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PRODUCTS OF NONCOMMUTATIVE
CALDERON-LOZANOVSKII SPACES

YAZHOU HAN

(Communicated by L. Maligranda)

Abstract. Let ./ be a semifinite von Neumann algebra with a normal semifinite faithful trace
7. We show that the noncommutative Calderén-Lozanovskii spaces Eq(.#) can be written in
the form Ey(.#) = Eg, (M )-Eg, (A ), if at least one of the following conditions holds:

(1) (pl’l(pz’l ~ ¢! for all arguments,
(ii) q)l’l(p{ U~ ¢! for large arguments and . < E(.#),
(iii) (pl’l(pz’l ~ @~ for small arguments and E(.#) — A .

Here Ey, (.4 )-Eq, (.#') denote the product of the noncommutative Calderén-Lozanovskii spaces
Ey (M) and Ey, (A).

1. Introduction

A function @ : [0,00) — [0,e0] is said to be a Young function if ¢ is convex, non-
decreasing with @(0) = 0. For any Young function ¢ and any symmetric function
space (E,|-||g), we define the Calderén-Lozanovskii space E, by

Eo={f€Ly:p(A|f|]) €E for someA >0}.

For every f € E, the following functional is finite

7o =int{2>0:pg(£) <1},
where

lo(lfDlle,  if o(f]) €E,

oo, otherwise.

Po(f) = (L.1)
If E is a symmetric function space with the Fatou property and ¢ is a Young function,
then (Ey, ||-|lp) is a symmetric function space and then E,, is a special case of a general
Calder6n-Lozanovskii construction W(E,F) (see [8, 14]), where E is a symmetric
function space and F =L~. If E = L', then E, is the classical Orlicz space L?
equipped with the Luxemburg-Nakano norm. If E is a Lorentz space Ay, then Ey is
the Orlicz-Lorentz space Ay o, equipped with the Luxemburg-Nakano norm. Recently,
P. Kolwicz, K. Lesnik, L. Maligranda [10] proved that Ey = Eg, - Ey, , if at least one of
the following conditions holds:
Mathematics subject classification (2010): 46L52, 46L.51, 471L.25.
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ucts.
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(i) ¢, 'o; ' ~ ¢! forall arguments,
(i) @; '@, ~ ¢! for large arguments and L* — E,
(i) ¢; '@y '~ ¢! for small arguments and E — L*.

Here we define noncommutative Calderén-Lozanovskii space by E(.#) = {x €
Lo(# ) : u(x) € Ep}. The main result of this paper is the noncommutative analogue of
the product spaces of the classical Calderén-Lozanovskif spaces.

The paper is organized as follows: Section 2 consists of some preliminaries and
notations, including the noncommutative Calderén-Lozanovskil spaces and their el-
ementary properties. Section 3 presents some results about M(Ey, (.4 ),Ey(.#)). In
Section 4 we deal with the product space of the noncommutative Calderén-Lozanovskii
spaces. Section 5 is devoted to the normability of the product space Eq, (% )-Eq, ().

2. Preliminaries

In this section, we gather some of the elements of noncommutative integration in
semifinite von Neumann algebras and Banach function spaces. Our main references
are [1, 13, 19, 21]. Let (Q,X,v) be a complete o -finite measure space and Lo (€2)
be the space of all classes of v-measurable real-valued functions defined on Q. Let
f € Ly(Q). Recall that the distribution function of f is defined as

de(s) =v({reQ:|f(r)] >s}), s>0
and its nonincreasing rearrangement is defined as
fr@)=inf{s > 0:ds(s) <t}, 1>0.

A (quasi-)Banach space E = (E,|| - ||g) is said to be a (quasi-)Banach ideal space on
Q if E is a linear subspace of Ly(€2) and satisfies the so-called ideal property, which
means thatif f € E, g € Ly(Q) and [g(r)| < |f(¢)] for v-almostall 7 € Q, then g € E
and ||g|l|lz < ||f]le. We will also assume that a (quasi-)Banach ideal space on Q is
saturated, i.e., every A € £ with v(A) > 0 has a subset B € X of finite positive measure
for which yp € E. The last statement is equivalent with the existence of a weak unit,
i.e.,anelement f € E such that f(r) > 0 for each r € Q. If the measure space (Q,Z,V)
is non-atomic we shall speak about (quasi-)Banach function space.

By a symmetric function space on I, where I = (0, 1) or (0,) with the Lebesgue
measure m, we mean a Banach ideal space E = (E, || - ||g) with the additional property
that for any two equimeasurable functions f ~ g, f,g € Lo(I) (that is, they have the
same distribution functions df(t) = d,(t), 1 >0)and f € E wehave g € E and ||f||r =
lglle - In particular, ||f||z = ||/*||z. A symmetric function space E on [ is said to have
the Fatou property if 0 < f,, € E, f, Tn f € Lo(I) and sup,, || fu||g < e imply that f € E
and || fu|le Tn || f]|£ - For any 0 < s < oo, we define the dilation operator Dy on Ly(0, o)
by

Ds(f)(t)=f<§>7 0<1t<oo.
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Similarly, the dilation operator D on Ly(0, 1) is defined by setting

f(£), t<min{l,s},

. 2.1
0, otherwise.

QW@Z{

If E is a symmetric function space on I, then D; is a bounded linear operator.

For two ideal (quasi-)Banach spaces E and F on I the symbol E < F means
that the embedding E C F is continuous and ||f||r < C||f]|g forall f € E. In the case
when the embedding E <€ F holds with some (unknown) constant C > 0 we simply
write E < F. Moreover, E = F(E = F) means that the spaces are the same and the
(quasi-)norms are equivalent (equal).

Any non-trivial symmetric function space E on I (i.e., E # 0) is an intermediate
space between the spaces L' (I) and L=(I). More precisely,

LY()NL(1) — E — L' (I) + L=(I).

A symmetric function space E on I has the majorant property if for all f € Ly(I), g €
E, the condition [; f*(t)dt < [{g*(t)dt, t € I implies that f € E and ||f||z < |lglle-
Every symmetric function space with the Fatou property have the majorant property.
More information about symmetric spaces on / can be found in [1, 13, 9].

A function @ : [0,00) — [0,e0] is said to be a Young function if ¢ is convex, non-
decreasing with ¢(0) = 0. We suppose that ¢ is neither identically zero nor identically
infinity on (0,e0).

For any Young function ¢ and any symmetric function spaces (E,|| - ||g), we
define the Calderén-Lozanovskii space E, by

Ep={f€Ly: o(A|f]) €E for some A >0},

which is a symmetric function space on I with the so called Luxemburg-Nakano norm
defined by

I7llp =int{2>0:pg(£) <1},

where py(-) is the same as (2.1). We refer to [8, 9, 10, 14] for details on the Calderén-
Lozanovskil space.

Throughout the present paper, .# C %( ) will denote a von Neumann algebra
on some Hilbert space %, that is, .# is an *-subalgebra of %(.%) containing 1
that is closed for the weak operator topology. A trace T on the von Neumann algebra
M isamap T:.#" — [0,50] which is additive, positively homogeneous and unitarily
invariant, that is, 7(x) = t(u*xu) for all a € .# ™" and unitary operators u € .# , where
MY ={x€.M:x>0}. Atrace T: .4 — [0, is called

(i) faithful if for all x € .# ™, t(x) =0 implies that x = 0;

(ii) semifinite if for every x € . with 7(x) > 0, there exists 0 <y < x such that
0<1(y) < oo

(iii) normalif x; T; x in . implies that 0 < 7(x;) 1; T(x).
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A von Neumann algebra .# equipped with a faithful, normal semifinite trace is said
to be a semifinite von Neumann algebra. In what follows, .# shall always denote
a semifinite von Neumann algebra, equipped with a fixed faithful, normal, semifinite
trace T.

We denote the projection lattice of .# by P(.#). A closed densely defined lin-
ear operator x in J# with domain D(x) is said to be affiliated with .# if and only
if u*xu = x for all unitary operators u which belong to the commutant of .Z . When
x is affiliated with .#, x is said to be 7-measurable if for every € > 0 there ex-
ists e € P(.#) such that e(%#) C D(x) and t(e') < & (where for any projection
e, we let e =1 —¢). The set of all T-measurable operators will be denoted by
Lo(.#). The set Lo(.#) is an x-algebra with sum and product being the respective
closure of the algebraic sum and product. The measure topology in Ly(.#) is the
vector space topology defined via the neighbourhood base {V (g,8) : €,6 > 0}, where
V(e,8) ={x € Lo(A): T(e(e)(|x])) < &} and e(e .y (|x]) is the spectral projection of
|x| associated with the interval (€,o0). With respect to the measure topology, Lo(.#)
is a complete topological *-algebra.

For x € Lo(.#') we define

A (x) = T(e e (X)) and  u(x) =inf{s > 0: As(x) <1},

where e(; ) (|x]) is the spectral projection of |x| associated with the interval (z,0). The
function r — A (x) is called the distribution function of x and 7 — (x) is the gener-
alized singular number of x. We will denote simply by A(x) and p(x) the functions
t — A (x) and r — u;(x), respectively (cf. [6]).

Let E be a symmetric function space on /. We define

E(M)={xeLo(A): u(x) € E},

ey = )&

Then the noncommutative symmetric function space (E(.#),|| - [|g(.4)) is a Banach
space (cf. [4, 18]). As usual, we put L”(.#) = .# and denote by |- || the usual
operator norm.

In particular, we define the noncommutative Calderén-Lozanovskii space E(.#)
(¢ is a Young function) by

Eo( ) ={x € Lo(M) : u(x) € Ey},

where the functional || - ||y on E¢(.#) is defined by [|x|p = [[t(x)[|g,. That is we
define the noncommutative Calderén-Lozanovskii space E,(.#) by

Eo(M)={x€Lo(A): o(u(Ax)) € E for some A >0},

which is a noncommutative symmetric function space with the so called Luxemburg-
Nakano norm defined by

Ixllo = inf{/l ~0: pf,,(%) < 1}7
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where p%, (x) := py(1(x)).
Let E and F be two symmetric function spaces on I with norms || - ||z and || - ||,
respectively. The space of pointwise multipliers is defined as follows:

M(E,F)={f€Ly(I): fgeFforallgec E}

and M(E,F) is a Banach space with the norm || f||yz r) = sup{[|fgllF : llglle < 1}
(cf. [16]).

Pointwise multipliers between Calderén-Lozanovskii spaces as well as between
some other Banach ideal spaces were investigated by several authors, see [9, 10, 12, 16,
15]. A plausible definition of noncommutative pointwise multipliers space is defined
as follows:

DEFINITION 1. Let E and F be two symmetric function spaces on /. Then
E(#) and F(.#) are two noncommutative symmetric function spaces. We define
noncommutative pointwise multipliers space M(E(.#),F (.#)) by

M(E(AM),F(M))={xe€Lo(M): xyc F(M) forevery yc E(MH)}.
We define a functional || - ||, on M(E(.#),F(.#)) by
1|l = sup{llxyllp(ry = ¥ € E(A), [YllECar) < 1}

We define the right-continuous inverse ¢! of @ as ¢! (¢) =inf{s >0: ¢(s) >1}
for 1 € [0,00) with ¢~ !(e0) = lim;_.co 91 (¢). We write ay, = sup{t >0, ¢(t) = 0} and
by =sup{t > 0,¢(r) <o}, then 0 <ay < by <o and ay < oo, by > 0, since a Young
function is neither identically zero nor identically infinity on (0,eo).

Throughout this paper we assume that a, # by. We write ¢(by) = lims_% o(s)
if by < o and write ¢ > 0 when ay, =0 and ¢ < e if by = eo. The function ¢ is
continuous and nondecreasing on [0,b,,) and strictly increasing on [ag,by). It follows
that @(ay) =0 and

(1) If ¢ € 27, then ¢! is continuous on [0,) and

aq) if t :07
o '(t)={s, if 1€(0,0), and 1= @(s) where s € (ag,0),
oo, if t = oo,

)

(2) If ¢ € %, then ¢! is continuous on [0,) and

a(p lf 1= O,
o '(t)={s, if 1€(0,), and r = @(s) where s€ (agp,bgp),
by, if t=co.
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(3) If @ € %3, then ¢! is continuous on [0,0) and

ap if 1=0,
o '(t)=1s, if 1€(0,0(by)), and t = @(s) where s € (ag,by),
b, if 1= @(by),

where the set of Young functions %;, i = 1,2,3 are defined by

:{(P:b¢:°°}7
Dy ={¢ by <eoand @(by) =},
% ={@:by <ooand @(by) < oo}.

Further details can be found in [9, 11]. Next, we will use the following relation between
Young functions: we say y; < y» for all arguments [for large arguments] (for small
arguments) means that there exists a constant ¢ > 0 [there exists a constant ¢ > 0,
to > 0] (there exists a constant ¢ > 0, 7y > 0) such that the inequality v (7) < cyn ()
holds for all # > 0 [forall 7 > #y] (for all 0 <t < 1), respectively.

Let x € Lo(.#). Recall that any Young function ¢ is continuous and nondecreas-
ing on [0,by). If by = oo, then for any s > 0, we always have @(1|x|) € Lo(.#)
and u((p(%|x|)) = (p(%,u(\x\)) If by < oo, we can always give meaning to @(i(x)).
However ¢(|x|) may not even exist as an element of Lo(.#). Let x € Lo(.#) with
o(|x]) € Lo(A#). Tt follows from Lemma 2.1 of [11] that u(¢(|x|)) = @(u(|x])). On
the other hand, if @ € % U% U%;, then ¢! is continuous and nondecreasing on
[0,50). Applying Lemma 2.5 (iv) of [6] we get @~ !(|x|) € Lo(.#) and u(e~'(|x])) =
o~ (u(lx)).

PROPOSITION 1. Let (E,||-||g) be a symmetric function space on I with Fatou
property and let ¢ be a Young function. Then the following properties are satisfied:

() If ec P(4) and t(e) < oo, then e € Ey(. ).
(ii) If x € E¢(.A), then pff//(x) < 1ifandonly if ||x||p < 1

(iii) The space (Eo(A),| - |l¢) is a noncommutative symmetric function space with
Fatou property.
Proof. (i): Since pi(e) = x(0,z(c)) and 0 < ap < by < oo, there exists Ag € (0,0),
such that (p(“(e)) = (p(%)x(o’f(e)) < oo. Thus, the result follows from g 7(.)) € E and
T(e) <ee.

(if): Let x,y € Eg(.#) and ac+ B =1 with o >0, B > 0. By Theorem 4.4 of
[6], we have

/ QD .us le—l—ﬁy / (P Uy ax)—l—;,ts(ﬁy))
< [ wplut )+ Bouy)ds, >0,
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Since E is a symmetric function space with the Fatou property, then £ have the majo-
rant property. This tells us that

pYy(ox+By) = ll@(us(oex+By) e < [l ot (s (x)) + Bo(uts (v)]|
< ollo(us()le+Bllous)lle = apf (x)+BpY ().

Thus, the result follows immediately from Lemma 2.2 of [8] and the definition of p,(f/[(-)
and [|- ¢

(iit): Since Eg, is a symmetric function space, Theorem 4.5 of [4] shows that
Ey(.#) is a noncommutative symmetric function space. On the other hand, the Fa-
tou property follows immediately from Lemma 2.2 of [8] and Proposition 1.7 of [5].
Indeed, if 0 <x, T x € Lo(.#) with sup, ||x,|l¢ < e, then by Proposition 1.7 of [5],
we have pi(x,) T p(x) and sup, [[1(xn)||E, < e°. On the other hand, it follows from
Lemma 2.2 of [8] that E, have the Fatou property. This tells us that u(x) € E, and
1) g T 11 (x)][Ey - Thatis x € Eg(.#) and [xullo T x]lp. O

A similar discussion to the proof of Proposition 2.2 of [11], leads to the following
proposition.

PROPOSITION 2. Let (E,||-||g) be a symmetric function space on (0,7(1)) with
Fatou property and let @ be a Young function and x € Lo(#). Then there exists some
o > 0 such that py(opi(x)) < eo if and only if there exists some B > 0 such that

@(Blx|) € Lo(A) and ||@(B|x])|[g(.z) < . Moreover,
1
(p(E‘XDHE(.///) S 1}'

Proof. The validity of this result for the case by = oo follows from Lemma 2.1 of
[11]. Hence let by < oo. If now there exists > 0 such that ¢(B|x|) € Lo(.#), then
it follows from Lemma 2.1 of [11] that [[@(B|x|)||z(.z) = |@(Bu(x))||£ . This implies
that py(Bu(x)) < e. Conversely, suppose that py(ctpt(x)) < oo for some o > 0. If
for some 1) > 0 we had oy, (x) > by, then ot (x) = opy, (x) > by forall 0 <1 <1,
which would force

1), =inf {5 > 0: 9(S1x]) € Lo(2),

o (o (x)lE = @ (0t (x)) X010 lE = [l0X[0,10) [|IE = o

Thus we must have oy (x) < by, t > 0. This means that

o x| = lim g (x) < by,

% |x|) € A C Lo(A'). By Lemma

So in this case we clearly have that x € . with ¢ (135

2.1 of [11], we have

lo(72m)],..,, = o (250D |, < lotanth)le <=
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To see the second claim, observe that the Lemma 2.1 of [11] ensures that

o) <1} o> 0: [o ()], <1}

R
Hence

()|, =inf{s >0: H(Pe,u(\x\» H < 1}

<inf{s>0:(p<%|x|>eL0( ),

o(# )], <1}

To see that equality holds, let € > 0 be given, and select sy > 0 so that

By <50< (1)), and [o(5-n0)],

It follows from the above case that

o(fra ) € o) bl <o) <

Thus

o(51)||,py <1} <0+ < (14 P W ey

N

int {50 (p<§|x|> € Lo(at),

Since € > 0 was arbitrary, we have

0 (L) ey < 1} < ) ey

) 1
mf{s >0: (p(;\x\) € Ly(A),
This implies the desired result. [J
PROPOSITION 3. Let E,E|,E, and F,Fi,F, be symmetric function spaces.
() If xe M(E(A),F(A)), then |x| € M(E(A),F(A)) and ||x||.4 = |||x||.-
(i1)
[x]l.z = sup{|lxyl| () : O <y € E(A)|YE(.r) < 1}
=sup{|[xyllp(.z): 0 <y EE(A),|ylg(w) = 1}
(i) If 0 <x <z and x,z € M(E(H),F (), then ||x||.z < lz||.z-
(iv) If M(E,F) # {0} and e € P(.#) with T(e) < e, then
e EM(E(M),F(AMA)).

(V) If limy_eo tt(x) = O holds for all x € M(E(A),F(#)), then the injection
M(E(AM),F(M)) — Lo(A) is continuous.
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Proof. (i): Let x = u|x| be the polar decomposition of x and let y € E(.#') with
1]l £(.z) < 1. It follows that

ey llemy = Nulxyllreny < X Fea)

11Xyl Fay = Xyl F iy < 9] ECa)-
Hence |x| € M(E(4),F(#)) and |[x[|.z = [[|x]]|.-
(ii): Let y € E() with [|y||gz) < 1 and let y = v[y| be the polar decomp051-
tion of y. Therefore, 1(xy) = (il Iv) < 1 (xly*]) and so [1yllry < el
Combining this with |y*| > 0, we have

Xl < sup{|lxyllrim) : 0 <y € E(A) IV ECar) < 1},
which implies that ||x|| , = sup{||xy||p(//,) :0<y € E(AM),||y|g.ny <1} On the
other hand, by a simple computation, we derive
sup{[lxyll (e - 0 <y € E(A), ”yHE(//l) <1}
= sup{[lxyllra) : 0 <y € E(A), ¥l par) =1}

(iii): If 0 <x < z, then there exists u € .# with ||u|| < 1 such that x = uz. Thus,
U(xy) = p(uzy) < pu(zy) and therefore, (iii) holds.
(iv): Let e € P(.#) with T(e) < eo. By Proposition 2.3 of [9] and the fact
M(E,F) # {0}, we get x(o.7(c)) € M(E,F). By Lemma 2.5 of [6], we obtain

1 (ey) < pg (e)ps (v) = Dot (€)1 (v)) = D2 (Xjo,z(e)) (1)Mi (¥)),y € E(A ).

Consequently,

llell. = sup{l|u(ey)llF :y € E(A), Iy p(wy < 1}
< ID2llr—r sup{ (V) xjo.z(e) llF = 1 (y) € E, [|(p)][e < 1}
< || D2llr—rF sup{[lfX(0,z(c) ||F FEE|fle<1}
= [1D2llF—F 1 210,7(e)) lma(E.F) < o2
Thatis e € M(E(#),F(A)).

(v): A similar discussion to the proof of Theorem 7.1 of [18] shows that (v)
holds. Indeed, for x € M(E(.#),F(.#)) with ||x|| , < L. Let x = ulx| be the polar
decomposition of x and |x| = [;°Ade; be the spectral decomposition of |x|. Then
|x| admits the Schmidt decomposition |x| = [q” i (x)de; , where ¢ = e, (o, t >0
and eg_o = 1 [cf. [17]]. Given & > 0, it is easy to see that u,(x) > s (x)x[g 5)

7
thus |x| =[5 w (x)de; > ug(x)g, where g = f(;x’x[é 5)da" It is clear that 7(g) < oo,
7
which means that g € M(E(.#),F(.#)). Hence, ||x||.» = |||x||l.# = ts(x)|lgll.» and
gl = us(x), which complete the proof. [

PROPOSITION 4. Let E(#) and F(.#) be two noncommutative symmetric
Sfunction spaces. If limy_ iy (x) = 0 holds for all x € M(E(),F(A#)), then
M(E(A),F(#)) is a Banach space with the norm

Il = sup{llxyll (i) v € E(A), Y]l () < 13-
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Proof. Ttis clear that || - ||, is subadditive, homogenous and positive. If ||x||., =
1%l = 0, then [[xyl| () = [[[]¥ll () = O for every y € E(#) with [|y]lg.z) <
L. Thatis |lxy[lr(.z) = [[[X[yllp.z) = O for every y € E(#). Let e(#m)(\x\) be

the spectral projection of \x\ associated with the interval (%,oo), n=1,2,---. Since
T(e( (|x|)) » then e (1 (|x|) € E(#), and so |x|e(l_m)(\x\) =0,n=1,2,---.
Since |x|e (\x\) |x] 1n the measure topology, we have |x| =0, i.e., x = 0. The

proof of Theorem 8.11 of [7] shows that it is sufficient to prove the noncommutative
form of the Riesz-Fischer theorem, i.e., we have an estimate

||Zx"H// ZH'XHH//’XV!/ ) n:1a2a3"'a

whenever the right-hand side is finite. Let Y, [|x.]|.# < oo, then X~ | x, converges
in Ly(.#) to some x. Indeed, set z, = X}, x¢, it is clear that {za};_; is a Cauchy
sequence in M(E(.#),F(.)), then by (v) of Proposition 3, {z,};r_, converges in
Lo(A) to some x. Note that Y~ [|[xuy]|.z < Xy |%nll.r < oo and

1 ey = 1| 2 2yl ey < 2 Xyl
n=1 n=1 n=1
< X rallr <o
n=1

hold for each y € E(#) with ||y||g(.4) < 1. Thus 37 x, € M(E(.#),F(.#)) and
| X1l < Xy [nllsr <o O

PROPOSITION 5. Let E(.#') # {0} be a noncommutative symmetric function space,
then

M(E(M),E(M)) =M, MMEM)) =E(M).

Proof. 1tis clearthat . C M(E(#),E(#)) and ||xy||g.z) < IVll£(.a) |IX]] hold
for x € A4 and y € E(#). Moreover, ||x||.z < ||x||,x € 4. Conversely, let x €
M(E(A),E(#)) and x & .4 , then the projection e, = €, (,,1y3)(|x]) has positive
trace for infinitely many n € N*. Without loss of generality, we suppose that 0 <
T(en) < oo forall n € N*. We put a, = ||ea||g(.z), n€NT and y =37 1n2 e,. Then
y€E(A). Since

lxyenl|£.n

||y€n||E(l///) =n

Xyl e(.a) =
zZn

holds for all n € N*, we have x ¢ M(E(.#),E(.#)). This implies that

M D ME(M),E(M)).
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On the other hand, for x € M(E(#),E(.#)) C ./ and 0 < A9 < ||x[|, we put y; =

€(2g. <) (1X1) _
Tero 1) MTeca) €E(A), then ||y llg.n) =1 and

€2, (1) H

bvaglecay = |
R REC) = 1M le o e (XD T

s 210, 0< 2o < |lx],
which implies that ||x||., > ||x||. Therefore, M(E(#),E(#)) = . .

Let x € M(# ,E(.#)) and x = u|x| be the polar decomposition of x. Note
that x = xuu® and uu™ € ./ , by a simple computation, we derive M(.Z ,E(.#)) =
E(#). O

We put M(E(.#)

)F

noted by E(.#)F(#)
E(//)F(///)F(///).

, ( )) = E(#)F4) . The spaces (E(.)F#))F(A) is de-
(#) | Here we say that E(.#) is F(.#)-perfect, if E(.#) =

PROPOSITION 6. Let E, Ey, E», F, Fi, F, be symmetric function spaces.
() E(A)—"E(att)FAFA),
(i) If E\(A) —" Ey(M), then M(Ey(M),F(M)) —' M(E|(A),F(H)).
(iit) If Fi (M) ="' B(M), then M(E(A),Fy (M) —' M(E(M),F>(A)).
(V) E()FA) = E(pfFAFAFA),
(v) If F,E, C Ly, then

M(Eo(M),Er (M) =" M(E\ ()" Eo(///)F )
= M(Eo(t)FPE) By ()T A,

(i) E() =" E\()FA) if and only if Ey\ (M) <" E(t)FA),
(vii) If F,Fy C Ly and F(#) is Fy (A ) -perfect, then E(4)F7) is Fi(.#)-perfect.

Proof. (i): Let y € M(E(.#),F(.#)) and y = uly| be the polar decomposi-
tion of y. Then yx € F(.#) holds for all x € E(.#). Thus u(|ylx) = p(u*yx) <
U(yx) € F holds for all x € E(.#). This implies that |y| € M(E(.#),F(.#)). For
every x € E(.#), it is clear that u*x € E(.#). Thus pu(y*x) = u(|ylu*x) € F holds
forall x € E(#). Thatis y* € M(E(.#),F(.#)). Moreover, we have Rey, Imy €
M(E(#),F(#)). Since x € E(#), it is clear that Rex, Imx € E(.#). Hence,
ReyRex, ReyImx, ImyRex, Imy Imx € F(.#). By Corollary 3.6 of [3], we deduce
Rex Rey, ImxRey, Rex Imy, ImxImy € F(.#). Since

Hs (xy) < Da(tt;(Rex Rey) + p (Imx Rey) + i (Rex Imy) + 1, (Imx Imy))
and Dy is bounded on F, we get xy € F(.#). Therefore,
E(AM) S MM(E(A),F(AM)),F(A)).
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Letyc E(#)CMM(E(A),F(A)),F(#)). By Corollary 3.6 of [3] and Proposi-
tion 3, we have

Il £ rcarecay = 1V g(pyrearrca
= sup{|||ylxllr(.z) : O < x € M(E(A),F (M), ||x]l.c = 1}

0<x€ME(M),F(A)), 0<z€E(H), }

<s :
“p{”'y"‘”F<=”> Ixellroa = leallree < el

< vllecw)

(ii) and (iii) follow from the definition of ||- || 4. (iv) follows immediately from
(i) and (if).

(v): Let x € M(Eo(#),E|(A#)). Then xz € E{(.#) holds for all z € Eo(.4).
Therefore, for every y € M(E\(#),F(#)), we have yxz € F(.#). A similar dis-
cussion to the proof of (i) shows that zx € E|(.#') holds for all z € Ey(.#), and so
yzx € F(.#). This implies that |yz|x € F(.#'). Moreover, (yz)*x € F(.#). A simi-
lar discussion to the proof of (i) shows that xyz € F(.#). That is xy € Eo(.4 )4,
ie., xe M(E\ () ) Eo(tt)F#)) . Since F,E, C L|, we have F(.#), E\(.#) C
Ly(#). Thus, by Lemma 2 of [2], we have

Pellaace, caryren oy = 1M lage, e </ff>,Eo<.///)F<ﬂ>>
= sup{|[x[yll gy <0 <y € EX(A) )V gy gy = 1}

0<y € E(A) ) |llg, (gyrem =1,
<SUP{|||X|YZ||F(,///) 0<ze Eol). |l n ‘_1
’ 0
0<y € E(A) ) |llg, (e =1,
=Sup{||Z|X|Y||F(,/z> 0<ze Eolt). |l n ‘_1
J o
< sup{||xlzll g, (.n) : 0 < z € Eo(A), |zl gy ) = 1}

= Hx||M(E0(.///),E1(.///))~

This completes the proof.
(vi): A similar discussion to the proof of (i) shows that E(.#) C E, (.4 )7 if
and only if Ey(.4) C E(A )" 7) I ||x]| g p) > X1, (_sr)ra) » then we have

IV Cayrem = NI g aryrem
= sup{IIIyIXIIF(,/m 10<x e E(A), |Ixlpa <1}
<sup{|[[ylxllree) - 0 <x € E(A),0 <z € Ex(A), |52l pary < N2l ()
<l cay = I91lE, o) -

Similarly, it |[yl|g,.z) = [¥llg(gyrn» we have |[xllgiz) 2 (Xl (gprer) and the
proof is complete.
(vii): By (i) we have

E(.//)F(///) 1 E(%)F(//)Fl(//)ﬂ(//)
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Let F(.#) = F(.)"(#)F(A) By (i) and (v), we obtain
E(M) =" E(t)FAEA) Y M(E () ARARA) B g\ FAEA)
:M(E({/%)F(///)Fl('///)Fl('///)7F('%)).

Thus, by (vi), we obtain E(.Z)F AR ARA) 1 B (g )F(2) Tt follows that
E (M) FORAE(A) — E( g/ )F(#) and the proof is complete. [

By Proposition 5 and Proposition 6, we obtain the following corollary.

COROLLARY 1. Let E,F be symmetric function spaces.

(i) E(#) and M are E(.H)-perfect spaces.

(ii) E()Ft7 F(A) ifand only if M —" E(t)FAFA)

(iii) F() ! E( YECA) if and only if E (.4 )FCAFA) 1 gy

(v) E(M)F A SVE (A ) ifand only if E(#) —' F(A) if and only if A —'
( )F ///

) F(A) W) —! E( )F(.///)F(r///) if and only ifE(Q///)F('///) ' y.

Proof. The same proof as of Corollary 1 of Maligranda and Persson [16] works. [

EXAMPLE 1.
(i) Let 1 < p<r < and .#Z be a semifinite von Neumann algebra. Then
M(LP(A), L' (A)) = {0}

Indeed, suppose that there exists x € M(L? (.4 ),L"(.#)) and x # 0. Then there
exists a projection e € P(.#) such that ex = xe and 0 < 7(e) < oo. Let ¢, =
e n](|exe|), n=1,2,3---. Hence, ¢, | e and 7(e,) > 0 for n > ny. Moreover,

if ye LP(ep# ey), then |yle, € LP(.#') and

i (Lven) < (Hivlen) = ((vlen) 3 (vlen) )

((Iylen) 2 enren| ([y]en)?)
(enxen(|ylen)) < p(x[ylen).

NN

u
u
It follows that ye, € L"(.#) and so y € L"(e,.#e,). Thus, L' (e, #e,) D

LP(ep#en), T(e,) > 0. But, the embedding cannot holds even in the classical
case. This contradiction implies that M(LP (. ),L"(.#')) = {0}.

(ii) Let 1 <p<r<eowith ;=7 —
Then

% and .# be a semifinite von Neumann algebra.

M(LP (M), L (M) = L4 ().
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3. Multipliers of noncommutative Calderon-Lozanovskii spaces

LEMMA 1. Let o € 21 U%, andxzzgzlckek, where ey € P(M), eiLlej, i j

and t(ex) < eo. Then 'y () = Po (i) = I
Proof. Let x = sz=1 cey . It is clear that |x| = 2’: | lck|ex . Without loss of gener-

ality, we suppose |ci| > |c2| > --- > |en|. Let dj = Zizl T(ex), 1 <j< N and dy=0.
Then

N
p(x) = (lx]) = le1] X dgay) + > \Cj\l[dj,l,d,y
=2

Hence, the result follows immediately from Lemma 5.1 of [9] and pff/[ (x) =po(u(x)).

THEOREM 1. Let E be a symmetric function space with Fatou property and @,
@1, @2 be Young functions. Assume also that at least one of the following conditions
holds:

i) o, oy < @7 for all arguments,

(ii) qol_l(pz_1 < @~ ! forlarge arguments and M — E(M),
(i) ¢; '@y < @~ for small arguments and E(M) — M .
Then Eg,(M ) — M(Ep, (M), Eo(A)).

Proof. (i).Letx € Egy () and y € Ey, (), then l(x) € Ey, and u(y) € Eg, .
Since Dy : Ey, — Eg, and D, : Ey, — E,, are bounded, then D> (u;(x)) € Ep, and
D (u;(y)) € Eg, . By Theorem 4.1 of [9], we have D> (1 (x))D2(u(y)) € Eq . It follows
from Lemma 2.5 of [6] that

e (yx) < i () (v) = Da (s (x)) D2 (14 ()

2

and so u(yx) € Ey, i.e., yx € Ey(.# ). Therefore, by Theorem 4.1 of [9], we deduce

192l £y () = 1 (2) | 2y < €l D2l g, —Ep, D21l 2, —Eq, [1X ]|y, () Y]] £gy () (B-1)

where the constant ¢ is taken from the proof of Theorem 4.1 in [9]. From inequality
(3.1) we obtain
¥l = sup{[lyxllg - llxllp; < 1} <Allyllgy, (3-2)
where A = C||D2||E<p1 _’E(Pl HDzHE(PZ_;E<p2 .
On the other hand, the fact .# — E(.#) and E(.#) — .# imply L” — E and
E — L=, respectively. Thus, a similar discussion to the proof of the case (i) shows that
the inequality (3.2) holds for the case (ii) and (iii). This completes the proof. [

The idea of the proof of the following theorem is taken from Theorem 5.2 of [9]
and Theorem 1 of [15].
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THEOREM 2. Let E be a symmetric function space with Fatou property and @,
@1, @2 be Young functions with by, = by, = by. Assume also that at least one of the
following conditions holds:
(1) (pl_l(pz_1 = @~ for all arguments,
(i) @ 'o," = @~ forlarge arguments and M — E(M),
(iii) qol_l(pz_1 = @~ for small arguments and E(M) — M .
Then M(Eqg (M ),E¢(M)) — Eg,(M).

Proof. (i): Let @,y € #1U%5 and let

X=7_|ckek, cx €C,
xeEK=<x:
e € P(M),exLej, if k# j,t(ex) <eo, jik=1,2,---,n

with x # 0. Since M(Ey, (4 ),Eo(.#)) and Ey,(.#) are Banach spaces, then x €

M(Eg, (M ),Eg(#)) and x € Eq,(.#). By Lemma 3.1, we have pq’z(ux\(\ Dy =,
Thus HH < by, . Indeed, let by, < oo. If for some 7 > 0 we had m( Y b, , then
) gl by, forall 0 <1 < 19, which would force

[ HXH

¢ (“t (x) ) > Py, (”t ();)2 X(o,t0]>  pos(eT0) = =

531 [l

e (x) Xl _ M (x)
Thus we have £ B < by, , t > 0. This means that ‘ H - hmHO ey Kby, If by, =

A

[lx]
o, we clearly have that 7~ Top < by, . Therefore, W < by, . Let x| = [y Adey (|x])

be the spectral decomposmon of |x| and let

y= <P2< ai )eLo(///)+

[E3|rs

and
- |«
=9 (‘Pz (IIx@ €l gy, ) (131) € Lo(-2) ™

Lemma 3.1 of [9] and the Borel functional calculus tell us that ¢;(z) <y and pff/} (z) <
x|

p? (HXan ) < 1. This means that ||z]lo, <1 and zx € Ey(.#). The assumption (i)
M )
implies that there exists a constant ¢ > 0 such that

o (1) <co ' (1)py () forall 1> 0.
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Combining this and the fact

¢ (C‘Pll (‘Pz (#@)) %[x%a%m(f)#%)
e o)) o (i
>0 <<P1 <<P2 (h))) Xll1xll g gy 1x1) (£)

=@ <L> X (t)
%[0, [[[x[l gy @y [Ix[) \E)-

On the other hand, if 0 <7 < ||x[|g,aq, , then @a( HX\t\

< by, with Lemma 3.1 of [9], we obtain

2

. t to
PO\l ) ) Hiten b O ) =
Therefore,

¢ (“"f 1 ("’2 (ﬁ)) Kl ) ’xﬂw) e (ﬁ)

holds for 0 < ¢ < ||x||. Thus, by the Borel functional calculus, we deduce

( x| )_ ( X>> <X>_

(p Cclz - (p (&4 = (P2 =y
[E41PS x|, (x|,

Since

o (1 (tegiet)) = (o (o)) = (o (i)
= (C“ (ZTWTMZ) ) -7 (C“( ; |:z 9 )
(e

we have pf//(cz“xﬁ%) p///(csz‘H‘z) From Lemma 1, we infer

2% (i) = o (i) ey > e
=l (i) e =% (1) =

Therefore, |x|.z > [lzx|l¢ = L|x|lg,. Let x € M(Ey (A),Eg(#)) and |x| =
J

Jo Ade; (|x|) be the spectral decomposition of |x|. Let fi(r) = Z, Y 2,11 Xist - then

2_7 m

[N]
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0< fr(t) < fiz1(r) <. Ttis clear that 0 < fk(t)x[%7m) < fir1(Ox XL ) S 1. We write

n2"

= fa(lxl)eqs o) (Ixl) = Z JTZL(I'XD) 1y (1X1)-

It follows that x, < x,+1 < |x|, n=1,2,3--- and

b (x—00) < (e 1)+ (el (1x1) =) + (e (1)

1 1
S o o+ H D (0.2(ep 0 (1)

From Proposition 21 of [Chapter I, [21]], we have T(e[,.)(|x[)) — 0 as n — oo, and
SO U3z (x —x,) — 0 as n — oo. From [Lemma 3.1, Lemma 2.5 and Lemma 3.4 of [6]]
we deduce o 1 x| in the measure topology and u(x,) T i (x). Itis clear that ||x||_z >
1%n]|.2 = L||xall g, . The Fatou property of Eq(.#) tells us that |lx||.z > Lx]q,

If @ or ¢ is in %5, we consider only the case that both ¢ and ¢, are in %3,
since other cases are similar. For 0 < § < 1, there exist ¥, y» € %5 such that

W(61) < 0(r) < Wlt), va(31) < ¢a(0) < wal)
forall # > 0 (cf. property (iv) of [p. 254, [15]]). This ensures that

o' <y ) <o (1), S )<yl < @y (1), <5<

and
S8llxlly < [[xllo < [Ixllys SlIxlly, < lIxllg, < lIx[ly,, 0<6 <1

Moreover,
Slxllaaey, () Ey () < Xy, (a0) Ep(a)) < XM, (1) By (ar)), O <8 <.
Therefore, the fact ¢~ < (pl_l(pz_ ! implies that
v <o vy (1), 0<8 <.
It follows from the above case that ||XHM(E<,,1 (M) Ey( M) Z g||xHu,2, 0< 0 < 1. Thus,

52
¥lla(ig, (), Eq(2)) Z — Xl

holds for all 0 < § < 1. This indicates that

1
ellaa g, (.2, Eg (1) = 7 [I¥llga-

(ii): If L — E(A), put o > ag, with @2(a0)|[1]|g(.z) < 5. For this @z(ct) >0,
Lemma 3.2 of [9] indicates that there exists ¢; > ¢ such that

o (1) <o (1)ey (1) (3.3)
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forany ¢ > @, (), where the constant c is taken from the definition of ¢, lqoz’ et

for large arguments. Thus
1
Pos (z¢(o.c=(12])) = 5 (3.4)

for each z with py, (z) = 1. Otherwise, the inequality f1,(,)(z) < ensures that

1
1=p7(@) <pT(elac)(|2) +p T e (2) < 5+ @2()[1lea) < 1,

and we get a contradiction. Let ¢, @, € 1 U% and x € K. Then we have

X € M(Eg, (M),Ep(M)) and x € Eqg, ().

A similar discussion to the proof of the case (i) shows that HXHq‘J < by, . Moreover, we
2

have (Pz(HXH ) € Lo(A). We write y = @(W) and z = ¢, '(y). It follows from
Lemma 3.1 of [9] and Borel functional calculus that ¢;(z) <y, and so

X
p%(Z)é/{Z( a )=1~

(4]

Then |z]|p, <1 and zx € Ey(.#). Applying Lemma 3.1 of [9], we infer

t

_ t
T Xlalll gy o) (0) = 03 { @2 7= ) ) Koty oo (1a)) (-
[1x[] g, [lx[| g,

Together this with Borel functional calculus, we deduce HXH‘ e =@, 1(y)el,

X _
<P<201612)|C| |) (P<201€1Z L ) @(2crerp; ' (v) @5 ' (v)er)

1%l 2 [l

[
> 0207 (7))er

«)([x]). Since

P2
>20(¢7 ' (v)er =2yer,

where e| = e[aHxH(sz

“’(”( (L XWD) :"’<” <Z||||¢2)>

Applying Lemma 1, we have p®2 (=) = 1. Conse uently, by (3.4), we obtain
pplying Py [P q

p?// <2C1€12 || €1>>2pz< |X| 61>>l.
“ %[l g N\l g,

Thus ||zx||¢ > [le1zx]|p = 261Hx||q,2,whlchmeansthat

1
llx]|.r > ZHXHW
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For x € M(Ey, (.4 ),Eo(.#)), a similar discussion to the proof of the case (i) shows

that there exists {x,} C K such that 0 < x; 1 |x| in measure topology. Thus the Fatou

property of E,(.#) implies that |[x[|, > ﬁ”"”% holds for all x € M(Ey, (.#),

Ey(A))).
If @ or ¢ is in %5, we consider only the case that both ¢ and ¢, are in %3,
since other cases are similar. For 0 < § < 1, there exist y, y» € % such that

v(0r) < o(t) < y(t), va (o) < ¢a(t) < wa(?)

forall > 0 (cf. property (iv) of [p. 254, [15]]). Using a similar discussion to the proof
of the case (i), we have ||x||_, > ﬁ”"”%
(iti): If Eg(A) C M ,put x € Eo(A) with ||x||y <1, then [|x|| < by and

o(|x) =/0°°<p(/1)dq cM.

Write r = max{||@(|x|)]],|lx[|}, by Lemma 3.2 of [9], there exists a constant ¢; > ¢
such that @1 (1) < c2¢; (1)@, ' () forany 0 < ¢ < r. The rest of the proof goes as in
case (i). O

THEOREM 3. Let E be a symmetric function space with Fatou property and @,
@1, @2 be Young functions with by, = by, = by. Assume also that at least one of the
following conditions holds:

(1) qofl(p{l ~ @~ for all arguments,

(i) @, '@, ~ ¢! forlarge arguments and M — E(MH),
(iii) qol_l(pz_1 ~ @~ for small arguments and E(.MH) — M .
Then M(Eg (M ),Eo(M)) = Eg, (M ).

Proof. 1t follows immediately from Theorem 1 and Theorem 2. [J

4. The product of noncommutative Calderén-Lozanovskii spaces

Given two noncommutative symmetric function spaces E(.#) and F(.#). We
define the product space E(.#) - F (/) as

E(#) F(M)={xy:xcE(#) and yc F(.#)}
with a functional || - ||g(z).F(.z) defined by
x| £(.z).r .y = Ve |2l Py : X =y2,y €E(M ),z € F (M)},

where the product xy being the closure of the algebraic product. Pointwise product
of some Banach ideal spaces were investigated by several authors, see for example
[10, 12, 15, 20].
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REMARK 1.
() WxeE(A) F(A), then x| gn)rin)y = |1XlECa)rem):

(i) If 0 <x <y, then ||x[|gn)rim) < VIECw)Fn) -

THEOREM 4. Let E be a symmetric function space with Fatou property and @,
@1, @2 be Young functions. Assume also that at least one of the following conditions
holds:
(1) qol_l(pz_1 < @~ ! for all arguments,
(i) @, o, <@~ forlarge arguments and M — E(MH),
(i) ¢; '@y < @~ for small arguments and E(M) — M .

Then Eg,(M ) -Eg (M) — Eo(M).

Proof. Lety € Ey (#) and z € Eg,(.#'). Using Theorem A of [10], we get

2yl < ID2]lEy—E, L ()1 (2) £,

<
< D2l Eg—E, LK (2) | Eg, Eg,y
< cl|D2lgp -, |0 1 Eg, 11(2) |7,

= c||Dal|gg—£4 1l £g, () I2ll y, ()

where the constant ¢ is taken from the Theorem A of [10]. This ensures that

125l < €llD2l|2p—Eo 12V Eg) (1) Eg, (i) O

The idea of the proof of the following theorem is derived from that of the Theorem
5of [10].

THEOREM 5. Let E be a symmetric function space with Fatou property and @,
@1, @2 be Young functions with by, = by, = by. Assume also that at least one of the
following conditions holds:
(1) qol_l(pz_1 = @1 for all arguments,
(i) @, '@, = @~ forlarge arguments and M — E(MH),
(i) ¢, '@y = @~ for small arguments and E(M) — M .

Then Eo(M) < Eg, (M) - Eg, ().
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Proof. (i): Let 0 # x € Eo(.#). Then ||qu, = 1. It follows from Lemma
1 that p'(f/[(ﬁ) < 1. A similar argument to the proof of Theorem 2 implies that

B < by and so () € Lo(2). We write y = o( ) . Put

[ [*lg

8ilt) = <<pll(so(%q,))t%‘(w(#)))z(”f_l(*"(x'q)))» itreold. @

0, otherwise.

The proof of Theorem 5 of [10] shows that

gi(?) ~1 !
— 7 < [
IR <(P<||xw>)’
c?x[g

it follows from Lemma 3.1 of [9] that

gi(t) t
; <
i \(p<x||<p>’
c?xllg

where the constant ¢ is taken from the proof of Theorem 5 of [10]. Then, the Borel

functional calculus indicates that ¢;(—=—) <y, i = 1,2, where x; = g;(|x]). This
2|l

implies that

; i Z .
p,(f// 1 < Hy”E(,///) :P,(f// <—(p> <1, i=1,2

c2lxlo

Therefore, |x;| ¢ < (cHx||q,)%, i = 1,2. Consequently,
x| =x2x1 and |Ixl[g,, .2).Ep, (ar) < CllXlp-

Thatis x € Eg, () -Eg, (A ).

(if): First we assume that by < eo. Since .# — E(.#), then L™ — E, which
means E, = L”. Itis clear that Ey(.# ) = .# . For x € ./ , by the fact . # — E(A)
and Borel functional calculus, there exists A; > 0 such that

oi(Nilx|) € M — E(M), i=1,2.

This tells us that .# — Eq,(.#), i=1,2. Thus, Eg(M) = M — Eg,(M)-Ep (M ).
If by = oo, set 5o = ¢~ '(t9), where #, and the constant ¢ are taken from the
definition of @ lqoz’ L'~ ¢! for large arguments. Take s > 0 with

max{<P1(S),<P2(5)}||1||E(///) <

N —
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For ||lx|[o = 1, we write y = @(|x|) € Lo(.#), e1 = e[s, .)(|x]),e2 = €[o ) (|x]) and
define

' C . -
<(P11((P(t))q)21(q)(t))> (Pl ((P([)), lf IS G(‘x‘)m(s(h )?
gi(t) =1 , (4.2)
17, t € o(|x])N0,s0],
0, otherwise.

for i = 1,2. Since ¢(s9) > 0, the functions g;(¢) are well defined. From ¢, '¢g; ' ~
¢! for large arguments and Lemma 3.1 of [9], we obtain

1
ct

] —_— ’ -~ c% -~ X 50,9°).
al) < (i) 000 <o (o), 1€ ol (30

Therefore,

o (2200 0) < 30001 (00D, 00) < 500

where the constant ¢ is taken from the case (i). Put x; = g;(|x|) and y = @(|x]). I
follows from Borel functional calculus that

p% (Zer) <30% (e ) < gbllo < 5
Since ) (x1) < so, we obtain
o (22 <o @(”2;2))11;»1@ (nmr),
H‘Pl( He(ep) (x )H H%( He(e) (X1) X (0. )HE

1
< l@1(s)x0.0) 12 = @1() [ E(ar) < 5-

[\

Set A = max{%o,Zc%} and we deduce
02 (5) <02 () 93 ()

X1 SX1
<" _el>+ 9 (_62)
P <2c2 P S0

Hence, ||xi|lp, < A and similarly |[x2]|g, < A. On the other hand, it is clear that
g1(r)g2(r) =t,t € o(|x|). This means that |x| = xox and so x € Eg, (A )-Eg, (A).
Moreover, ||XHE(,,2 M) Eg (M) S A?||x||¢ holds for every x€Ey(A).

N

1.

(iii): The Lemma 3.2 of [9] and the fact ¢~ !<¢, (p2 ;! for small arguments imply
that for every #; > o, there exists a constant ¢; > ¢ such that ¢! (t) <c19; ' (1)o, ' (1)
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forall # <t;. By the fact E(.#) — .# ,we have Eo(.#) C ./ . For x € Ey(.#) with
|x]lp =1, we get o(|x]) € [0, |x[]]. Put z; = ||x]|, the rest of the proof goes as in case
. O

Combining Theorem 3 and Theorem 4 with Theorem 5, we obtain the following
result.

THEOREM 6. Let E be a symmetric function space with Fatou property and @,
O1, @2 be Young functions with by, = by, = by. Assume also that at least one of the
following conditions holds:

(1) (pl_l(pz_1 ~ @~ for all arguments,
(ii) qol_l(pz_1 ~ ¢~ ! forlarge arguments and .M — E(H),
(i) ¢; '@y ~ @~ for small arguments and E(M) — M .

Then Ey, (M) - Eg, (A ) is a quasi-Banach space and Eg, (M) -Eg (M) = Eo(M).
Moreover,

Eo(M)=M(Eg (M), Eq(M)) Eg (M) = (Eg, - Eg,)(A).

5. Normability of the product spaces Ey, (.4 ) - Eq,(#)

LEMMA 2. Let E and F be two symmetric function spaces with the Fatou prop-
erty. Let x € Lo(.#) with W, (x) € (E-F)" and 14 (x) #0,a.e., we define

Ly() ={y € Lo(A) : pu(y) € L'((0,0), by (x)dr) },

with the norm [y 11z = L) 1 ((0,.00) 1 (0)ar) - Then LY (.#) is a Banach space and
Ly(AM) — Lo(A).

Proof. For convenience, we denote L!((0,0), i; (x)dt) by L. Given z,y € LL(.#).
By Theorem 4.4 of [6] and Proposition 3.6 of [Chapter 2, [1]], we have

oo

| ety < | @)+ po)uds, 1 >0.
Thatis [[y+2zll1.z) < IVl21w) + 2l m) - I M2l ) = O, then we have

11@u 1 @) = 2l =0

Combining this with the fact u(x) is non-zero on (0,z,), we obtain u(z) =0, a.e. on
(0,zy) and so z =0, where , =inf{r > 0: t;(x) = 0}. Thus, |[-[|;1( 4 is a norm.
Applying a similar proof to that of Theorem 7.1 of [18], we obtain L!(.#) is a Ba-
nach space and L!(.#) — Lo(.#). Indeed, let £,6 >0, { = €llxp.6)ll1 and let

y€ L (.#) with 91y < - Since p(y) = s X(0.5) + e (¥) X[ ) » We conclude that
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15010l < IVl 11 - This implies that 15(y) < & and so LL(.4) — Lo(.42).
Let {y,}7 be a Cauchy sequence in L!(.#), then {y,}7 is a Cauchy sequence in the
measure topology. Hence, there exists y € Lo(.#') such that y, — y, n — e in the
measure topology. Theorem 6.6 of [18] and Proposition 3.6 of [Chapter 2, [1]] tell
us that {t(y,)}7 is a Cauchy sequence in L!. Thus, there exists f € L! such that
[ (yn) = fllz — 0, n— co. Then it is clear that p(y,) — f a.e. on (0,%). In fact,
for each A C (0,1,), we write Vi(A) = [o" xa(t): (x)dz. Set vi(A) =0, since u(x) is
non-zero on (0,7,), we have m(A) = 0, where m denotes Lebesgue measure. On the
other hand, It follows from Lemma 3.4 of [6] that u(y,) — t(y) a.e. on (0,e0), which
means that f = u(y) a.e. and y € L!(.#). By Theorem 6.6 of [ 18] and Proposition 3.6
of [Chapter 2, [1]], we obtain

1y = yn) = 1 =Yl 2 < TG =)l
= |[ym _ynHL}(,///

Hence {{(y—y,)}7 is a Cauchy sequence in L!. Thus, there exists g € L! such that
[1(y—yn) —gll1 — 0, n— oo, which implies that ut(y—yn) — g a.e. (since vx(A) =0
means n(A) =0). Using Lemma 3.1 of [6] and the fact y, — y, n — oo in the measure
topology, we have t(y—y,) — 0, n — . Therefore g =0 a.e. on (0,#,). Furthermore,

1y =valleicwy = 0O =y)llp =0, n—e. O

PROPOSITION 7. Let A= {y € Ly(#) : ||yllz1.p) < r} and r>0. Then A is
bounded in the measure topology, i.e., for all € > 0 there exists 0 < ty < oo such that
T(e[,mm)(\y\)) <€ forall y€A.

Proof. Without loss of generality, we suppose A = {y € Ly(-#) : |[yl|;1(.) < 1}
If A is unbounded in the measure topology, then there exists & > 0 and y, € A such

that T(ep,on w)(|yal)) = € holds forall n € N*. Let y =37, |2,1| , we deduce

[ynllzrcay) -

||>’HL}(//z) ST on <L

and

(o) (1Y) = T(€puar ) (In])) = €0, forall n.

This implies that
lim A, (y) > &. 5.1)

On the other hand, from Proposition 21 of [Chapter I, [21]], we have lim,, ... A,(y) =0,
which contradicts (5.1). Consequently, A is bounded in the measure topology. [J

PROPOSITION 8. Let Eq, (M ),Eq,(#) be two noncommutative Calderén-Loza-
novskit spaces, where E is a symmetric function space with Fatou property. If Eg, (A )-
Ey, () is a quasi-Banach spaces and there exists x € Lo(.4') such that |1(x)Eg, C
Eg and y(x) # 0 a.e., then Eg (M )-Eq, (M) is normable.

1
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Proof. Let Bg, (.4) and Bg, () be the unit balls of Eq, (A) and Ey, (M),
respectively. Set y € B g, () and z€ B Egy () > then by Theorem 4.2 of [6] and Propo-
sition 3.6 of [Chapter 2, [1]], we have

/ s (vz) s (x / s (¥) s (2) s (x) s (5.2)
Combining u(x)Eg, C Eq, with the inequality (5.2) we obtain

el = [ mbonds

<) gy iy I Iy o
< NG g <

Therefore, Br,, (.z) - BE,,(.#) is a norm bounded subset of Li(A). Let
B ={y e Li(A) : ¥llpyny < 2l ) for some z € Bi, (.ar) - B, ()}

It is clear that % is a norm bounded convex subset of L!(.#). Let p(y) = inf{s > 0:
%y € %}, then

i) p(y)=0ify=0.
(i) p(oy) =|alp(y).

(i) p(yi+y2) <pO1)+p(2),

e y;yl,yzeE(pl(%)-Ew (%) (ii\/e]l8>“’byPr[position , h ce isst >O
Such that 7, ther X 0
( (tON)(‘yD) <E& forallyeﬂ

If p(y) =0, then there exists Ny such that ny € % for all n > Ny. It follows that,
T(e o (|y|)) < ¢ forall n> Ny. Consequently, T(e(.)(|y])) < & forall € >0 and
S0y = 0 If y=yiy2 €Ep (M) Eg,(M),y1 € Ep, (M ),y> € Eg, (A ), then

y V1 V2 c B

il 12l g,y I1llEg, () 1Y2]l gy )

which implies that p(y) < [Iyillg,, (.#) [1v2ll gy, (.2) - Moreover, p(y) < [Iylle(.n)Fa) -
Conversely, for € >0, let y=y1y> € Eg, (M )-Eg, (M ),y1 € Eg,(A),y2 € Eg,(A),
we deduce p(yyW € A. It follows from the definition of £ that

¢,

7o)
py)+e
which implies that ||y|| Egy (40)Eg, () < €P(y) holds for some ¢ > 0. Then the func-

<
By () gy ()

tional p(-) is an equivalent norm to the original quasi-norm. [J

Acknowledgements. The author is grateful to Professor Lech Maligranda and the
anonymous referee for making helpful comments and suggestions, which have been
incorporated into this version of the paper. This work was partially supported by NSFC
Grant No. 11371304 and NSFC Grant No. 11401507.



1366 Y. HAN

[1]
[2]
[3]
[4]
[5]
[6]
[7]
[8]
[9]
[10]
[11]
[12]
[13]
[14]
[15]
[16]
[17]
[18]
[19]

[20]
[21]

REFERENCES

C. BENNETT AND R. C. SHARPLEY, Interpolation of Operators, volume 129 of Pure and Applied
Mathematics, Academic Press, 1988.

A. BIKCHENTAEV, Majorization for products of measurable operators, Inter. J. Theo. Phy. 37, 1
(1998), 571-576.

A. BIKCHENTAEV, On normal T-measurable operators affliated with semifinite von Neumann alge-
bras, Math. Notes 96, 3—4 (2014), 332-341.

P. G. Dopps, T. K. DODDS AND B. DE PAGTER, Non-commutative Banach function spaces, Math.
Z.201 4 (1989), 583-597.

P. G. Dopps, T. K. DODDS, AND B. DE PAGTER, Noncommutative Kothe Duality, Trans. Amer.
Math. Soc. 339, 2 (1993), 717-750.

T. FACK AND H. KOSAKI, Generalized s-numbers of T-measurable Operators, Pac. J. Math. 123, 2
(1986), 269-300.

N. J. KALTON AND F. A. SUKOCHEV, Symmetric norms and spaces of operators, J. Reine Angew.
Math. 621 (2008), 81-121.

A. KAMINSKA, L. MALIGRANDA AND L. E. PERSSON, Indices, convexity and concavity of
Calderon-Lozanovskit spaces, Math. Scand. 92 (2003), 141-160.

P. KoLwicz, K. LESNIK AND L. MALIGRANDA, Pointwise multipliers of Calderén-Lozanovskit
spaces, Math. Nachr. 286, 8-9 (2013), 876-907.

P. KoLwicz, K. LESNIK AND L. MALIGRANDA, Pointwise products of some Banach function spaces
and factorization, J. Funct. Anal. 266, 2 (2014), 616-659.

L. E. LABUSCHAGNE AND W. A. MAJEWSKI, Maps on noncommutative orlicz spaces, Illinois J.
Math. 55, 3 (2011), 1053-1081.

L. E. LABUSCHAGNE, Multipliers on noncommutative Orlicz spaces, Quaestiones Math. 2014, 1-16.
http://dx.doi.org/10.2989/16073606.2014.894684.

J. LINDENSTRAUSS AND L. TZAFRIRI, Classical Banach spaces II: Function Spaces, Ergeb. Math.
Grenzgeb, (Results in Mathematics and Related Areas), vol. 97, Springer-Verlag, Berlin, 1979.

L. MALIGRANDA, Orlicz spaces and interpolation, Seminars in Mathematics 5, University of Camp-
inas, Campinas SP, Brazil, 1989.

L. MALIGRANDA AND E. NAKAI, Pointwise multipliers of Orlicz spaces, Arch. Math. 95, 3 (2010),
251-256.

L. MALIGRANDA AND L. E. PERSSON, Generalized duality of some Banach function spaces, Indag.
Math. 92, 3 (1989), 323-338.

V. 1. OVCINNIKOV, s-numbers of measurable operators, Func. Anal. Appl. 4, 3 (1970), 236-242.

B. DE PAGTER, Non-commutative Banach function spaces, Positivity, Trends in Math. 2007, 197-227.
G. PISIER AND Q. XU, Noncommutative LP -Spaces, In Handbook of the geometry of Banach spaces,
2 (2003), 1459-1517.

A. R. SCHEP, Products and factors of Banach function spaces, Positivity, 14, 2 (2010), 301-319.

M. TERP, L? Spaces Associated with von Neumann Algebras, Notes, Copenhagen Univ., 1981.

(Received October 7, 2014) Yazhou Han

College of Mathematics and Systems Science
Xinjiang University

Urumgqi 830046, China

e-mail: hyz0080@aliyun.com

Mathematical Inequalities & Applications

mia@

v.ele-math.com

ele-math.com



