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ON ONE EXTENSION THEOREM DEALING WITH WEIGHTED
ORLICZ-SLOBODETSKII SPACE. ANALYSIS ON CUBE

RAJ NARAYAN DHARA AND AGNIESZKA KALAMAJSKA

(Communicated by B. Opic)

Abstract. Having given weight p = p (dist(x,dQ)) defined on cube Q and Orlicz function R,
we construct the weight @, (-,-) defined on dQ x dQ and extension operator Extl: Lipy (9Q) —
Lip(Q) from Lipschitz functions defined on dQ with certain restricted support to Lipschitz
functions defined on @, independent of p and R, in such a way that Ext" extends to the bounded

operator from certain subspace of weighted Orlicz-Slobodetskii space Yalf;;R(BQ) subordinated

to the weight @, to Orlicz Sobolev space Wpl ’R(Q). Result is new in the unweighted Orlicz
setting for general function R as well as in the weighted L? setting.

1. Introduction

The purpose of this work is to investigate properties of extension operator from
weighted Orlicz-Slobodetskii spaces to the weighted Sobolev spaces of first order. Hav-
ing the given weight p defined on cube Q and Orlicz function R, we contribute to
show how to extend every Lipschitz function u# defined on the boundary of Q to a Lip-
schitz function # defined on cube Q in such a way that this extension defines bounded
operator from certain space Y subordinated to the weight p to Orlicz-Sobolev space
w4

The admissible space Y is Orlicz-Slobodetskii space Yalf‘;R(QQ) constructed in the
following way. When a domain Q C R" (sufficiently regular), two Orlicz functions
R1,R and the weight @ defined on 9Q x 9Q are fixed, by YA (9Q) we denote the
space of all u € LR(9Q), for which the modular quantity

IR (0, 00) = /ag/agRl <|u(x)—u(y)|> a)(x7f)2 16 ()do()

bx =y x—y

(where o is the n— 1 dimensional Hausdorff measure on dQ) is finite. We equip it
with the norm
R
HMHYOISRI (9Q) = HMHLR(QQ) +le (u7&9)7
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involving Luxemburg-type seminorm

TR (u,00) ;:inf{x >0: R (%,ag) < 1}.

For our next discussion if the weights are omitted in the notation, they are mend to be
equal to 1 identically.

However in the unweighted L? -setting the problem of extension and trace operator

has been completely solved in the late 50’s of the last century (see papers by Aronszajn

(21,

Slobodetskii [43], Gagliardo [13], see also: Nikolski [39], Lizorkin [31] for rudi-

ments of weighted setting), many important problems are left open when one slightly
generalizes setting. Perhaps the crucial ones are the following:

(a)

(b)

The problem of trace operator between Orlicz spaces under general growth restric-
tion in the unweighted setting.

This problem has been undertaken by Necas ([35], Chapter II, Section 4.3), Fougéres
[11, 12] and Lacroix [28] in the 60’s and 70’s of the last century. It was shown that
operator u — u|yq defined on C!(Q) extends to bounded operator “Tr” from the
space WIR(Q) to YRR(9Q), provided that R* - the Legendre conjugate function
to R satisfies the A, -condition. Moreover, in that case the operator Tr: W& (Q) —
YRR (9Q) is a surjection. Then the question is what happens if one relaxes the as-
sumption that R* satisfies the A;-condition. In the recent paper [17] by Miroslav
Krbec and second author it is shown that in general case we have embedding
Tr: WHR(Q) — YRRI(9Q) where the pair of Orlicz functions (Ry,R) is a Kita
pair (see Section 2.3). It is known that we always have R; < R and moreover,
Ry ~ R if and only if the Legendre conjugate to R satisfies the A, condition (see
Remark 2.6). It is not known if trace operator obtained in the paper [17] (which
relates to the general situation) is a surjection.

The problem of extension operator in the unweighted Orlicz setting.

It is clear from description of Problem (a) that the following problem arises in con-
nection with the question about surjectivity of operator “Tr”. Having pair of Or-
licz functions (R;,R) and function u € YRR1(9Q), can we extend it to a function
i € WIR(Q) defined in the whole of Q in such a way that ii| 5 = u (in some sense
which we do not explain in details here)? This is possible when Ry = R and R*
satisfies the A;-condition, ([35], Chapter II, Section 4.3,[11, 12, 28]), but in gen-
eral case answer is unknown. Partial contribution, when we look for an extension
within the same Orlicz space R (i.e. R; = R), under some special assumptions
(Assumption B) which make R to behave like logarithmic LLogL-space, can be
found in [18], Theorem 5.1. This approach is based on the study of regularity for
solutions to the heat equation

fr(x,1) = Avii(x,1)  in Qx(0,7),
i(x,0) =u c YRR(9Q) for x€Q,

when Q is a bounded domain with the sufficiently regular boundary.
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(¢c) Trace and extension operator in the weighted L? -setting.
We found very few sources for trace embedding into weighted Orlicz Slobodetskii-
type spaces. One of them is paper by Lacroix [29]. The target space there is de-
fined in a very abstract way and it is not possible to recognize it in practice. Another
source is interesting paper by Kokilashvili [24], where the author gives necessary
and sufficient conditions for a function given on the boundary of a domain to be
the trace of some function with first order partial derivatives in weighted Orlicz-
Sobolev space. Result given there seems to be quite general. However, analysis
there is restricted to the class of measures satisfying certain conditions, being in
general rather hard to be verified in practice and the statements do not involve the
definition of Orlicz-Slobodetskii space, directly.
Some authors investigate weighted Sobolev spaces Wp1 P(Q) and ask for trace and
embedding theorems for that spaces [27, 35, 45]. Perhaps rudiments of trace em-
bedding and extension theorems in the weighted L?-setting can be found in the
paper by Nikolskii [39] (written in 1953, before fundamental paper by Slobodetskii
[43] obtained in 1958), which dealt with power measure dist(x,dQ)* and p =2,
in the form not involving Slobodetskii type spaces directly. Extensions within that
class of measures can be found in works by Lizorkin [31], Vasarin [44], Portnov
[41] Kudryavcev [25] (Section 9), Necas [36], Nekvinda and Pick [37], Nekvinda
[38] and Kim [21]. See also our Example 7.1, part (b).
Generalization of embedding and extension theorems to weighted Sobolev type
spaces defined on interval by means of semigroups of operators (weighted B-
spaces) can be found in paper by Lions [30].

We also mention few interesting related sources dealing with trace embedding the-
orems: [7] for embeddings from Orlicz-Sobolev spaces into Orlicz spaces (unweighted,
see also earlier related result [8]), Theorem 9.14 in [27] for embedding theorems from
weighted Sobolev spaces into weighted L?-spaces and Theorem 2.2 from page 291
in [35] for embeddings from weighted Sobolev space into unweighted L?-space de-
fined on the boundary. Those sources do not undertake the problem of embedding into
Slobodetskii- type spaces.

Weighted Sobolev Spaces are basic tool to study degenerated PDEs. As one of
the several possible examples, let us consider the following boundary value problem of
elliptic type.

—div(p(x)Vu(x)) = fin Q
{ u=g in 0Q. (1.

Suppose that g belongs to some function space Y and there exists bounded extension
operator: ¥ — Wﬁl’z(Q). In particular there exists ¥, € Wﬁl’z(Q) such that We|p0 = ¢
in some sense which we will explain later. Let us substitute v := u —¥, and denote
Wpl:g (€2) as the completion of C7’(Q) in Wﬁl’z(Q). Then the problem is equivalent to
the following:

(1.2)

P((u—Yy)+¥,)=fin Q — Pv=f—P¥,in Q
u—¥,=0 on dQ v=0 on dQ,
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where Pw = —div (pVw). Let us consider Hilbert space H = Wﬁl_’g () and assume that
f € H*. Simple observation gives P¥, € H*, so that last equation translates as

{Pv:Fin Q (13)

v € H,

where F = f — P¥Y, € H*. With suitable assumptions on the admitted weight p one
can easily prove existence of last equation by Lax Milgram theorem. In particular we
also have the solution of (1.1) and boundary data interprets as u — ¥, € Wp1 g (Q).

This way tools used to prove existence for homogeneous boundary data combined
with the right extension theorems can be used to prove existence results for boundary
value problems with the nonhomogeneous boundary data.

In some other cases we could also immediately deduce nonexistence for (1.1),
having the trace embedding theorem Tr : Wﬁ1 2(Q) — Y and knowing that g Y.

For some other example motivations to consider weighted Sobolev spaces we refer
to books: [5, 27, 35], papers [22, 23, 32, 34, 40] and to their references. For motivations
to consider Orlicz-Sobolev spaces we refer e.g. to [1, 3, 6, 10, 14, 15].

We are interested in the following problem. Having the given weight p defined
on Q, construct another weight @ (-,-) such that every Lipschitz function determined
on dQ can be extended to a Lipschitz function determined on Q in such a way that
this extension defines bounded operator from weighted Orlicz-Slobodetskii type space
Y= YaIf/;R@Q) subordinated to the weight @) to the space Wﬁ1 R(Q). Here we approach
this question under certain additional assumptions. For this, we analyze the special case
when Q is a cube (—%, %)" and function u is supported in its bottom wall (—%, %)”’1 X
{—1}. Moreover, we consider j(x) = p(dist(x,d€Q)). The weight ® = @, (x,y) is
ceratin transform of weight p and does not depend on the choice of Orlicz space R (see
formulae (4.1)). When p is nonincreasing, integrable and satisfies the A 1 -condition:

p(5t) < Cp(t), we have @, (x,y) ~ p(Jx—y|) (see Theorem 7.2). Main tools we use
are convolution techniques. The technique to use convolution for extension was used
earlier by other authors also (see e.g. [26]), but our approach requires careful analysis.
In particular it is important to recognize that the convolution operator satisfies certain
first order PDE (see (3.3)) and also certain pointwise estimates for convolution obtained
in Section 5.2 inspired by similar techniques from [18].

Let us mention that the result seems to be new for the weighted approach in the
homogeneous case R(A) = AP. It is also new when R is a general Orlicz function
(without any additional assumptions) in the unweighted setting. For last issue it par-
tially contributes to the open question related to trace operator described in discussion
of problem (a) and we gave partial answer on problems (b) and (c).

Generalization dealing with general Lipschitz boundary domain will be provided
in [9].
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2. Notation and preliminaries

2.1. Basic notation

Let Q C R” be an open set. By C(Q) we mean set of functions which have
smooth extension to certain open neighborhood of Q.If f is defined on a set A C R”",
by fxa we mean the function f extended by O outside A. Having two functions @,V
defined on [0,e0) we will say that ¥ dominates @ (® < W) if there exist constants
C1,Cy > 0 such that ®(x) < C;'¥P(Cyx) for every x > 0. Functions @,V are called
equivalent if ¥ < @ and ® < ¥. The notation “<” will be used in usual manner,
namely, if ®,¥: &7 — R are given functions, where ./ is some abstract domain (it can
be either a subset of Euclidean space, as well as a set of functions), we will write that
@ <V if there is a constant C > 0 such that ®(a) < C¥(a), for every a € o/ . When
n € N, we denote: Q' = (—%, %)"’1, Q=0 x%x(0,1), and tA := {tx: x € A} when-
ever A is an arbitrary subset of an Euclidean space. In particular Q' = (—%, %)”’1,
tQ =1Q' x (0,¢). If X is a subset in an Euclidean space, by Lip(X) we denote Lips-
chitz functions defined on X, while the notation Lipy(X) stands for Lipschitz functions
with compact support in X. In our notation the symbol do(x) stands for the n— 1-
dimensional Hausdorff measure. If X is measurable space, by Lﬂr (X) we mean all
nonnegative, measurable and integrable functions defined on X. Symbol [a] stands for
an integer part of real number a.

2.2. Orlicz, Orlicz-Sobolev and Orlicz-Slobodetskii spaces equipped with weights

In the sequel we assume that all weight functions in our considerations on domains
of their definition X belong to L) (X). Moreover, all domains considered here are
cubes.

2.2.1. Orlicz space

We start with the definition of Orlicz space.

DEFINITION 2.1. The function W : [0,00) — [0,e0) is called Orlicz function if it
is nondecreasing, convex and satisfies conditions: W¥(0) = 0 and lim;_... P (¢) = +-oo.

We will write that ¥ € A, if it satisfies the A, -condition: ¥(21) < C¥(A), for
every A > 0, with a constant C independent of A. Symbol ¥ € AS will mean that the
Legendre conjugate of W, W*(s) := sup,-o{st —¥(r)}, satisfies the A, -condition.

We are now ready to define Orlicz space. Of our interest will be that one defined
on domain and on its boundary.

A. Orlicz space on domain.
Let W be an Orlicz function and p : Q — (0,0) be a given weight function. The space

L¥(Q):={f € LL.(Q): /Q‘P(s\f(x)Dp(x) dx < oo for some s > 0}
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is called weighted Orlicz space with weight p . It is a Banach space with the Luxemburg

norm:
||fHLg’(Q) = inf{?L >0: /Q‘P (@) p(x)dx < 1}.

As is well known, when W(A) = A” and p > 1, then LE(Q) =L (Q). Seee.g. [42].

B. Orlicz space on the boundary of domain.
Similarly, we define the weighted Orlicz space on the boundary of the domain:

LY(0Q) = {fe Ll (9Q): /mtp(s\f(xm 7(x)do(x) < e for some s > 0},

with the norm:

£y oq) = inf{)t >0: /anP (@) 7(x)do(x) < 1},

where 7:dQ — (0,0) is a given weight function defined on the boundary of Q.
The same notation will be used for vector functions, u : Q — R, with the formal
difference that instead of |u(x)| we shall work with the Euclidean norm of the vector

u(x).

We will be using the following statement (see e.g. [4], Proposition 2).

PROPOSITION 2.2. Let M be a Young function and (X,l) be the measurable
space equipped with the measure [L. Then the expression

1712y = inf{a ~0: [ (@) u(dx) < a}.

defines a complete norm on
LY(X.) 1= {f € L (X) [ W(sI700]) (d) < e for some s > 0
Q

for each o € (0,%0). Moreover; all norms ||+ || p¥(x ) o> © € (0,00) are equivalent.

X,u),

2.2.2. Orlicz-Sobolev space

Let Q C R" be an open bounded domain, k € N, and ¥ : [0,0) — [0,0) be a

given Orlicz function. The weighted Orlicz-Sobolev space with weight p, W,f ’\P(Q) is
the linear set

{uecLl (Q): D% c Lg’(Q) forevery o : |a| < k} (2.1
equipped with the norm
el g = X ID%ullpyq)-
o @ o:lo|<k p ()

Here D*u means the distributional derivative of u. We will be dealing with k= 1. For
more information we refer e.g. [0].
Symbol Wpl_’g)(Q) will denote the completion of Lipschitz functions in the norm

of the space Wpl’(D(Q).
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2.2.3. Orlicz-Slobodetskii space Y

A. Orlicz-Slobodetskii space in domain.

Let ® € L'(Q x Q) be the given weight (in particular @ is non-negative a.e.).
Moreover, let ¥ and @ be the given two Orlicz functions. By Y(g‘ ’(D(Q) we denote the
space of all u € LY(Q), for which the quantity

e [ [o(M50) e @

is finite. We equip it with the norm

Jull gy = Nl + T (2, 2),
involving Luxemburg-type seminorm
I8w.Q)i=int{A>0: 18 (%Q) <1}.
B. Orlicz-Slobodetskii space on the boundary of domain.

The same type of space can be defined on the boundary of Q, with a given weight
o(x,y) € L' (0Q x dQ). Namely, when

12(0.0) /,m /,m <|u = y|< >|> xw_@;yzdg(x)da(yx

we define the space

Ya\}l’(b(&Q) = {u e LY(0Q) : there exists s > 0; 12 (su,0Q) < 00}
equipped with the norm

e = [lull (o) + o (u,09),

vE¥o0)

where

J2(u,0Q) == 1nf{7t>0 I‘D<A,8Q> }

In the similar way as before we define spaces: Yw_f)(Q), Y:’ [D(QQ) as the com-

pletion of Lipschitz functions in the space Yo ’Q(Q) and YF;P ’(I)(aQ), respectively.

REMARK 2.3. If @ =1 and ¥(1) = ®(A) = |A|, 1 < p < o, then we have

1/p
lelesion ~ Wlony + ([, [ T2 dotwaot)

1
which is the norm of  in the Slobodetskii space W'~ 77 (9Q), see e.g. [26].
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2.3. Embedding theorem (unweighted case)

We will use the following assumptions.

ASSUMPTION A. (Kita pair, [20]) We assume that a,b : [0,00) — [0,c0) are
strictly positive continuous functions such that
(a) fol a(s)/sds < oo, [* @ds = +oo;
(b) b(-) is non-decreasing, limy_,.. b(s) = +-oo.

(¢) there exist constants ¢; > 0,s9 > 0 such that
Salt
/ @dr < c1b(cys) forall s > s, (2.3)
0

and in the case s9 > 0 mapping s — ﬂ:) is bounded when s # 0 is close to 0.

We define
1 t
D(r) ::/ a(s)ds and W(7) ::/ b(s)ds, wheret > 0. (2.4)
0 0

Operator of trace.
Let us recall the concept of the trace of a function.
Suppose that for given Orlicz-functions @ and W there is an inequality:

[ullyvooq) < Dllullwivq)

satisfied for every Lipschitz function u defined on Q. Let u € WLI"P(Q) and consider
any sequence of Lipschitz functions u,, converging to u in the norm of W'¥(Q). Then
{un} is a Cauchy sequence in Y*®(9Q) (norm convergence) so that it converges to

some element i € YL\P ’(I)(aQ). It is easy to check that # is independent of the choice of
Lipschitz sequence {u,,}, converging to u. It allows to extend the standard definition
of the trace operator:

Tru:= lim u, =i €Y, (0Q). (2.5)

m—oo
REMARK 2.4. In the same way we can define the trace operator in weighted case
Tr: W, (Q) — YgiF (99),
if we only have the inequality

holding within Lipschitz functions. In that case, when sequence of Lipschitz functions
{um} converges to u in Wpl *(Q), then sequence of restrictions {u,|yq} converges to
some X in chl’q)(&Q), and we have

Tru:= lim u, =0 € Yy 1 (9Q). (2.6)

m-—oo
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The following theorem was obtained in [17].

THEOREM 2.5. (embedding theorem) Let the N -functions ® and ¥ satisfy the
Assumption A and Q be a bounded domain of class €. Then we have:

(i) There is an inequality:
[ullyw.ooq) < Dllullyrv ), 2.7)
with D independent of u-an arbitrary Lipschitz function defined on Q.

(ii) The trace operator Tr: WLl’\P(Q) — YL\P’(D(&Q) is well defined by (2.5) and for
1L,¥
every u € W," (Q) we have

[ Trul|yr.eoq) < Dlullyre ), (2.8)
where D is the same as in (2.7).

We refer e.g. [26] to definition of %! class.

REMARK 2.6. It is known that ¥ always dominates @ whenever (®,¥) is the
Kita pair. Moreover, we have ¥ ~ @ if and only if either ¥* or ®* satisfies the A;-
condition. Moreover, the conditions: (\Y* satisfies the A, -condition) and (®* satisfies
the A, -condition) are equivalent (see e.g. Proposition 5.1 in [19]).

3. Construction of extension operator

Let ¢ € Lipo(R"™!), 0 < ¢ < 1 be the Lipschitz compactly supported function
such that ¢ =1 in some neighborhood of zero and [p.1 ¢(x)dx = 1. To have better
control on constants we will choose function having the special form:

O(xr,. oy Xn—1) = W(xy) e W (X—1), (3.1

where v is the Lipschitz one variable even function defined by

fort > 0. 3.2)
0  when 7>73%.
In particular supp¢ C [—3,3]"" 1 =30, ¢ =1 onthe set [-1, 3" 1 =10’
Moreover, let
We have the following remark. Its easy proof is left to the reader.

REMARK 3.1. Function ¢ satisfies the following properties
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1.
1 ¢ (x)dx =1 foreveryr > 0,
R
2.
lir% 1 R(x)¢, (x)dx = R(0) for every R € C}(R"™1),
11— Rn—
3.

%(Z)t (x) = —div(g/(x)), where (3.3)
g (x) = I%g(f), and g(x) = (9(X)x1,..., 0 (X)X 1),

and divergence is taken with respect to x.

Let u € Lipo(Q' x {0}). At first we will be dealing with the extension of u defined
by formulae

) = - 0)rla) = { B HODRENEVIEZ S

It is easy to check that & € Lip(Q).
The key role in our paper will be the estimates for u.

4. Formulation of main results

Let p : [0,1] — [0,e0) be a given weight function, [y p(¢)dt < e and let us define
the following transforms (global and local) of the weight p, defined on R"~!:

11
0 1"

. n—1 f1
Wp.x(2) = [2] /0 mXze(-3,

wp(z) = |Z|n71 X{%e(_%%)n—l}p(t)dt; ZER”717 (41)

),l,l}p(t)dt, ke (0,1), zeR"L

3
i

We will deal with weighted Sobolev space Wf,1 R(Q) where p(x',1) =p(1).
Our first result describes properties of a convolution operator.

THEOREM 4.1. Let R be the given convex function, n>2, Q=0 x (0,1), Q' =
12
de (0,1) and

T e) = v @y (x) = { Jeo- V(yggb)’cg’“‘” dywhent =90, “2)

Moreover; let p :[0,1] — [0,00) be a given weight function, folp(t)dt =C(p) <o and
p(x',t) = p(t). Then we have:
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(i)

/, /OIR(|\7(x,t)|)p(t)dxdt <Clp) | R(v9))dx 4.3)

In particular, when R is an Orlicz function, then there exists a constant By inde-
pendent of u such that

||ﬂ\L§(Q) < B[Vl rg)-

(it)

! Iv(y) =vx)[| @p(x—y)
///0 R(IVV])p(¢)dtdx < L er’/yeQ’R< | ) PaT= dydx
(4.4)

+ @ | RUWGx,

where 1= % ()58, = ()" L, L= 1(4)" 5, @ is defned by
(4.1) and Vv denotes full gradient of v.

In particular, when R is an Orlicz function, then there exists constant B, inde-
pendent of u such that

||Vﬂ|LII§(Q) < EzHVHYg;JR(Q/)'

(iii) When R is an Orlicz function, then there exists constant B3 independent of u such
that

”ﬂ‘wﬁlﬂ(g) < B2“V||Y£bR(Q/)~

As a consequence we obtain the following result which applies to the extension
operator.

THEOREM 4.2. Let R be the given convex function, 0=0'x(0,1), O'=(— %, %)”_1 ,
d € (0,1) and let us consider

(a) the transformation of weights

Ty LL(0,1) — LY ({0 x{0}} x {Q' x {0}}),
d
- 4.1) — 31

p = @y g (¥ =) = 05e) ey [ St PO,

33
13

where we use the notation z = (7,0) € Q' x {0};
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(b) the subspace of Y, L(&Q) depending on d € (0,1)
Yot /(00) :={v e Yy (90) : suppy C (1 —d)Q' x {0}}.
Then there exists a linear extension operator:
Bxt: Vfl (@ % {0) = Woik 0. (Q) 4.5)
such that for ii := Ext(u), where u is Lipschitz and we have

| RGaDptisx.00)dr<  D(p) [ R(u(v))do().
¢ 0 (4.6)

oy . Tu(x) —u()|y @)
/QR(|Vu|)p(d1st(x,aQ))dx< L/aQ aQR< ) P2 do(y)do(x)

x—y| lx —y|"—2

3D(p) 7
+28 /a ROl do ()

- — ~ —1 d -
where T=5n(3)"-\/25%, 7= ()" (n+7), D(p) = [y’ p()dr, L=} (3)" o=
In particular, when R is an Orlicz function, then there exists a constant By =
B3(n,p,d) such that

[ Ext(u) < Bslu HYRR

1.R
”Wp(dist(-.a@) @ = @y

forevery u e YNdL( Q' x {0}) supportedin (1—d)Q' x {0},

REMARK 4.3. We always have @ 0,4 < wp . Localization of the weights and more

precise statement allows to admit weights p which might not be integrable on the whole

interval (0, 1) but they are integrable on (0, %)

The remaining part of the paper is devoted to the proof of the above results and
discussion.

5. Properties of convolution operator

Analysis in this section is restricted to the case when function ¢ used to construct
convolution operator has the special form (3.1). It is clear that the choice of other
Lipschitz compactly supported function does not change formulations of our statements
qualitatively but only the constants can change. Our choice is dictated by the goal to
obtain inequalities with certain control of constants.

Through this section we suppose that assumptions of Theorem 4 1 are satisfied, in
particular R is the given convex function, Q = Q' x (0,1), Q' = (— 2, 2)” Ly:0 is
Lipschitz and compactly supported in (1 —d)Q’, where d € (0,1) and

) =) = { T 0N e 2 0
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Moreover, we have given a weight function p : [0,1] — [0,00), fol p(t)dt < e and
Bt = pl).

5.1. Integral estimates for function v
In this subsection we give the proof of Theorem 4.1, part (i).

Proof of Theorem 4.1, part (i). We have

f:z/,/olR(W(x/,t t)dt = / / (¢ =v)(¥)) p(t)dr.

Applying Jensen’s inequality (as ¢ (x' —y')dy' = p(dy’) is a probability measure, there-
fore R (fgo191(x' =Y )W()dY') < Jpa1t RO(Y)) (@) = (R(v) % 1) (x')), we get:

7 g/ /1 (¢ *R(v)) (x) p(t) drdx’
_/x’eQ’/r 0,1) /VGR" Wi 1¢< ) R(v (y/))P(f) dy’dtdx’
< /y’eQ’ </O {/x’eR"l t”l’l ¢ <X/ t ) dx’ } p(t)dt> R(v(Y)) dy',

because v is supported in Q'. This implies the thesis as integral in brackets {-} equals
1and [} p(t)dt =C(p).

Last part of the statement follows in the rather standard way, but for reader’s con-
Venience we submit the proof. We take A = [|v[|;z(¢ry, € >0 and substitute the function
Vi := 77 to the just derived inequality (4.3) getting:

// (2?8 ) ()dxdt<C(p)/Q,R<;(—ﬂ> dx < C(p).

Consequently, using the notation in Proposition 2.2, when p(x’,1) = p(¢) and p(dx) =
p(x)dx, x=(x',t),and ov = C(p) we get

v
I37s lrom.a < 1

Therefore by Proposition 2.2 there exists constant By > 0 such that || 45| z(p) < Bi.
. P
Last condition is equivalent to the fact that |[#][;z o) < Bi(4 +€), which after letting
]
€ — 0 gives the result. [

EXAMPLE 5.1. When p(r) =1% a > —1, we obtain

1
//O R([7(x,1)[) 1% dxdr < %H/Q/R(h/(x) ) dx
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As an immediate corollary we obtain the following statement which applies to the
unweighted case.

COROLLARY 5.2. Let R be any given convex function, v be Lipschitz function
supportedin Q' and u be defined by expression (3.4). Then we have

///<O7I)R<W<x>l>dxdr</Q,R<|v<x>\>dx.

In particular, when R is an Orlicz function, we have
||ﬂ|LR(Q) < ”VHLR(Q’)'

5.2. Pointwise estimates for derivatives of v

In this section we obtain pointwise estimates for all derivatives of ¥. They were
inspired by similar type of estimates from [17] and seem to be of separate interest. We
start with the following simple lemma which will be used in the sequel.

LEMMA 5.3. Letn>2,d€(0,1), a>0, w(z,1) = xw(¢); z€ @' = (5, 3)"!

and w be bounded and supported in QQ’ . Let x = (x,¥) € Rx R and conszder
the following expressions

1
I, (x,t :/ wlx 4+ =% — ’,t)d !
+(1) ey ( T L K
1
I_(x,t :/ wlx —=x— ’,t)d !
(x1) el 1y ( 1= X =yt dy

1 1
Li(x,t)=w <x+ §,t> L (xt) =w (x— §,t> ,

for n=2. Then for any x € (1 —d)Q’, and any t > 0, we have

for n>?2 and

3 o
1)l )l < (5 ) 5.0

Proof. We prove estimation for I, because for /_ the arguments are almost the
same. When

xi+%|_ 3
53 5.2
t 4 -2)
we have x1+7 ¢ 30Q'. Thus, as w(-) is supportedin 3Q’, we have w((x; +3,-),7) =0

and so I+(x,t) 0. Moreover, when x € (1 —d)(’, then x| € (—%(1—d),3(1 —d))
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and x; + % € (4,1—4). Consequently, |x; + 5| > 4. When d > 3¢ condition (5.2) is

satisfied. Therefore in case n > 2,

1 X1+2 X
|I+(x,t)\ ‘I+(XI)‘X{;% <é,€[£7£]nzﬁw< P ) P )dy x{t>2d}
< |l
S e l1Wlles
(34)

5 ||W]|, by simplification of

(54)

for oe > 0. In case of n =2 we also have |I;(x,7)| <
the above arguments. [J

Our next result describes the pointwise estimation of the spatial gradient of 7.

LEMMA 5.4. Let n > 2,

lz|
T AGeder Ay (5-3)

Pk(zat> - -1
Then for any k € {1,...,n— 1}, v being Lipschitz and compactly supported in (1 —
d)Q', where d € (0,1), we have

| <2 [ nty (PP ayene),

8k(Xt

where C = (%)"71.

Proof. Let
(Pk.,t(z) = 3_Zk <t”—1¢(;)) t (t" 1 32]( (t))
1z —
= VC e (2 e o) o W),
Then
av
S50 = (O )= [ bty

= [ 0= 00) = v(0) dy+1(x) | duslx—y)dy
Q Q

:/Q,¢k7t(x—y)|x—y| (%;(XU dy-f-v(x)/Ql(Pk,t(x_y)dy

= A(x,1) +v(x) L (x,1).

It is clear that |, (z)z| < 2Px(z,1). Therefore the only nontriviality is to estimate sec-
ond term above. For simplicity let us assume that k = 1 as the remaining computations
are the same. Moreover, as v(-) is supportedin (1 —d)Q’, it suffices to estimate I; (x,)
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when x € (1 —d)Q’. We will show that in such case I; is estimated by constant inde-
pendent on x and 7. To verify this, we use Gauss-Ostrogradsky Theorem, to get

I = {faQ’ ¢ (x—y)n1(y)do(y), whenn > 2,
(& (x+3) =& (x—3)], whenn=2,

where nj(y) is first coordinate of an outer normal vector to dQ’ at y. Clearly, n;
is nonzero only on subsets of dQ': {—1} x [—1,1]""2 (here ny = —1) and {3} x
[—1,3]""2 (here ny = 1). Let us consider first n > 2. After decomposing x = (x1,x’) €

[_%7%} X [_%,%]n—Z and y= (y17y/) € [_%7%] X [_%7 %]n—Z’ we observe that

~1 X+ 5,0 =y
Il = - / A (P —( 2 ) dy/
4 Yel-3,52 !
(P (.Xl—%,xl—y/) dy/
»,6[7%7%]}172 !
1

Both terms a and b in the expression of I; are of the same sign (both are positive) and
according to Lemma 5.3 they obey the same estimation:

3 n—1 3 n—1
< | — w=|=— .
wrs () lol-=(5)

Consequently, |I;| < (%)’171 = C. The same estimation holds when 7 = 2 by simpli-
fication of the above arguments. This finishes the proof. [

We are now to estimate the derivative of v with respect to the last variable.

LEMMA 5.5. Let n > 2 and

1 |7
2@1) = S5 Kzeioy
Then for any k € {1,...,n— 1}, v being Lipschitz and compactly supported in (1 —
d)Q', d €(0,1), we have

1) <D/Q/£2(x—y7t) (%ﬁ”) dy+ E|v(x)|, where

D:(n—l); Ez(n—l)(%) e

i
o1 "

n—1 1
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Proof. According to property (3.3) and the fact that v is supported in Q’, we have:

%(x t) = (<Pt*v)() <(3t¢t)*")() —{(diV(gl,tw“vg"*lv’))*v}

n—1 n—1
== 2 ADrsee) ¥} () = - X /R ((Dkger) (e =9)v()dy
k=1 k=1
n—1
—-3 | ((Degr) =) 2 Ti(x,1), (5.4)
k=1

where g, (x) = tnl, T

ke{l,....n—1}:

NE

y() ... y(=1) with v defined in (3.2). Moreover, for every

o) = [ ((Drses) (=) 00) —(dy+9() | (Dare) (=)

_/{ (Digrs) (x =)l — y}( lx—y| ))dy

0 [ (Dxgi) (=)
=: Ii(x) + v(x)Jx (x). (5.5)

We will estimate every term: [; and J; separately.
Estimations for I..
Let Ax(z,1) = ((Drgrs) (2))]z]. We will show that

Ak(z,1)] <

N | L

Q(z,1). (5.6)
Indeed, we have
|Dk¢’(xla' .. ,Xn,1)| < 2%{21{<|Xl_k|<23(} x{;ZG%Q/}

and (5.6) follows by the following estimates:

1 Izl 1
‘ (Dkgk,t) (2|2l < prey {27({%<Zti|<%} e T+;}x{§e%Q’}Z|
51 g 5
ST Mieier = 320,

Estimations for Jy.
When x € '\ (1 —d)Q" we have v(x) =0 and hence v(x)Jx(x) = 0. Therefore it
suffices to provide the estimates for J; only when x € (1 —d)Q’. We will do it for
k=1 and n > 2 only. The case n = 2 is more simpler.

Using the Gauss-Ostrogradsky Theorem, we get

x) = /8Q,gu (x=y)m(y)do(y),
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where n; is first coordinate of an outer normal vector to dQ’ at y. ObViously np is

nonzero only on subsets of dQ': {—1} x [~3,3]"2 (ny = —1)and {3} x [-3,3]" 2

' 2
(ny = 1). After decomposing x = (x1,x') € [—% Z] [—%,%]” Zand y = (y1,y) €
[—1, 5 x [=1,3]"72, we get that

7072 312
Jl(xt):_{/ g1t<x1+lxl_y/) dy
’ yel-4.4p-2"" 2

1 / / /
— — =X — d
é’e[fﬁ,é]"ﬁgl’t (Xl Z,X y) y }
=:—{a—b}.

and a and b are of the same 51gn so that |J;| < max{]al,|b|}. We note that gy ,(-) is
supported in 30’ and g1,(-) = 77 {¢ () % } . Therefore by Lemma 5.1 applied to a
and b, where w(z) = d)(z) 7] and o =n—1, we obtain

3 n—1 B 3 nfll
neol<(5) 9= () 1 5)

Final assertion is obtained after summing up the estimations: (5.4),(5.5),(5.6),(5.7) with
respectto k € {1,---,n—1}. O
We arrive at the following result which seems to be of separate interest, it provides

pointwise estimates for the full gradient of v.

THEOREM 5.6. Let n >2, Q= Q' x (0,1), Q' = (-1,

L3 vi @ — R be
Lipschitz and compactly supported in (1 — )Q , where d € (0,1

), moreover,

v(x,1) = vy (x) == { Jro-1v(y)9r(x —y)dy when 1 > 0,

v(x) when 7 = 0.

and

I |z

Then for any k € {1,...,n— 1}, we have for (x,t) € O

Vi) < F/Q/Q(x—y,t) (M> dy + G|v(x)|, where

=yl
F = 57", G= (;—d)n_l % and Vv denotes full gradient of v.

Proof. We observe that P(z,t) < 2(z,t), where Py is as in Lemma 5.4. Accord-
ing to Lemmas 5.4 and 5.5, after changing the notation x, :=¢ we observe that all
partial derivatives of @ obey the same estimations:

Sow| <o [ 26 =) (M=) ay Dt

dxy |x
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where x = (X',x,) € Q, (D1x,D2x) =

(
(DhnaDZ.,n):((n_l)%’(n_l)( ) %
note:

_ IV — — Py ) —vOOIY
Tk '_8xk('x>7z'_ (Zla~~~7zn>7a'_/Q,cQ(x _yyxn)< ‘X/—y/| dy,

b= |v(x/)|, D1 = (D1717...,D17n), D2 = (D2717...,D27n).

2,()"!) when k€ {1,...,n—1} and
). T

o compute constants efficiently we de-

As we have: |z| < Dy ga+ Dy b and D; g, a,b are nonnegative, this implies:
lz| < |Dila+ |D;|b.

Now result follows from simple estimation:

5 3\"! n—1 3\"'n+7
<n-— < =~ )
Difsng, Dof < <2d) ’(1 1= )’ <2d> 4

after we switch to our previous notation (r =x,). O

5.3. Integral estimates for function Vv
We are now to prove Theorem 4.1, part (ii).

Proof. [Proof of Theorem 4.1, part (ii)]

(a) Thecase p=1.
By the convexity argument (R(a+b) < $R(2a) + $R(2b)) and Theorem 5.6:

o< (] (2 (et

+2R(G W)

A, (g ()

4 %R (2G]v(x)]) = %A(x,t) 4 %R(2G|v(x)|), (59)

where F=2, G= ()" "+7 (so that 2G =J), 2 is defined by (5.8), C(x,1) <
H (H will be estabhshed later) and

L =y,
peoiedgy 't

Clx,1):= /Q/Q(x—y7t)dy=

‘We will show that

NSV 13\ [ao1
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whenever 7 € (0,1). We observe that

1 |x— =x—y 1
e[ Aoty
{yGQ/ITyejQ,}t t t {zex+0' ze510'}

Moreover,

C((xla sy Xk—1, _xk7~xk+l7' . 7~xn—l)at> = C((xla .. 7xk717xkaxk+la .. 7~xn—l)7t)~
(5.11)
Therefore for our estimations we can assume that x,...,x,_| > 0. Note that for
xe{(xr,.ooyxp—1):x; 20,i=1,...,n—1} sets

3
Blx,1) = {x+ 0} {30}
obey the inclusion property:
@((xl,. R 7 TS ,xn,l),t) D) ,@((xh. U S ,xn,l),t)

whenever xj > x; > 0. Therefore when xi,...,x,_| are nonnegative, biggest value
of C(x,t) is achieved for x having possible small coordinates, i.e. at x = (0,...,0),
while smallest value is achieved when x has the possibly big coordinatesin Q. We
estimate (roughly, more precise estimations would be if we used the assumption

xe(1-d)Q):

c((% ;) )gC(x,t)gC((O,...,O)J). (5.12)
To give the precise value of C((31,...,1),t) we observe that
{3 3)+e}n{ze}-parn{Ge} = fomn{1 5]

o2

c((%,...,%),:)—i/[o . lzldz. (5.13)

By the property (5.11) for g,...&,-1 € {+1,—1} we have
1 1 1 1
C((S]E,...,Sn,1§>,l>—C<(§7...,E>,l>.
ol (2] < [ 33
Mz ™M ey =743

C((0,...,0).1) < tl/ 2|dz = . (5.14)

[_%ta%t]nil

Therefore

and as
3
2(0.0)={0}n{51¢

we obtain

—
I
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Moreover, let € = (g1,...,6_1) € {—1,1}""! and let I5(t) be the range of cube

I(r) = [0, %t]"‘1 under the mapping (xi,...,%,—1) — (€1X1,.- -, &E—1Xy—1). Itis

clear that az := t%f,g(,) |z|dz is the same for every € € {—1,1}"~!. Therefore

A=Y a8:2"ltln/l(t)ddZ:Z"1C(<%,...,%>,t>. (5.15)

ge{-1,1}1

To estimate C(3,...,1),t) given by (5.13) we note that

hat)= [ =),

Moreover, Schwartz inequality yields

1
n—1 2 1
I, 1:/ 2 ) az < / 2dz| <4/l
(1) ZGMH( l_zlzl> . (qwliz : :

On the other hand, using the inequality between arithmatic and geometric means,
we have

n—1 n—1 1
I, 1:/ dz>vVn—1 iz
1(1) ZeMH( ; ) VT 'HZZ z
\/nTH/ L ! S V-l
N (AI+1/(n—1))17 ¢
Therefore
Vin—1 (3\" 1 1 3\" /n—1
Z) <c(=,...,=)0)< |2 . .
= (3) <cGepn<(3) V53 (5.16)

Now inequalities (5.10) follow from (5.16), (5.12), (5.14), (5.15).
Integrating A(x,7) with respectto 7 € (0,1), we get from (5.9) and (5.10):

e, 2 e (P s

WhereH:%(%)"\/’g;l,sothatZFH:57”(%)"\/’73;1:1.

Now we will estimate the term in bracket {} on right hand side in (5.17). By
formulae (5.8) we have for any z € R*1

2(z,1) 1 1
di = i 5.18
/(01> C(x,1) d o) MG Clar) (5.18)

G.10) 1

1 n

- e 4\" @ Wp=1(2)
, —Xzezonldt | ——=1| 3| = a0 ———5;

e (o [ tsetenan) = (5) o B

S
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_ 4\
where ag = \/nej (3)"
Therefore
1 — Wp=1(x—
/ / Ax,1) dtdx<— / R( () v(x>|> p=1 (X 7;)dydx
xeQ' J(0,1) xeQ' JyeQ! x =] b=y

(5.19)
and 9 = L. This gives (4.4) in case p = 1.

The case of general p.
‘We multiply both sides of the pointwise inequality (5.9) by a weight p and integrate
the inequality over (0, 1) first, then over Q. We get:

/,/OIR(\Vﬂ) 1) dtdx <~ //sz 1) dtdx

s 8 / RUI()|) p () didx,

=5 / : / A(x,t)p(t)dtdx
2/RJ\ /p t)dtdx=: 5+ 5.
We will estimate the terms: .#] and .#, separately. Obviously, as fol p(t)dt =
C(p) < oo, we get
Cc
7 < SO [ R
2 Jy
To deal with ¢}, we deduce that:

///Axt 1)dtdx <
/,/,{/lgx > %(t)dt}R(%‘y"(x”) dydsx,

and by obvious modification of (5.18), we have

/o1 Qg(;ty),t‘) p(r)dr < ap- 2222

Therefore,

=3 / / Ax,t)p(t)dtdx <
1 — Wy (x —
L [ () ),
xeQ JyeQ x =y e —y"
This ends the proof of (4.4).

Last part of the statement as well as the proof of part (iii) follows by similar argu-
ments as that used to finish the proof of part (i). [
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REMARK 5.7. More exact computations in case p = 1 can be provided. Namely,
we have @p=1(2) = |2|" ™" Jio.) %X{%G%Q’}dt and

eieloyc Nes e Ay

i=1

3zl

We have for p(z) = min{ = 1}

| 1 1
(D) < n—l/ 2 dr = 1ot (L] < (1) _ 1)
wp=1(2) < [z] o7 2" — o) = 2l 1 (@)

n+1 n—
1 4 —(n—1) 3 n—1
< |Z\"_1n_l <\/nZ|Tl§> =(n—1)"3 (Z) = Const.

Therefore when p = 1 we arrive at the following inequality, which is the special variant
of (4.4):

// (IV9) p(¢)didx < L / R(’V(”_V(")) L dydx (520)
' xeQ' Jye lx =yl e —

+ w R(J|v(x)]) dx,
2 Jy

where 1= % (3)" /%51 7= (37)" 45 L= 3 ()" s (V=1 ()" =
(Vn—1)"" 4§, and Vv denotes full gradient of v

6. Proof of Theorem 4.2

In this section we prove Theorem 4.2.

Proof of Theorem 4.2. We will use the notation Q,; := aQ’ x (0,b) where a,b >
0. The proof follows by several simple steps. Some of their proofs are omitted.

Step 1. We observe that for any integrable function w defined on Q' x {0}, we

have
/QX{O} w(x)do(x) :/,w(x/70)dx’. (6.1)

This follows from the fact that I(x') = (x’,0) defines the map for Q' x {0} and |DI| =1
(where DI is the jacobian matrix of the change of variables).

Step 2. Let d' € (0,1) be a given number. We observe that when x = (x',7) €
Qi_a .« C Q then ¢ = dist(x,dQ). In particular

p(t) = p (dist(x,0Q)) when x=(x',1) € Q1 g0 € Q.
Step 3. Let

w(x',1) = u(-,0) * ¢ (x) := {fR"'u(y ’MO()X(?’O(;C —Y)dy zﬁzﬁiig’ (6.2)
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CO4.

eQ C(l —£)Q', conse-

quently dist{x', (1—d)Q'} > ¢ Therefore forevery y € (1—d)Q’ wehave |x¥' —y/| >

¢ In particular for every such y' and # < ¢ we have s — 153 3.andso ¢ (x'—y') =0.

As v(y') = u(y',0) is supported in (1 —d)Q’, we get for such (x/,z)

/ u(y',0)¢,(x' =) dy' =/ u(y',0)¢(x' —y')dy' =0
Rr—1 (1-d)Q'

We observe that w restricted to Q, 4 is supportedin O, ¢
'3 2

ENTN

Indeed, when x = (¥',1) € O, a \Ql_%.%, we have x

Therefore w(x',¢) = 0.
Step 4. We define extension operator Ext(u) by expression
i =Ext(u)(X,1) == ¢ (1) -w(x,1),
—3t+1 whent € (0,4) .
0 when > %

We will show that @ satisfies the required properties. For that, we introduce the
notation v(z) = u(z,0), z € 0/,

/8Q/8Q ( [ — Z|(y)|) j)é(jny)zdﬁ(y)dﬁ(w

@, X —
Stepl/ / ( V(y)|> p%(0~%)(2y)dde,
co' Jyew Ix Y| \x—y\"

/RM /R/uv

We start with the computation of

where w is the same as in (6.2), ¢(¢) =

5= /QR(\EDp(dist(x,&Q))dx

As R(O) =0, we note that R([ii|) is supported in (1—%)0’ x (0,%) C (1—4%)Q’ x

(0, ) O\_¢ 4 Where d' = [31 (Step 3). On the other hand, according to Step 2 we
have p (dist(x,0Q)) = p(t) when x = (x 1) € Q1_g 4 - This gives

d

I :/xle(l,g)g,/OjR(‘ls(f)|w(x/7t)|)p(t)dx’dz
1
g/X;GQ’/O R(|W(x/7t)|) (pX(O’%{))(I)d}C/dl

Theorem 4 1, part (i
D) | Rv( D(PN(1).

Therefore first inequality in (4.6) follows. To deal with

b= /QR(|Vﬁ|)p(dist(x,8Q))dx
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we note that

5 ~ - 3
Vii(x',t) = ¢ (1)Vw(x',1) + ¢(1)(0,...,0, _Exw,g—’)(t) w(x,1)).
Hence 3
Va0 < [Vw(e',0)l + S w1l x0,4)(0)-
Consequently,

d d
3 1 <
1:/ /RV”/,t tdtg_/ /sz ) o)t
2 ve(-9o Jo (| i(x )‘)P() 2 Jue- 00 Jo ( |Vw(x )\)p()
d
s /3R<EIW(x’ t)l)p(t)dr = A +A
2 e Jo d ’ ST

Moreover, using Theorem 4.1, part (ii), one easily obtains

1
A< %/X,EQ//O R(2Vw(x/7z)|)(px(oﬁ%,))(t)dtgé{LM(21)+DTN(2J)}7

while by Theorem 4.1, part (i)

Ar<3D(PIN() < 3D(PIN()

as N(-) is nondecreasing. From there second inequality in (4.6) follows. [

7. Admissible weights in Theorems 4.1 and 4.2

The expression (4.1) defines the transform @, of the given weight p defined on
interval. Below we compute several examples which illustrate results of Theorems 4.1
and 4.2.

EXAMPLE 7.1. (a) Considering p =1 we get @p < Const (see Remark 5.7) and
so we retrieve the classical unweighted result.

(b) Let p(t) =t*, —1 < ov < n— 1. An easy computation shows that:
1 H [ 1 ! o
7" — Z3,tdt<z"*/ 1% "dt
& 0 t"%{fezQ} <l min{w%ml}

1 4 o—(n—1)
n—1-a <3x/n—1|z|>

< ‘Z|n—l

1 4 o—(n—1) "
:n—l—a<3\/m> &

~ |z|*.
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Therefore statements hold with @(z) ~ |z]*.

This result can be compared with an old result by Lizorkin [31], Theorem 3 and
by Vasarin [44]. Namely, it was shown in [31] that in case when € C R" has Cc2-
boundary, —1 < @ < p—1 and R(A) = AP, there exist trace embedding operator
Tr: W(}i’i‘: - aQ))O‘(Q) — Y\fiRyw(&Q) and this operator is a surjection. The case
0< o < 1 was studied by Vasarin [44], while the special case p =2 was obtained
earlier by Nikolski [39] (not involving Slobodetskii type space directly).

() If p(t) =1*(In(2+ %))ﬁ, —1l<oa<n—1,8>0. By similar computations as
before, we get:

n—1 ! o—n 1 P
4 /C\It In 2+; dt
1z
1 B 1
< <ln <2+—)> Iz\"’l/ 1“7 dr
Cil7 min{ —2— [z[,1}

3vn—1

—(n— B
1 4 \% =D 1
< 2% |2+ —/—

eoler )

Considering = 0 we retrieve previous result.

(d) When p(r) is an arbitrary nonincreasing integrable function, we get

1
p@dr <p@l) T [
mm{ﬁk\,l}

1
wp(@) <[ [

min{C}|z|,1}
< EP(C1|ZD7
_ _ 4 _ n—3 (3\n—1
where Cl—ﬁ,E—(\/n—l) (Z) .
(e) when p(z) is an arbitrary integrable nonincreasing function and satisfies the A 1=
condition: p(%t) < 9p(t), with 2 independent on 7, we get for C < 1
p(Cilz)) < F-p(fz]),

where F = 7~11052(C0)l | In particular Theorem 4.1 holds with @, (z) substituted by
flogy(—2— e

G-p(|z|]) where G=2 g ”2(3m)](\/n— 03 (3) " when n>2 and E = 2

when n=2.

As a corollary, we obtain the following statement which seems to be of separate
interest.
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THEOREM 7.2. Let R be the given convex function, 0=Q'x(0,1), 0'=(—1,5)""1,
d e (0,1), peL((0, ‘31)) is an arbitrary nonincreasing weight function and sansﬁes

the Ay, -condition: p(3t) < Dp(t) (with D independent on t), w(x,y) = p(]x—yl)
and let us consider the subspace of YaIf”f(&Q) depending on d

CoLd(QQ) —{verL( Q) :suppy C (1 —d)Q' x {0}}.

Then there exists a linear extension operator:

Ext:YX (7|x L@ x{0}) - Wy, (dm( 20).(Q)

such that for ii := Ext(u) we have
| R p(dist(x,90)) dx < D(p) || R(lu(x)))do(x),

/R\V17| p(dist(x,00))d K/aQ/aQ (1 - y( )> ﬁc(_x};nygdc(y)da(x)

n 3DT /a LRl do (),

where I =5n (3 ) \/> = (& ) (n+17), (p)zfogp(t)dt,

K= [10g2(3F)](\/ —1)""*¢ when n>2 and K = ¢ when n=2.
In particular, when R is an Orlicz function, then there exists a constant By =

Bi(n,p,d) such that

|| Ext(u) B3HMHYRR

”W;(‘ﬁm(_,a@) (@ = )@

for every u € Y® ("X ) dL(Q x {0}) supportedin (1—d)Q' x {0}.

Acknowledgements. This work was conducted when R.N.D was visiting Faculty
of Mathematics, Informatics and Mechanics under KNOW (Warsaw Center of Mathe-
matics and Computer Science) scholarship in spring semester 2012/2013. He wants to
thank the Faculty for hospitality.

The longstanding open problem of extension operator in Orlicz spaces has been
mentioned to A.K. by Miroslav Krbec who passed away in June 2012. The very nice
time of our cooperation and His interesting, puzzling questions will not be forgotten.

We would like to thank the anonymous referee for helpful advices which improved
the presentation of the paper.



88

[1]
[2]
[3]
[4]
[5]
[6]
[7]
[8]
[9]

[10]

[11]
[12]

[13]
[14]
[15]

[16]

[17]
[18]
[19]
[20]
[21]
[22]
[23]

[24]

[25]

[26]

R. NARAYAN DHARA AND A. KALAMAJSKA

REFERENCES

H.-D. ALBER, Materials with memory. Initial-boundary value problems for constitutive equations
with internal variables, Lecture Notes in Mathematics 1682. Springer, Berlin 1998.

N. ARONSZAIJN, Boundary value of functions with finite Dirichlet integral, Techn. Report 14, Univer-
sity of Kansas 1955.

J. M. BALL, Convexity conditions and existence theorems in nonlinear elasticity, Arch. Rat. Mech.
Anal. 63 (1977), 337-403.

A. CORUSO, Two properties of norms in Orlicz spaces, Matematiche (Catania) 56 (1) (2001), 183—
194.

J. CHABROWSKI, The Dirichlet Problem with L? -Boundary Data for Elliptic Linear Equations, Lec-
ture Notes in Math., vol. 1482, Springer-Verlag, Berlin, 1991.

A. CIANCHI, Some results in the theory of Orlicz spaces and applications to variational problems,
Nonlinear analysis, function spaces and applications, Vol. 6 (Prague, 1998), Acad. Sci. Czech Rep.,
Prague 1999, 50-92.

A. CIANCHI, Orlicz-Sobolev boundary trace embeddings, Math. Z. 266 (2) (2010), 431-449.

A. CIANCHI, R. KERMAN, L. PICK, Boundary trace inequalities and rearrangements, J. Anal. Math.
105 (2008), 241-265.

R. N. DHARA, A. KALAMAIJSKA, On one extension theorem dealing with weighted Orlicz-
Slobodetskii space. Analysis on Lipschitz subgraph and Lipschitz domain, preprint avaliable at:
http://www.mimuw.edu.pl/badania/preprinty/preprinty-imat/?LANG=en.

T. K. DONALDSON, N. S. TRUDINGER, Orlicz-Sobolev spaces and imbedding theorems, J. Func-
tional Analysis 8 (1971), 52-75.

A. FOUGERES, Thesis (in French), University of Besangon, 1972.

A. FOUGERES, Théorémes de trace et de prolongement dans les espaces de Sobolev et Sobolev-Orlicz,
(in French) C. R. Acad. Sci. Paris Sér. A-B 274 (1972), A181-A184.

E. GAGLIARDO, Caratterizzazioni delle tracce sulla frontiera relative ad alcune classi di funzioni in
n variabili, (in Italian) Rend. Sem. Mat. Univ. Padova 27 1957 284-305.

J.-P. GOSSEZ, Nonlinear elliptic boundary value problems for equations with rapidly (or slowly)
increasing coefficients, Trans. Amer. Math. Soc. 190 (1974), 163-205.

J.-P. GOSSEZ AND V. MUSTONEN, Variational inequalities in Orlicz-Sobolev spaces, Nonlinear Anal.
11 (3) (1987), 379-392.

G. N. JAKOVLEV, The traces of functions whose derivatives are summable with a certain weight, (in
Russian) Imbedding theorems and their applications (Proc. Sympos., Baku, 1966) (Russian), 225-233,
247. Izdat. “Nauka”, Moscow, 1970.

A. KALAMAJSKA AND M. KRBEC, Traces of Orlicz-Sobolev functions under general growth restric-
tions, Math. Nachr. 286 (7) (2013), 730-742.

A. KALAMAJSKA AND M. KRBEC, On solutions to heat equation with the initial condition in Orlicz-
Slobodetskii space, to appear in Proc. Roy. Soc. Edinburgh Sec. A.

A. KALAMAJSKA AND K. PIETRUSKA-PALUBA, Gagliardo—Nirenberg inequalities in weighted Or-
licz spaces, Studia Math. 173 (1) (2006), 49-71.

H. KITA, On Hardy-Littlewood maximal functions in Orlicz spaces, Math. Nachr. 183 (1997), 135—
155.

D. KiM, Trace theorems for Sobolev-Slobodeckij spaces with or without weights, J. Funct. Spaces
Appl. 5 (3) (2007), 243-268.

D. K1M, Elliptic equations with nonzero boundary conditions in weighted Sobolev spaces, J. Math.
Anal. Appl. 337 (2008) 1465-1479.

K.-H. Kim, N. V. KRYLOV, On the Sobolev space theory of parabolic and elliptic equations in C'
domains, STAM J. Math. Anal. 36 (2) (2004) 618-642 (electronic).

V. M. KOKILASHVILIL, On traces of functions with partial derivatives from Orlicz classes, Special
issue dedicated to Wtadystaw Orlicz on the occasion of his seventy-fifth birthday. Comment. Math.
Special Issue 1 (1978), 183-189.

L. D. KUDRYAVCEV, Direct and inverse imbedding theorems. Applications to the solution of elliptic
equations by variational methods, Trudy Mat. Inst. Steklov. 55 (1959), 182 pp. (in Russian).

A. KUFNER, O. JOHN, S. FUCiK, Function spaces. Monographs and Textbooks on Mechanics of
Solids and Fluids; Mechanics: Analysis, Noordhoff International Publishing, Leyden; Academia,



[27]
[28]

[29]

[30]
[31]
[32]

[33]
[34]

[35]

[36]
[37]
[38]
[39]

[40]

[41]
[42]
[43]
[44]

[45]

EXTENSION THEOREM WITH WEIGHTED ORLICZ-SLOBODETSKII SPACE 89

Prague, 1977.

A. KUFNER, Weighted Sobolev spaces, A Wiley—Interscience Publication, John Wiley & Sons, New
York, 1985 (translated from the Czech).

M.-TH. LACROIX, Espaces de traces des espaces de Sobolev-Orlicz, J. Math. Pures Appl. 53 (9)
(1974), 439-458.

M.-TH. LACROIX, Echelle d’espaces intermédiaires entre un espace de Sobolev-Orlicz et un espace
d’Orlicz. Trace d’espaces de Sobolev-Orlicz avec poids, (in French), Journées d’ Analyse Non Linéaire
(Proc. Conf., Besangon, 1977), 121-139, Lecture Notes in Math., 665, Springer, Berlin, 1978.

J.-L. LIONS, Un théoreme de traces; applications, (in French) C. R. Acad. Sci. Paris 249 (1959)
2259-2261.

P. I. LIZORKIN, Boundary properties of functions from “weight” classes, Dokl. Akad. Nauk SSSR
132 (1960), 514-517 (in Russian); translated as Soviet Math. Dokl. 1 (1960), 589-593.

S. V. LOTOTSKY, Linear stochastic parabolic equations, degenerating on the boundary of a domain,
Electron. J. Probab. 6 (24) (2001), 1-14.

V. G. MAZ’ YA, Sobolev Spaces, Springer—Verlag, Berlin, 1985.

V. G. MAZ’YA, J. ROSSMANN, Schauder estimates for solutions to a mixed boundary value problem
for the Stokes system in polyhedral domains, Math. Methods Appl. Sci. 29 (9) (2006), 965-1017.

J. NECAS, Direct methods in the theory of elliptic equations, Translated from the 1967 French original
by Gerard Tronel and Alois Kufner, Editorial coordination and preface by Sarka Neasovd and a
contribution by Christian G. Simader, Springer Monographs in Mathematics, Springer, Heidelberg,
2012.

J. NECAS, Sur une méthode pour résoudre les équations aux dérivés partielles du type elliptique,
voisine de la variationnelle, (in French), Ann. Scuola Norm. Sup. Pisa 16 (3) (1962), 305-326.

A. NEKVINDA, L. PICK, On traces on the weighted Sobolev spaces Héﬁ, , Funct. Approx. Comment.
Math. 20 (1992), 143-151.

A. NEKVINDA, Characterization of traces of the weighted Sobolev space WP (Q,d};) on M,
Czechoslovak Math. J., Praha 43 (1993), 695-711.

S. M. NIKOLSKII, Properties of certain classes of functions of several variables on differentiable
manifolds, (in Russian) Mat. Sb. N.S. 33 (75), no. 2 (1953), 261-326.

S. M. NIKOLSKII, P. I. LIZORKIN, N. V. MIROSHIN, Weighted function spaces and their applications
to the investigation of boundary value problems for degenerate elliptic equations, (in Russian), Izv.
Vyssh. Uchebn. Zaved. Mat. 8 (1988), 4-30; translation in Soviet Math. (Iz. VUZ) 32 (8) (1988),
1-40.

V. R. PORTNOV, Two embedding theorems for the space Ll‘b(Q x Ry) and their applications, (in
Russian), Dokl. Akad. Nauk SSSR 155 (1964), 761-764.

M. M. RAO AND Z. D. REN, Theory of Orlicz spaces, M. Dekker, Inc. New York, 1991.

L. N. SLOBODETSKIIL, Sobolev spaces of fractional order and their application to boundary problems
for partial differential equations, (in Russian), Uch. Zapisky Leningrad. Ped. Inst. im. A. I. Gercena
197 (1958), 54-112.

A. A. VASARIN, The boundary properties of functions having a finite Dirichlet integral with a weight,
(in Russian), Dokl. Akad. Nauk SSSR (N.S.) 117 (1957) 742-744.

H. TRIEBEL, Interpolation Theory, Function Spaces, Differential Operators, North-Holland Math.
Library, vol. 18, North-Holland, Amsterdam, 1978.

(Received September 29, 2013) Raj Narayan Dhara

Temps Frequence, Femto-ST, Université de Franche-Comté
26, Chemin de I’Epitaphe, 25030 Besangon cedex, France
and Faculty of Mathematics, Informatics and Mechanics
University of Warsaw

ul. Banacha 2, 02-097 Warszawa, Poland

e-mail: r.dhara@mimuw.edu.pl

Agnieszka Katamajska

Institute of Mathematics, University of Warsaw
ul. Banacha 2, 02-097 Warszawa, Poland
e-mail: kalamajs@mimuw.edu.pl

Mathematical Inequalities & Applications

v.ele-math.com

mia@ele-math.com



