P

Wt 8 =1 [ (AL + AP 2, 0) Tas. a7

Similarly,

3
P

W50 =1 [ (AR L 0+ a0p 7 0) T ast. Gas)

Similar to the proof of inequality (3.14), from (3.17), (3.18) and the Beckenbach-
Dresher inequality, we get

p P P

W, (T5°K) W (T K) W (T, K)
(erﬁ*m) S ’(erﬁ*m) o <VVH<FP’*K>> o)
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From (1.10) and (1.13), analogue to the deducing process of (3.16), this gets for in-
equality (3.19),
Wi(TE'K) _ W(T3"K)
WiT K) ~ W(T,'K)
Based on the equality condition of (3.9), we see that equality holds in inequal-
ity (3.20) if and only if p(T5"*K,u) and p(I',"*K,u) are positively proportional, i.e.,
I',"K and T, *K are dilates. Since T,*K = —T', K, it follows that T, “K =T, 'K,
namely, l";,rK =I,K.FromT,K = —F;K or F;K =-T,K, wehave l";,rK = —F;K
or I')K = —T", K. This means that FIfK is origin-symmetric, thus with equality in in-
equality (3.20) if and only if l"lfK is origin-symmetric.
Applying the above method, it follows from the reversed Beckenbach-Dresher
inequality that the reversed inequality of (1.21) holds. O

(3.20)

Acknowledgements. The referee of this paper proposed many very valuable com-
ments and suggestions to improve the accuracy and readability of the original manuscript.
Given this, we would like to express our sincere thanks to the referee.

REFERENCES

[1] E.F. BECKENBACH AND R. BELLMAN, Inequalities, 2nd edition (Berlin: Springer-Verlag) 1965.
[2] S. CAMPI AND P. GRONCHI, The L -Busemann-Petty centriod inequality, Adv. Math. 167 (2002),
128-141.
[3] M. DRESHER, Moment spaces and inequalities, Duke Math. J. 20 (1953), 261-271.
[4] Y. B. FENG AND W. D. WANG, Shephard type problems for L, -centroid body, Math. Inequal. Appl.
17, 3 (2014), 865-877.
[51 W.J. FIREY, Mean cross-section measures of harmonic means of convex bodies, Pacific J. Math. 11
(1961), 1263-1266.
[6] R.J. GARDNER, Geometric Tomography, Second ed. Cambridge Univ. Press, Cambridge, 2006.
[7] E. GRINBERG AND G. Y. ZHANG, Convolutions transforms and convex bodies, Pron. London Math.
Soc. 78 (1999), 3, 77-115.
[8] C. HABERL AND F. E. SCHUSTER, General Ly-affine isoperimetric inequalities, J. Differential
Geom. 83 (2009), 1, 1-26.
[9] G.H.HARDY,J. E. LITTLEWOOD AND G. POLYA, Inequalities, Cambridge Univ. Press. Cambridge,
1934,
[10] X. Y. L1 AND C. J. ZHAO, On the p-mixed affine surface area, Math. Inequal. Appl. 17, 2 (2014),
443-450.
[11] M. LUDWIG, Minkowski valuations, Trans. Amer. Math. Soc. 357 (2005), 4191-4213.
[12] E. LUTWAK, The Brunn-Minkowski-Firey theory I: mixed volumes and the Minkowski problem, J.
Differential Geom. 38 (1993), 1, 131-150.
[13] E.LUTWAK, The Brunn-Minkowski-Firey theory II: affine and geominimal surface areas, Adv. Math.
118 (1996), 2, 244-294.
[14] E. LUTWAK, On some affine isoperimetric inequalities, J. Differential Geom. 23 (1986), 1-13.
[15] E. LUTWAK, Centroid bodies and dual mixed volumes, Pron. London Math. Soc. 60 (1990), 365-391.
[16] E. LUTWAK AND G. Y. ZHANG, Blaschke-Santalé inequalities, J. Differential Geom. 47 (1997), 1,
1-16.
[17] E.LUTWAK, D. YANG AND G. Y. ZHANG, L, -affine isoperimetric inequalities, J. Differential Geom.
56 (2000), 1, 111-132.
[18] E.LUTWAK, D. YANG AND G. Y. ZHANG, The Cramer-Rao inequality for star bodies, Duke. Math.
J. 112 (2002), 1, 59-81.
[19] C. M. PETTY, Centroid surfaces, Pacific J. Math. 11 (1961), 3, 1535-1547.



SOME INEQUALITIES ON GENERAL L,, -CENTROID BODIES 49

[20] R. SCHNEIDER, Convex Bodies: The Brunn-Minkowski Theory, Cambridge Univ. Press, Cambridge,

1993.

[21] W. D. WANG, F. H. LU AND G. S. LENG, A type of monotonicity on the Ly -centroid body and
L, -projection body, Math. Inequal. Appl. 8 (2005), 4, 735-742.
[22] W.D. WANG, D. J. WEI AND Y. XIANG, Some inequalities for the L, -curvature image, J. Inequal.

Appl. 2009, 6, 1-10.

(Received March 6, 2013)

Mathematical Inequalities & Applications
w ele-math.com

mia@ele-math.com

Feng Yibin

Department of Mathematics
China Three Gorges University
Yichang, 443002, China

e-mail: fengyibin001@163.com

Wang Weidong

Department of Mathematics
China Three Gorges University
Yichang, 443002, China
e-mail: wangwd722@163 .com

Lu Fenghong

Department of Mathematics

Shanghai University of Electric Power
Shanghai, 200090, China

e-mail: 1ulufh@163.com



