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IMPROVED REVERSE ARITHMETIC-GEOMETRIC MEANS
INEQUALITIES FOR POSITIVE OPERATORS ON HILBERT SPACE

HONGLIANG ZUO AND NAN CHENG

(Communicated by J. Pecaric)

Abstract. In this paper, employing induction on the given reverse Young inequalities, we obtain
more reverse arithmetic-geometric means inequalities for two positive operators. Concretely, fol-
lowing the main result from [13] we obtain reverse ratio type inequalities and reverse difference
type inequalities of the refined arithmetic-geometric means inequality for two positive operators
on a Hilbert space.

1. Introduction

Throughout this paper, A, B are both positive operators on a Hilbert space H, and
P, (H) is the semi-space of all bounded linear self-adjoint operators on H . In additive
notation " (H) is written as the set of all positive operators in %,(H). Besides, we
may assume that A and B are invertible without loss of generality,

AV B=(1-p)A+uB and Af,B=AY2(A"'2BA"V2)HAY2 where 0<u<1.
When p = 1/2 we write AVB and AfB for brevity, respectively, see Kubo and Ando
[9]. The Specht ratio [11] is defined by

1
(T
S(t) = ——— fort >0, # 1; and S(1) = limS(r) = 1
elogt=T1 ot

and has the following properties.
(i) S(h) = S(1/h) > 1 for h > 0.
(ii) S(h) is a monotone increasing function on (1,+eo).

(iii) S(h) is a monotone decreasing function on (0, 1).
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We start from the reverse arithmetic-geometric mean inequality with the Specht
ratio for two positive operators:

THEOREM T. [12] For invertible operators A and B with 0 < aly < A,B < bly,
we have

(i) AV,B
(i) AV,B—At,B

S(h)AfuB,
L(1,h)logS(h)A,

NN

where L(1,h) is defined by L(a,b) = Toga— logb(a #b);L(a,a) =a, h=>b/a.
These inequalities have recently been improved by Furuichi as follows:

THEOREM F. [2] If 0 < aly < A,B < bly, then

(i) AV B —2r(AVB — AtB) < S(Vh)At,B,
(i) AVyB—A#,B—2r(AVB — AB) < L(vh,1)logS(Vh)bly,
where r=min{u,1 —u}, L(a,b) = m, h= g.

Afterwards, Krni¢ et al. [8] introduced Jensen’s operator and established some
bounds for spectra of Jensen’s operator. The obtained results were then applied to
operator means. In such a way, they get refinements and converses of numerous mean
inequalities for Hilbert space operators. See [3, 6—12] for more related developments.

See also [13] for another improvement of the reverse weighted arithmetic-geometric
operator mean inequalities. Their proof is independent of [2] but uses [7]:

THEOREM ZF. If 0 < aA < B < DA with a<1 <b, then

(i) AV,uB—2r(AVB—AtB) < max{S(v/a),S(Vb)}At,B,
(ii) AV,B—A#,B—2r(AVB—AtB)

< max{L(y/1/a,1)logS(v/a),L(/1/b,1)1ogS(Vb)}bA,
where r=min{u,1 —u}.

The aim of this paper is to provide a method to obtain more reverse arithmetic-
geometric means inequalities for positive operators on Hilbert space. In the Section 2,
we introduce the main lemmas by means of which as well as of the induction employed
on Theorem ZF, we obtain reverse ratio type inequalities and reverse difference type
inequalities of the refined arithmetic-geometric means inequality for positive operators
in the Section 3 and the Section 4, respectively.
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2. Main lemmas

LEMMA 2.1. If A and B are positive operators on Hilbert space, 0 < u,v < 1,
then
AV, (AtyB) =AV,yB— u(AV,B — AfyB).

Proof.

AV, (A#yB) = (1 - 1)A+ pA}B
=A—UA+UVA—uvA+ uvB— uvB+ uA4,B
= uvB+(1—pv)A—u[(1-v)A+vB—AtB]
= AVyyB— u(AV\B—AtyB). O

LEMMA 2.2. [7] If A,B€ %" (H), p=(p1,p2) €RZ, then
2min{py, p>}(AVB — AfB) < J(A,B,p) < 2max{p,p>}(AVB — AfB),

where the operator 3: %+ (H) x #7(H) x R2. — B+ (H) is defined by

J(A,B,p) =(p1+p2)|AV_»_B _Aﬁf’ilB] :

P12 P1tP2

3. Reverse ratio type arithmetic-geometric mean inequalities

First of all, we show a refinement of reverse arithmetic-geometric mean inequality,
applying Theorem ZF.

LEMMA 3.1. If0<aA<B<DbAwitha<1<b,and 0< u <1, then
AVyB—2(r1+1)(AVB—AfB) < max{S(%LS(%)}AﬁuB, 3.1

where ry =min{u,1 —u}, r, =min{| 1 —2u |, 1—|1—2u |}.

Proof. If 0 < u < %, then 0 <2u < 1. Since 0 < aA < B < bA ensures that
VaA < AfB < /bA, by substituting B by AfB and u by 2u in (i) of Theorem ZF, it
follows that

AV, (AfB)—2min{2u,1-2u} [AV(A$B) —A§(AfB)] < max{S(V/a),S(Vb) } Aty (ALB).

By Lemma 2.1 and Lemma 2.2 it follows that

13 3
AV B— At B < Zmax{z,z}(AVB—AﬁB) ~ S(AVB—AzB),

AV(ALB) — A3(A$B) = AV B~ %(AVB —ALB) — A% B < (AVB — AfB).
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Then
AV B—2(n+min{2u,1-2u})(AVB—AfB) < max{S(%),S(%)}AﬁﬂB. (3.2)

If § <p<1,then0<1—p< 1. The hypothesis 0 < aA < B < bA admits 0 < 1B <
A< %B. Then by the inequality (3.2) we have

BV 1A —2[(1— ) +min{2(1 — ), 1 —2(1 — u)}|(BVA — BtA)

< max {S(%\/E) S(%\/a) }Bﬁl,uA.

If we notice that S(%\/a) = S(Ya) and S(%\/Z) = S(V/b), then we have

AVuB—=2[(1 —pu)+min{2(1 —p),1 —2(1 — u)}|(AVB — AfB)
< max{S(/a), S(V/b)}A4B.
Therefore, for 0 < u < 1, we have
AVuB—=2(ry +12) (AVB — AB) < max{S(/a),S(V/b) }AtuB,
where rj =min{p,1 —u}, p=min{| 1 -2p |,1-|1-2p|}. O

Replacing the hypothesis 0 < aA < B < bA, where a < 1 < b with 0 < aly <
A,B < bly, where a < b, we obtain the counterpart of Lemma 3.1.

LEMMA 3.2. If O < aly <A,B < bly with a<b, and 0 < u < 1, then
AV B —2(ry +1r2)(AVB — AtB) < S(Vh)At B, (3.3)
where ri =min{g,1 —pu}, rp =min{| 1 —2u [,1— [1-2u |}, h=21.

Proof. Since 0 < aly < A,B < bly admits that /1/hA < AfB < VhA, we also
substitute B by AB, i by 2u when 0 < u < % and 1 —u by 2(1 —pu) when % <u<
1 in (i) of Theorem ZF, respectively, then by similar work as in the proof of Lemma
3.1, we can get the required inequality (3.3). O

REMARK 3.3. We easily find that both sides in the inequality (3.3) are less than or
equal to those in (i) of Theorem F, so that neither the inequality (3.3) nor (i) of Theorem
F is uniformly better than the other.

Besides, if we substitute B by AfB, u by 2u when 0 < u < % and 1 —u by
2(1 — u) when % < u <1 in (i) of Theorem F, respectively, then by similar work
we get AV B —2(r1 +r2)(AVB — AfB) < S(v/h)Aty B, which could be deduced from
Theorem F directly, so we may claim that the above inequality is trivial.

Repeating the above procedure as in Lemma 3.1, that is, employing the induction
on Theorem ZF, we can obtain more inequalities as is shown in the sequel.
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THEOREM 3.4. If0<aA<B<DbAwitha<1<b,and 0< u <1, then
AV, B — 23" ri(AVB — A$B) < max{S( ¥/a),S( V/b)}A1,B, (3.4)

where rj = min{y,1 —p} = min{oy,1 — oy}, r = min{|l —2ul,1—|1—-2ul} =
min{az,l—az}, rit1l :min{|l—2ai\,1—\1—2ai\}, = 1,2,---,1’1—1.

Proof. When n = 1, inequality (3.4) holds by Theorem ZF.
Now, we assume that the inequality (3.4) is valid when n = m, that is,

AV, B—25" ri(AVB — A#B) < max{S( */a),S( *Vb) }A#,B. (3.5)

Our task is to prove (3.4) similarly as in Lemma 3.1. We distinguish the following
two cases:

(M IfO<u<3, then0<2u< 1. Since 0 <aA < B < bA ensures that /aA <
AtB < V/bA, we replace B by AfB and u by 2u in (3.5) and get

AVB—2(u+ X", ) (AVB — A#B) < max{S(*"Va),5(*"Vb)}At,B, (3.6)

where j = min{2u,1 —2u} =min{o],1 — [}, r5 = min{]1 —4u\ 1—]1—4u|}=
min{os,1— 05}, i, | = min{|1 —20f|,1 - |1 -20{|}, i=1,2, —1.
I It % <pu<l,then0<1l—u< % The hypothesis 0<aA<B<bA admits
0< %B <AL %B, then by the inequality (3.6) we have
AVB —2[(1— 1) + 2,7 (AVB — AtB) < max{S( *"vVa),S( > "Vb)}A#,B.

where /' = min{2(1 —u),1—-2(1—pu)} =min{ef,1— o'}, rj = min{|4u —3|,1 -
|4u =3[} =min{eg,1—- 04}, /| =min{|1-20|,1 - [1-20{'|},i=1,2,---,m—1.
Combining (I) with (H) we have

AVB —2(ry + 3 min{r], 7' })(AVB — A#B) < max{ *"Va),S(*"V/b)}At,B,
that is,
AV,B — 25" (AVB — AfB) < max{S(>"Va),S( >" Vb)) At,B,
where | = min{y,1 —u} = min{oy,l — oy}, ro = min{|1 —2u|,1—|1 —2u|} =

min{a2,1 — OCQ}, rit1 = m1n{|1 —206,",1 — ‘1 —20(,"}, i= 1,2,---,m
This completes the proof. [l

In order to show the analogous result holds under the condition 0 < aly < A,B <
bly with a < b, we establish the following result.

THEOREM 3.5. If O < aly < A,B < bly with a<b, and 0 < u < 1, then
AV,B— 23" ri(AVB — A$B) < S( V/h)A#,B. 3.7)

where rj = min{y,1 —p} = min{oy,1 — oy}, r = min{|l —2ul,1—|1—-2ul} =
min{ag,l—ag}, r,-+1:min{|1—20¢,~\,1—\1—2a,- , 2, ,n—1.
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Proof. From Theorem ZF, we get the inequality (3.7) when n = 1.
Now, we assume that the inequality (3.7) is valid when n = m, that is,

AV, B — 23" ri(AVB — A$B) < S( Vh)A#,B. (3.8)

Then, forn =m+1, by the similar method we have:
O ogsu< 2, then 0 < 2u < 1. Since 0 < aly < A,B < bly ensures that

0< WA < AfB < VhA, we substitute B by A#B and u by 2u in (3.8) and get

AV,B 2+ 31! (AVB — AtB) < S( > Vh)At,B,

where | = min{2u,1 —2u} =min{og,1 — o}, r5 = min{|1 —4u|,1—|1 —4ul} =
min{o4,1 — a5}, v,  =min{|1 —20f|,1 — |1 = 20|}, i=1,2,---,m— 1.
) Ifi<p<l,then0<1—p<4and
AVB —2[(1— )+ 3" /|(AVB — A1B) < S( " Vh)At,B,

where r/ —min{Z(l— ), 1—2( w)} =min{of, 1 — o'}, ry = min{|4p —3],1—
|4u—3[} =min{eg,1 -0}, r/ | =min{|1—20|, 1—\1 20|}, i=1,2,---,;m—1.
Therefore, for O u <1, we have

AV B —2(r + 2" min{r}, !} (AVB — A$B) < S( > Vh)AL B,

that is
m+1
AV, B — 25" (AVB — ASB) < S( ¥ 'Vh)A#,B,
where | = min{g,1 — u} = min{oy,l — oy}, ro = min{|1 —2u|,1—|1 —2u|} =
min{a2,1 — OCQ}, rit1 = m1n{|1 —206,",1 — ‘1 —20(,"}, i=12,---.m
This completes the proof. [l

4. Reverse difference type arithmetic-geometric mean inequalities

In the following lemma we show the corresponding difference type analog of
Lemma 3.1.

LEMMA 4.1. If 0 <aA < B<bAwitha<l<b,and 0 < u <1, then
AV, B—At,B—2(r1+r)(AVB — AtB)

< max{L(/a,1)logS(V/a),L(Vb,1)logS(V/b)} —A,

B

where ry =min{u,1 —u}, n =min{| 1 —2u |, 1—|1—2u |}.
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Proof. (I) o< u< %, then 0 < 2u < 1. Since 0 < aA < B < DA admits that
VaA < A#B < V/bA, we substitute B by A#B and u by 2u in (ii) of Theorem ZF. Then

AV, (A#B) — Aty (AfB) —2min{2u, 1 — 2u }[AV(A4B) — A#(AtB)]
< max{L(+¥/1/a,1)logS(¥a),L(3/1/b,1)10gS(vV/b)} VbA.

As we showed in the proof of Lemma 3.1, the following inequality holds:
AV (AtB) — A4(A4B) = AV%B — %(AVB — AtB) _AﬁZlB < (AVB — AtB).
Hence
AV, B—AfuB—2(u+min{2u,1 —2u})(AVB —A4B) 4.1)
< max{L(+/1/a,1)logS(/a),L({/1/b,1)1ogS(Vb)} VbA.

am 1If % <pu<l,then0<1—pu< % The hypothesis 0 < aA < B < bA ensures
0 < $B <A< 1B. Then by the inequality (4.1) and S(%) = S(va), L(\/ia,l) =
ﬁL(\/E, 1), we have

AV, B—A#B—2[(1 —u)+min{2(1 —p),1 —2(1 — u)}|(AVB — A#B)
= BV _yA—Bfi—yA —2[(1 — ) + min{2(1 — u),1 = 2(1 — u)}](BVA — BfA)
< max{L(Vb,1)logS(+/1/b),L(+/a,1)logS(3/1/a)}\/1/aB
< max{L(Vb,1)logS(Vb),L(V/a,1)logS(/a)}b/\/aA.
Combining (I) with (IT), then for O < u < 1, we have
AV, B —A$uB—2(r1 +r)(AVB — AfB)
b
< max{L(+/a, 1)log S(/a), L(Vb, 1>logS<<‘/E>}7A,
a
where rj =min{p,1 —u}, p=min{| 1 -2p |,1-|1-2p|}. O
If we put @ = \/1/h, b =+/h in Lemma 4.1 and repeat the above procedure, then
we obtain more refined difference type arithmetic-geometric mean inequalities.
THEOREM 4.2. If 0 < \/1/hA < B < VhA with h> 1, and 0 < pu < 1, then

+1

AV B — A8uB — 25" ry(AVB — AB) < ' =7 L(*"Vh, 1)1ogS(* Vh)A, (4.2)

1=

where h =2, ri = min{u,1 — pu} = min{oy,1 — o4}, r» = min{|l —2pu|,1 — |1 —
2ul} =min{op, 1 — 0p}, riyg = min{|1 —204),1 — 1 —204[}, i=1,2,---,n— 1.
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Proof. When n = 1, inequality (4.2) holds by (ii) of Theorem ZF.
Now, we assume that the inequality (4.2) is valid when n = m, that is,

AV B — AuB — 25" ri(AVB — A#B) < W37 L( *"Vh, 1) 1ogS( 7" Vh)A. (4.3)

Our task is to prove (4.2) for n = m+ 1, using the similar way to (4.3) as in Lemma
4.1. We distinguish the following two cases:

(M FO<u<4i, then0<2u< 1. Since 0< \/1/hA < B < vhA admits that
0< %ﬁA < A#B < VhA. Replace B by A#B and u by 2u in (3.11), respectively, it
follows that

AV B—AfuB—2(u+E" 1)) (AVB—A#B) < h2 =30 L( 7"V, 1)1ogS( ¥ Vh)A, (4.4)

=
where | = min{2u,1 —2u} =min{og,1 — o}, r5 = min{|1 —4u|,1—|1 —4ul} =
min{os,1 — o5}, i,y =min{|1 —2¢/|,1 - [1 20|}, i=1,2,---,m—1.

an If % <u<l,then0<1—u< % Since 0 < /1/hA < B < VhA ensures
that 0 < y/1/hB < A < VhB, then by the inequality (4.3) we have

AV B — A#yB—2[(1— 1) + = ) (AVB — AtB) < L( ¥ Vi, 1)logS( > Vi)h?A.

where r{ = min{2(1 —u),1-2(1—p)} =min{ef, 1 — o'}, rJ = min{|4u —3|,1 —
[4u—3[} =min{eg,1- 05}, /| =min{|1-20|,1 =1 -20¢('|},i=1,2,---,m—1.
Combining (I) with (IT) for 0 < pt < 1 we have

1 m m
AV,B —2(ry +Z min{r, /' })(AVB — A1B) < ' 7T L( Vi, 1) logS( > Vh)A,

that is,

1 m m
AV B — 25" (AVB — AB) < h' T L( Y Vi, 1) logS( > Vh)A,

where | = min{y,1 — u} = min{oy,l — oy}, ro = min{|1 —2u|,1—|1 —2u|} =
min{a2,1 —(Xz}, rit1l :min{|l—2a,-\,1 — ‘1 —2(Xi‘}, = 1,2,---,m.
This completes the proof. [

REMARK 4.3. We have tried to show the analogous result under the condition of
0 < aA < B < bA with a < 1 < b, but the final result is so complicated that two different
inequalities were obtained according to parity of n. As a consequence, we obtain the
above simplified elegant form (4.2) under the hypothesis of 0 < \/WA <B<VhA
with & > 1, which is weaker than the condition of Lemma 4.1.

On the other hand, under the condition of 0 < aly < A,B < bly with a < b we can
easily get the reverse difference type arithmetic-geometric mean inequalities as follows.

THEOREM 4.4. If 0 < aly < A,B < bly with a<b, and 0 < u < 1, then

1 n n
AV, B—Af,B— 25" ri(AVB—A#B) <bh'~ 7 TL( V/h,1)logS( Vh)Iy, (4.5)

where h =2, ri = min{u,1 — pu} = min{oy,1 — o4}, r» = min{|l —2pu|,1 — |1 —
2ul} =min{op, 1 — 0p}, riyg = min{|1 —204),1 — 1 —204[}, i=1,2,---,n— 1.
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Proof. When n = 1, inequality (4.5) holds by (ii) of Theorem F.
Now, we assume that the inequality (4.5) is valid when n = m, that is,

AVB— AfuB — 25 ri(AVB — AtB) < bh' T T L( Vi, 1) logS( VA)Iy. (4.6)

We only have to prove (4.5) for n =m+ 1, using the similar procedure as in Theorem
4.3 applied to (4.6). We distinguish the following two cases:

O fogu< 2, then 0 < 2u < 1. Since 0 < aly < A,B < bly admits that
0< WA < A#B < VhA, we replace B by AfB and u by 2u in (3.10) when n =m
respectively, then

AV B — AtyB—2(1+E" ) (AVB — AtB) < bh' =37 L( "k, 1) logS( > VAl

where | = min{2u,1 —2u} =min{og,1 — o}, r5 = min{|1 —4u|,1—|1 —4ul} =
min{a}, 1 — o4}, rl,, = min{|1 — 20,1 — |1—2(x’|} i=1,2,-,m—1.

) If 3<pu<1,then0<1—p< 3, wehave

2 9
AV, B— At B—2[(1— )+ =, /) (AVB—A4B) < bh' = L( *"Vh, 1) logS( > Vh)Iy.
where r{ = m1n{2(1 —u),1 =2(1—u)} =min{og,1 —of'}, r¥ = min{|4u —3|,1 —

|4u — 3|} min{ o) },rlH—min{\l—Za”\1—\1—205{’\},i:1,2,~~~,m—1.
Combining (I) Wlth (II) then, for 0 < u < 1, we have

AV,B—2(r +E min{r,, /1) (AVB — AtB) < bk~ L( 7" Vi, 1) logS( > Vi),
that is,
AV,.B— 25" (AVB — A#B) < bh'~F L( > Vi, ) logS( > Vi),
where | = min{y,1 —pu} = min{oy,l — oy}, rp = min{|1 —2u|,1 - |1 —2u|} =
min{a2,1 — OCQ}, rit1 = m1n{|1 —206,",1 — ‘1 —20(,"}, i=12,---.m
This completes the proof. [
COROLLARY 4.5. If 0 < alyg <A,B< bly witha<b,and 0 < u <1, then
AV B — AtyB —2(r1+ ) (AVB — AtB) < bVhL(V/h,1)1og S(Vh) I,

where r =min{u,1 —u}, rp =min{| 1 —2u |,1— |1 —2u|}, h="2
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