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BURKHOLDER-GUNDY-DAVIS INEQUALITY
ON LORENTZ MARTINGALE SPACES

REN YANBO AND GUO TIEXIN

(Communicated by N. Elezovic)

Abstract. Let f = (fy)n>0 be a martingale, 0 < p < e, 1 < g < . In this paper we obtain a
L, 4-version of Burkholder-Gundy-Davis martingale inequality

I SCH) Nlpa=l M) Ml p.gs

by means of rearrangement technique.

1. Introduction and Preliminaries

Let 1 < p < eo. The famous Burkholder-Gundy-Davis inequality is

SO o=l M (1) [l

see [1-2]. It is well-known that Burkholder-Gundy-Davis inequality is one of the fun-
damental inequalities in classical martingale H” theory.

The aim of this paper is to extend Burkholder-Gundy-Davis inequality from the
type of L,-norm to that of L, ,-quasinorm. Here we use the rearrangement technique.
Let 0 < p <o, 1 <g<eco. weobtain a L, -version of Burkholder-Gundy-Davis
martingale inequality

ISCH) p.a=l M(f) llpg -

For rearrangement technique in martingale setting we refer to [3].

The organization of this paper is divided into two sections. Some basic knowledge,
which we will use, is collected in this section. Main result and its proof are given in the
next section.

Let (Q, 1) be a o-finite measure space, . (£2) the space of all measurable func-
tions on Q. For f € .# (), denote its distribution function by

Ap(t) =p(x:[f(x)] >1), >0,
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and its decreasing rearrangement function f* is defined as
fr@)=inf{s > 0: As(s) <1}, t >0.
For 0 < p,q < oo, the Lorentz space L, , is defined as

Lpg=Lpo(Q,.F 1) ={f | f |l pg< =},

where

Wiha= ([0t

t

Let (Q,.7,P) be a complete probability space, and {.%,},>0 a nondecreasing se-
quence of sub- ¢ -algebras of .# such that # = 6(lJ,,-%,). The expectation operator is
denoted by E. For a martingale f = (f;,)n>0 relative to (Q,.7,P; (%, )n>0), denote its
martingale difference by d f; = f; — fi—1 (i > 0, with convention d fo = 0), its maximal
function and square function by

My(f) = sup | fil, M(f) =sup| fil,

0<i<n i=0

n 1 e 1
Su(f) =X ldfiP)2. S = (X ldfiP)z.
i=0 i=0
For 0 < p,q < e, we define Lorentz martingale spaces as follows:

Hy o ={f = (Fdnzo = | fllmg,, =l M(f) [l p.g< >}

HS == (nzo: I lus, = ISU)llpg < oo}

120

Throughout this paper, we denote the set of non-negative integers by N. We use C
or Cp(depending only on p) to denote some constant and may be different at each oc-
currence. The equivalence a ~ b means that Cia < b < Cya for some positive constants
Cy and G,.

2. A L, ,-version of Burkholder-Gundy-Davis inequality

LEMMA 1. For any martingale f = (fy)n>0, there exist constants C; > 0 and
Cy > 0 such that

(S (1) < SO e +am) (5). w>o, (M

(M) (1) < M) e+ (5), ¥e>o. @
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Proof. For an arbitrage fixed ¢ > 0, define stopping times

t

V= inf{n EN:Mu(f) > (M(f))* (5) } T=inf{n € N:S,(f) > (S(f))*(20)}.

Then
P(v <) =P(M(H) > M) (5)) <50 Morlh) <MY (5),
and

P(7 <o) =P(S(f) > (S(f)"(20)) <2t, Sea(f) < (S(f))"(20).

Now consider a new family of o-algebras {.%,'},>0 with %, = Z;,,, and a new

process fV"! = (f,")=0 with f,/ = fr(fgl) —fr(ﬁl) ,then £V~ is a martingale with

respect to {-%,' },>0. Now let C; = 4C, where C is the constant in the Davis inequality
Eo(S(f)) < CEo(M(f)). Since

SV =S (F0 D))

S =Sea (P Y) < (
_ S(f‘t’,v—l)7

then applying Davis inequality we get

P (S(f> > (SY(f))" (21) + Cr(Mf)* (%))
<Py <o)+ P (Vo801 () > (S @ +C1)" (3))

< 24P (r<v =8 1) = Sp-paen () > M) (5))

< %+ (cr(mpy <%>>7IE[E(SV—1(JC) =S | Fo)lz<)]
< Lr (o () BESC) | Ftieen]

< %+ (cr(mpy <%>)71CE[E(M(J‘T’V_1) | ) K<)

< %Jr (crtmpy (%)>_12C]E[]E(Mv_1(f) | F) X (r<)]

Hence, we obtain (1).
If define stopping times

t

v= inf{n eEN:S,(f) > (S(f)" (5) } t=inf{n e N: M,(f) > (M(f))* (21)},

then we can prove (2) in a similar way. [
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LEMMA 2. [4] Let (F,G) be a pair of non-negative measurable functions on
(Q,.7,P). If (F,G) satisfies the rearrangement inequality :

F*(r) < F*(2t) + CG* (%) . V>0

Then with the same C, we have

t C [ G(s)
F*(1) < 2CG* (—) =
) 2 +10g2 t

ds, Vt>0.

LEMMA 3. (Hardy’s inequality) [5] If 1 < g < oo, r >0 and f is a non-negative
Sunction defined on (0,c0), then

(7 ([ sa)'s ‘”) <([ sy ‘f)

THEOREM 1. Let 0 < p < oo, 1 < g < oo. Then for any martingale f = (fn)n>0
we have

I SCH) p.a=ll M(f) llp.g - 3)

Proof. Tt follows from (2.1) in Lemma 2.1., Lemma 2.2. and 2.3. that

156 oo = ([ S0’

t

co( ([ (urr (5))' %)
([ (a2

=ClIM(f) llpg -

For the converse, we can prove || M(f) ||p4<C || S(f) ||p,¢ in a similar way. O

REMARK 1. If p=g¢g and 1 < p < oo in (3), we obtain the famous Burkholder-
Gundy-Davis inequality in classical martingale H? theory.

COROLLARY 1. For 0 < p <o, 1 <q <o, we have Hy , = H; .
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