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SOME RESULTS FOR HAUSDORFF OPERATORS

GUILIAN GAO, XIAOMEI WU AND WEICHAO GUO

(Communicated by L.-E. Persson)

Abstract. In this paper, we give the sufficient conditions for the boundedness of the (fractional)
Hausdorff operators on the Lebesgue spaces with power weights. In some special cases, these
conditions are the same and also necessary. As an application, we obtain a better lower bound of
fractional Hardy operators on the Lebesgue spaces compared with a result of the paper [25].

1. Introduction

Hausdorff operators (Hausdorff summability methods) are an very useful tool for
solving certain classical problems in analysis. They have a deep root in the study of the
one dimensional Fourier analysis, particularly the summability of the classical Fourier
series. Modern theory of Hausdorff operators started with the work of Siskakis [23] in
complex analysis setting and with the work of Georgakis [10] and Liflyand and Méricz
[19] in the Fourier transform setting. A brief overview of the study for Hausdorff op-
erators can be found in [18]. One can see [1-6, 16-24] to find details of some recent
developments for Hausdorff operators.

The one-dimensional Hausdorff operator is defined by

hof ()= | 0 (Y

t t

where @ is a locally integrable function on (0,c0). Liflyand and Méricz [19] proved
that /g generated by a function ® € L'(R) is a bounded linear operator on the real
Hardy space H'(R) by the theory of Fourier transform and Hilbert transform. Fol-
lowing this, Hausdorff operators were considered in various spaces, for example, see
[2, 13,20, 22].

The one-dimensional Hausdorff operator contains the classical Hardy operator and
its adjoint operator if we choose suitable functions ®. For x > 0, when one chooses
®(t) as ¢! X(1,)(t) and ¥ (), we obtain the classical Hardy operator & and the
adjoint Hardy operator h* respectively, where

hf(x) = %/Oxf(t)dt, and 1" f(x) = /: @d:.

Mathematics subject classification (2010): 26D10, 26D15, 42B35, 46E30.
Keywords and phrases: Hausdorff operators, Hardy operator, Cesaro operator, Young’s inequality.

This research is supported by NSF of China (No. 11271330), PSF of Zhejiang Province (BSH 1302046), and EF of
Zhejiang Province (Y201225707).

© ﬂ‘(mv Zagreb 155

Paper MIA-18-11


http://dx.doi.org/10.7153/mia-18-11

156 G. GAO, X. WU AND W. GUO

It is well known that Hardy operators are important operators in Harmonic analysis, for
instance, see [12, 14]. On the other hand, if we choose ®() = (1 —1)* ' x(0,1)(¢)
for o« =1,2,..., then Hp = Cy, is called the Cesaro operator of order o . A brief history
of the study of the Cesiro operator can be found in [13].

For multidimensional Hausdorff operators, there are many kinds of definitions [1,
3,4, 16-18, 21, 22]. One of the interesting definitions of the Hausdorff operators is

Hof(x) = [ %ﬂy)dy.

Similar to he, He contains the high dimensional Hardy operator H and its adjoint
operator H* (see the below definitions). Recently, Chen, Fan and Li [4] obtained that
if @ is a radial function and 1 < p < oo, then

Hof op(an < @aen |10 e | fllgen) (11)

For a general function @, Wang [24] proved
1

Ho e < @', [ ( [ (ﬂp)”d(p) R Pl (12)

In [22], Lin and Sun defined the n-dimensional fractional Hausdorff operator for
a radial function @ as follows

X/1Y
Hopf()= | gyph() 0<B<n.
They obtained that
THEOREM A. Let 1 < p, g<e, 0<B<n, y>PBp— nand"+y [3:%{”
. p_ y=Bpin—p+l .
Jo |@(t)[p~TePT dt < oo for small € > 0, then

|Ho g fllzan xr) < Cllflr@nry, P> 1
and if ||| -|" PHVED(-) | = () < oo, then
[1Ho g fllLan xr) < ClLF I L e pupr) -

If we choose @ as the following radial functions \t\ﬁ_"x(lﬁm)(|t|) and o,1)(/1]),
Hg g f becomes the high dimensional fractional Hardy operator Hg and its adjoint
operator H l}k respectively, where

>l [y P

Hg f(x) =

x|~ Jiyl<

148
For some results about Hg and HE , please refer to [8] and [25]. Let H/; =V a0 Hg,
where Vv, is the volume of the unit ball in R". Recently, Lu, Yan and Zhao [25] proved
that the following result.
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THEOREM B. Supposethat 0< B <n, 1 <p< % and %— é = lni If f e LP(R"),
then
IHg fl oy < CIlf Lo (mr)s

(B ) (75) (-9 <o ()
q/ \p—1/ \g—1 q p—1

In this paper, we consider the general function @ for He g for 0 <8 <n. In Sec-
tion 2, we give sufficient conditions for the boundedness of the one-dimensional (frac-
tional) Hausdorff operators hg g defined on R* on the Lebesgue spaces with power
weights. In Section 3, we give two sufficient conditions for the boundedness of the high
(fractional) Hausdorff operators on the Lebesgue spaces with power weights. In Sec-
tion 4, as applications, we obtain some explicit bounds of fractional Hardy operators on
the Lebesgue spaces. In particular, we have a better lower bound of fractional Hardy
operators on the Lebesgue spaces compared with a result of the paper by Lu, Yan and
Zhao [25].

Throughout this paper, ®, | denotes the area of the unit sphere $"~! and v, is
the volume of the unit ball in R”. We use B(0,R) to denote the ball of radius R in R”
centered at the origin and B(0,R)° = R"\ B(0,R). We denote Ho g := Hg, Hy := H
and Hy :=H".

where
r
q

2. Estimates for one-dimensional Hausdorff operators

It is well known that using Minkowski inequality and scaling, we can show the
operator hg is bounded on L”(R) for 1 < p < oo, if

Kow—= | @@ 7
op= [ 100 i <

and

e fllr®) < Ko pll fllemw)-
Here we point out that hg can be regarded as convolution in the multiplicative group
R* with Haar measure % . So we can use Young’s inequality (see Lemma 2.1) to obtain
the boundedness of hg on LP(R™). In this section, we can prove the boundedness of

he on the Lesbesgue spaces with power weights. Moreover, we can extend these results
to the fractional Hausdorff operator hq>7 B where

oo X -1
o )= [ 2o

THEOREM 2.1. Let1<p7q<ooand0<[5<1satisjyé:ll_?_ﬁ.]f

f)de, x>0.

o 1-B
1
Kopg= /0 |D(¢)| Pt T a-P)dt < oo,
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then the operator he g from LP(R™) into LI(R™) is bounded, i.e.,

lheo g fllLame) <
forall feLP(RT).
More generally, we have the following estimate.
THEOREM 2.2. Let 1 < p, g<eo, 0< B <1 and o, y € R satisfy ” = ol _

V4
B.If |
*° sl s
ch,s,q,y=< [ it dt) <o,
0

where s satisfies Ll] = %—i— % — 1, then the operator he, g from LP(R*,x*) into L1(R*,x7)
is bounded, i.e.,

e pfllam+ xr) < Ko sg,
forall f€LP(RY x%).
REMARK 2.1. Obviously, let oo = ¥y = 0 in Theorem 2.2, then we can obtain
§= 1= ﬁ Furthermore, we know that Theorem 2.1 holds. If § = 0 in Theorem 2.1,
then we obtain the boundedness of s on LP(R™).

REMARK 2.2. Let f =0, y=o and ® >0, then s =1 and

(RF x®)

©° +1
K<1>717w:/0 (I)(t)nyTdt < oo

is the sufficient and necessary condition for the operator hg on LI(R™,x7). See [27]
for the detail.

Before proving the main results, we first recall the following Young’s inequality
for convolution.

LEMMA 2.1. ([L1]) Let 1 < p, q, r < oo satisfy Ll] = 11—7 %—1 and U be a Haar
measure on a locally compact group G, then
1f *&llza, w) < Ngllr@wfllee, w
forall f in LP(G, u) and forall g in L' (G, p) satisfying |gllrrc, u) = 18llr@6, )
where g(x) = g(x1).
Proof of Theorem 2.2. The proof is based on an idea used in [7] for proving the

boundedness of Hardy operator on L”(R). It is well known that the multiplicative group
R is a locally compact group with Haar measure % Note that %1 =2l _ B we

have p
e .o (5 vy = (/ )/ o(x (Wf q‘ff)
</ ) e >”‘f<z>,“;'gq%>%
<</o </o ()| | z“zwﬂ)%)l
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Because the right side of the above inequality is a convolution inequality on the mul-

tiplicative group R with Haar measure %, soby Lemma2.1for 1 =1 4171 we
P K

q
get

'X) < or+1 d é
(/0 </0 ’q)()ﬂ_l)’()“_ | |_t> _) <Kd),.\',q#”fHLl’(Rﬂxa),

where 1
0 _ s(y+1) s
Kd),.\',q,p,)/: (/0 |(I)(t)‘st 1+ a ) .

Therefore, we finish the proof. [

3. High-dimensional case: n > 2

In this section, we consider the n-dimensional fractional Hausdorff operator for a
general function @ as follows

Hops) = [, S v 0<p<n.

First of all, we formulate our main results.

THEOREM 3.1. Let 1 < p, <, 0<B <nand o, y € R satisfy 17* = © —

B.If !

s 1
hed q _ n+y K
Ko snqy= (/0 (/snl |<D(t(p)|‘1d(p) i dt) < oo, (3.1)

% — 1, then the operator Hg, g from LP(R",|x|%) into LY(R", |x|")

where s satisfies Ll] =
is bounded, i.e.,

'BI'—'

1

[Ho g fll o vr) < @, 1 Koo snqyll fllor@n v (3:2)
forall e LP(R",[x]|*%).

COROLLARY 3.1. Let 1 < p, g <o and 0 < B < n satisfy éz%—%. If

l-
Koeng= ([ ([, [0to)a0) ' Far) <

where s = nfﬂ , then the operator He g from LP(R") into LY(R") is bounded, i.e.,

1
-
|Ho g fllramn) < 0 1Ko sngl flle )

forall feLP(R").
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THEOREM 3.2. Let 1 < p, g< o, 0< B <nand o, y € R satisfy % = otn

P
B.
(i) For any radial function ®(x), if

Kfl)an)/—</ ‘q) | |x|7n+

+1—1, then the operator Hg g from LP(R", |x|%) into LY(R", |x|")

L
dx) < oo, (3.3)

where s satisfies é = %
is bounded, i.e.,

Jx®) (34)

||H‘1> ﬂfHL‘i R7|x|7) =X K<1> S,n

forall f € LP(R", |x|*);
(ii) For any general function ®(x), if

1

o S Lyl
K@\n,q)’ n 1(/9)11 (/0 ‘q)(p(p)‘p I dp)

%—f— L1, then the operator Hg g from LP(R", |x|*) into L(R", |x|7)

q
s

d(p)

where s satisfies Ll] =
is bounded, i.e., _
|He g f |20 (R 7y < Ko syl Il o @ o) (3.5)
Sforall e LP(R"|x|%).
REMARK 3.1. When ®(x) is a radial function, then by (3.1), we have

1
1 oo (n+7)v s
-1
Ko sngy =0 1(/0 O dt) ,

and by (3.3) we obtain

1
+ oo _ (n+7) s
Kq)anY—beanY— npll </0 () df) .

Therefore, compared (3.2) and (3.4), we obtain that Theorem 3.1 coincides with Theo-
rem 3.2 if @ is a radial functlon For any general function ®(x), by Minkowski’s in-

equality, we get Kq> sgy SO, IKQS’,,’%% see the proof of Theorem 3.1 for the details.
But we point out that the proofs of Theorem 3.1 and Theorem 3.2 are very different.

REMARK 3.2. Let B =0, y= o and @ be a non-negative radial function, then

~ oo (n+7)
Rosngy =0t | 005 dr <o

is the sufficient and necessary condition for the operator kg on L7(R”,|x|"). See [27]
for the detail.

REMARK 3.3. Obviously, if f =0, then s =1 and p = g. Therefore using
Corollary 3.1, we obtain the inequality (1.2). Furthermore, if we choose @ is a radial
function, then we have (1.1).



SOME RESULTS FOR HAUSDORFF OPERATORS 161

REMARK 3.4. Unluckily, our results are not comparable to Theorem A. Our idea
and method are different from [22].

Proof of Theorem 3.1. By polar coordinates, we know

Hg g f(x) / /S . tﬁfte)de—

and
a _ [ - 1y, L B 0% 10%P
HH(I)7[3fHLq(R717‘x‘y)—/() /SH /O an@(p(pt )p T f(0)PdO— | dp-—~.
We apply 7”’" = ‘”" — B and then to Fubini’s theorem to interchange the integrals in
p and @. Then

1Heopf1I o g a7y
. oo Y+n

= [ L[ eteer e ey “a0|ag
0 sn—1 0 sn—1

- - - IRyl n+a dt d
</ / (/ / [D(por)(pr 1) |£(16)]r P d9_> d(p_P
0 sn—1 0 sn—1 D
. « — RN axl) n+ d[ qd
Z/, / (/ / [D(pgr)(pr~) T |f(16)]r —de> P 0.
sn 1 0 sn 1 0 p
By Minkowski’s inequality, we obtain
- - 1 e nta dt Tdp i
( / ( /| / [@(por )l(pr™) s LF(10)]s "7 —de) _>
0 sn=1J0 P p
1
q L
/ ( d—’))qde.
sn—1 p

For [5”|®(pot~1)|(pt~ 1) “1£(10) \tT &t we can regard it as a convolution inequal-

ity on the multiplicative group R* with Haar measure 7 Applying Lemma 2.1 for

l:l—kl—l,wehave

q s P
([T 10per i) £ (0 \/’Z“ﬂ
Ay Jiany’
<</O°°ol>(p<p)“‘p(+ ) (/ F(pO)|Pp™ p)
- (/ow () dt) 3 ( /0 If (z9>|1’t°‘+"1dt> g

(o) | (0))¢”
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Therefore,

1Hep.f 1 o jupr)

B $ _1+(7+qn)s g - a+n—1 % 4
< /S”*1 (,/Snl </0 ‘q)(t(p)‘ ! dt) <‘/0 |f(t9)|pt df) d@) d(p
= - s —l+@ % el atn—1 % q
= (/Sl (/0 [D(g)[*t dt) d<p> (/Sl (/O |f(20)[Pr*T dt) de> .

Applying Holder’s inequality, we deduce that

1 1

{e) D L {e) D

/ (/ f(te)l’z“+"1dt>"de<|s"1|p’(/ /|f(t0)|pt°‘+"ldtd9)p
sn—1 0 -1 Jo

1

-
=0, | fllr e jxo)-

Hence, we have

L - s NN
Hop ey <ol o [ ( [T106or 5 ar) a0 ) Il

Note that s < ¢g and then by Minkowski’s inequality, so we obtain

q 1

had (y+n)s 5 q

[ (] o " ar) ag )"

sn—1 0
s 1
hod q (y+n)s s
<([ ([ weorae) ' ar)
0 sn—1

Therefore, we have

s 1
L/ °° q (y+n)s s
IIHq>,ﬁqu<R",x7)<wn”1</o (/Sl ‘D(ﬂp)qdqo) i dt) 11l p e 1)

1

7
=0, Ko snqy

fllzr®e ey O

Proof of Theorem 3.2. We adapt some ideas and methods used in [9]. Let

1

g =o— [ f(kle)de.

Obviously, gy is a radial function. We can obtain ||g¢(|zrwn,x7) < [|fl|r e 7> be-
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cause

1
1 b
l&sller e i < 5 — /SH (/R If(IXI<P)|”deX) do

1
1 - P y+n—1 )F
= dr)'d
7 o (] Vet a
1
S (/1/ |f(r<p)}”r”"ldrd<p)p
N 0

= | £llzr e xy7)-

Note that we have used Minkowski’s inequality, polar coordinates and Holder’s inequal-
ity. On the other hand, by Fubini’s Theorem, we have

l
x
[ 2 'j"ﬁ F(blg)dvde
sn—1 n |y|

He p(gr)(x =

T o 1/S" l/ /sn I n—[} f(r¢)r"71d6drd¢
/ / ar ro)r"'drde
sn— 1

=Hop(f)(x )

In consequence,

|Ho,p ()| a(r ) . | Ho g (81) | La(mn 1)
Hf”Lﬂ(Rn,\xw) h ”ngLP(R",|x|Y)

Therefore, this implies that if we want to obtain the operator norm of Hg g from
LP(R™|x|7) to L1(R",|x|"), we can restrict to f radial functions. So we can assume
that f(x) is a radial function in the following proof.

Ho g (/)| La(rn )

</ /snl / /sm I:l(P:; f(rdoar|’
- 1</sn 1/ '/ I:l(pg )drq

Now we prove the inequalities (3.4) and (3.5), respectively.
(1) If @ is a radial function, then we have

|Ho g ()| a(®n xr) = (/ ‘/ rl ﬁ f dr) prin- ldp)1

1 2
= wn—1q 170 g flla@r pren-1y-

1

y+n—1 a
prdedp ) (3.6)

1
p”"ldpdw) §
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+1 1, therefore we deduce

By Theorem 2.2, note that % = “T*” — B and é = 1% 1

that

| Ho, ()| Lo 7

1
l-i-l oo -1 (rt+m)s s
<o ([0 ) 1l e
l
5 —1+(7’+")v / / p o+n—1
(/ /Sn 1 ‘ ! ) ( sn—1 ‘ p dcdp

= Ko s nayll e @ o),

~ )
K(I>7.y,n,q,y: (/R” |(I)(x)|s‘x‘ "

1
dx) -
(ii) For a general function @, let

(popr! g
I(I),/},qn - </ |/ - B )dr

Noticing that 22 = &2 _ g 5o
q P

Im,ﬁ,q,n((P) = (/ow’/owq)(p(prl)(Prl)y;nf(r)rapﬂg

+ % — 1, we obtain that

where

1
p”"ldp)q. (3.7)

qd_p)clz
p

Using Lemma 2.1 for é = %

! 1
« (rtn)s 5 o n_ L
fopan0)< ([ 0000 5 ap ) (Moot ap)

Therefore, by (3.6), (3.7) and the above inequality, we have

| Ho g ()l a(r 7y
1
q

o s : 5 e
<“’"1</SH / @(pe)'p " dp ) /\f )IPpt 1dp)

(y+n)s q L
<ol (/Sl /\q)pw S ap) ae) ( / /Snl PP 1‘“‘"”’)

i)

==

ol

Dsng,

This completes the proof of Theorem 3.2. [
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4. Applications

APPLICATION 1. Let ®(r) = tﬁ_lx(hw)(t), then he g = hpg, where hg is the
fractional Hardy operator. If o < p — 1, then by Theorem 2.2 we get

1
P s
g lluscee) < (=g =55) Wllorise e (4.1)
for all f € LP(R*,x%), where 1 7= %4— L —1. Similarly, when ®(z) = X(0,1)(t) and
o > pB —1, we have

1
* q g
I llosce ) < () I e s (42)

forall f e LP(R",x%), where é = % + % — 1. In particular, we have
COROLLARY 4.1. Let 1 <p, g<eoand 0< B <1 sansﬁi =< —ﬁ. Then the
operators hy and hy, from LP(RT) into L4(R™) are bounded, i. e

1 1

/
g Maoeey < (Z41)7 W lne)
1

* q 7
g fllLar+) < (17 + 1) 1 | zr (et

forall f e LP(RY). When B =0, Wang, Lu and Yan [26] obtain the inequality (4.1).
In fact they obtain oo < p — 1 and %1 = O‘TH is a necessary condition for (4.1). For

(4.2), they have similar results. Furthermore, if s =1, we can obtain ((yfl) ) s 1
which is the best possible constant for the boundedness of Hardy operator on LP ( ).
See [12].

For high dimensional Hausdorff operators, choosing @ as the radial functions
|¢|B—n X(1.0)(|?]) and x(o,1)([t]) respectively, according to Theorem 3.1 or Theorem 3.2
in the third section, we have

APPLICATION 2. Let 1 < p, ¢ < and 0 < 8 < n satisfy 5 =
operators Hg and Hg from LP(R") into L?(R") are bounded, i.e.,

1% — % Then the

1 1

/
P 7ta
I8 sy < (5ot v0) "1 e

q v ta
185 ey < (vt va) ™ e

forall f € LP(R"), where v, is the volume of the unit ball in R”.

REMARK 4.1. In fact, we have the following inequalities:

1

( <W/ o (”'dy)qu)%g(%/“)ﬁ(/m f<y>|de>%,
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(e b e )< () (o)

When 3 =0, a simple calculation shows that

</R"<'BO 0 oo 'dy> dxfgp%l(/w f(y)l”dyy’ (4.4)
(e o 0 |i||>|"’y>pd")%<”< 5 f<y>|f’dy>%

Christ and Grafakos [7] proved that the inequality (4.4) holds and the constant 1% is
the best possible for 1 < p < eo. In [25], the authors obtained

(L g o)) <520 (Lore)

(4.5)
by the inequality (4.4), see Theorem B in the Introduction. However, in the following
we will prove (%, + 1) 7 < (p )q for 1 < p < q < eo. Therefore we obtain the

better lower bound from (4.3) for the boundedness of the fractional Hardy operator
from LP(R") into LY(R").

PROPOSITION 4.1. If 1 < p < g < oo, then

P/ *'/ ; p
+1)r 1<

Equality holds if and only if p = q.

Proof. It is obvious that ( + I)L’ 1< (52)

- is equivalent to

(=g 4y =bp 4
<1+7p ) ! <<1+7p ) L
(p—1)q (p—1)p

Let g(¢) = (1 +t)1+%, ¢ > 0, then we can obtain g'() > 0, where g’ is the derivative
of the function g. So the function g(z ) is strictly increasing For 1 < p < g < oo,
we have -t ) < L —~. Hence, g(( 7 ) < g(( T ), equality holds if and only 1f

p— =
P=9q-
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