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WEIGHTED APPROXIMATION BY BASKAKOV OPERATORS

IVAN GADIJEV

(Communicated by I. Peri¢)

Abstract. The weighted approximation errors of Baskakov operator is characterized for weights
of the form w(x) = x™ (1 +x)%, where 1 € [-1,0], % € R. Direct inequalities and strong
converse inequalities of type A are proved in terms of the weighted K -functional.

1. Introduction

The weghted approximation by linear positive operators has been a widely dis-
cussed topic. In [5] Z. Ditzian proved for the Bernstein operator [19]

B =37 (5) (3)Ha-ort xeion
the estimate
BalF.0) — F < w2y (o o))
where A € [0,1], ¢? =x(1—x) and
W(f8) = sup  sup |f(x—Q(x)h) ~ 2/ () + f(x-+ ()h)

|h|<8 x+ho(x)€[0,1]

is the second order modulus of smoothness of Ditzian-Totik [8]. This unifies the classi-
cal local (A = 0) and the global (norm) (A = 1) estimations for the Bernstein operator.
The converse result is also true (see [6], [23]), which means the equivalence

Balf0) = 10| = 0 (02000 *) ") & @2 (£,6) = 0(5%)

holds for all o € (0,2) and A € [0,1].

Later, Felten [10], [1 1] extended this result for the more general weights (including
non-simetrical weights) by replacing @ (x)'~* with %, where ¢(x) is an admissible
step-weight function and for the operators of exponential type, in particular for Szdsz-

Mirakjan operator. In all of the results, mentioned above, the inverse approximation
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statement is formulated as the equivalence of the rates of convergence. A different type
of converse inequality is proved by E. Van Wickeren in [21].

In [7] Ditzian and Ivanov suggested a classification and defined four types of
strong converse inequalities. The strongest are the inequalities of type A. In unweighted
case, they proved in the same paper a strong converse inequality of type B for the Bern-
stein operator. In [20] Totik proved the inequalities of type A for the Bernstein, Szdsz-
Mirakjan and Baskakov operators. Another proofs are given: for the Bernstein operator
by Knoop and Zhou in [18] and for the Baskakov operator by Gadjev in [14].

Regarding weighted approximation, we reference: by Bernstein operator — [4],
[6], [10], [17], [23], and by Szdsz-Mirakjan — [1], [3], [9], [13], [16].

In this paper we characterize the weighted approximation by Baskakov operators.
The weights under consideration are defined as

w(x) =x®(14+x)%, where 1y €[-1,0], 1 €R. (1)

For functions f € C[0;0) the Baskakov operator is given by (see [2])

Vauf(x) = (Vuf',x) Zf( ) p(x) for 0<x<eo, )
where
Vi (x) = (”H;_ l)xk(l )k 3)

In [3] Becker studied the global weighted (for weights w(x) = 1 +xV, n € N)
approximation by Baskakov operators and proved the direct inequality. In [16] Holhos
improved the result for weights (1), 1 =0, %. < 0. Guo and Qi gave in [15] a strong
converse inequality of type B for simmetrical weights % = ¥. € (0,1]. In [13] Finta
generalized the method of [15], which allows him to extend the result to some non-
simmetrical weights.

In this paper we prove direct and strong converse inequalities of type A for the
widdest reasonable class of weights (1), where 1 € [—1,0], 1% € R. All previously
known results are, at best, for weaker inequalities of type B. In the process of proving
them, we establish two inequalities, which are important of their own: Voronovskaya-
type inequality (Theorem 2) and Bernstein-type inequality (Theorem 3), which takes
into account the growth of the constant with respect to the number of iterates of the
Baskakov operator.

Before stating our main result, let us introduce some notations. We denote the
first derivative operator by D = £ . Thus, Dg(x) = ¢'(x) and D’g(x) = g"(x). By
¥(x) = x(1+x) we denote the weight which is naturally connected with the second
derivative of Baskakov operator (2) (see Lemmas 6 and 2 below).

As usual, C[0,0) denotes the space of all continuous on [0, ) functions (without
the requirement for boundedness at ) and L..[0,0) is the space of all Lebesgue mea-
surable and essentially bounded in [0,0) functions equipped with the uniform norm
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For the weight function w, defined by (1) we set

C(w) ={g €C[0,); wg € L[0,0)},
W2 (wy) = {g,Dg € ACic(0,%0) and wyD?’g € Lo.[0,%0) },
W3(WW3/2) = {g7ngD2g EACZ()C(O,W) and WW3/2D3g € Lw[O’oo)} .

The weighted approximation error of V,, will be compared with the K-functional
between the weighted spaces C(w) and W?(wy), which is defined by

Ko (f.t) = inf {[|w(f —g) || +1]|wyD%s|| : g e W (wy), f —g € C(w)}

for every function f € C(w)+W?(wy) and every ¢ > 0.

Our main result is the following theorem, establishing a full equivalence between
the K-functional K, (f,1) and ||w(V,f — f)||. It consists of a direct inequality (the
first inequality in (4)) and a strong converse inequality of type A in the terminology in
[7] (the second inequality in (4)).

THEOREM 1. For w defined by (1) there exist positive constants C1, C; and L
such that for every natural n > L and for all f € C(w)+W?(wwy) there holds

Cillw(vas =l < K (1.1 ) < CllwtVag = DL @

Several comments about the range of ¥, follow. The range of y, cannot be reason-
ably extended, because for ¥ < —1 we must assume that f(x) = 0 in a neighbourhood
of 0, otherwise V,, f will not be bounded.

On the other hand, if 9 > 0, then f(x) is not generally defined at x = 0 and
hence V,,f is not defined. Even if we restrict f in such a way that wf € C[0,°), we
cannot settle this case because then V,, would not be a bounded operator in the weighted
uniform norm (as implied by an equivalence like (4)).

We remark that for smaller classes of functions equivalence theorems in modified
norms are known for different ranges of . See e.g. [12], [22].

Although Theorem 1 is formulated and proved for integer # it also holds true if n
is assumed to be a continuous positive parameter. In this case

I'(n+k)
k!'T'(n)

Vak(x) = xk(l —|—x)7”7k,

where I" stands for the Gamma function, V,, is defined again by (2).

The paper is organized as follows. Some auxiliary results are proved in section 2.
The main result is proved in section 3.

For the rest of this paper the constant C will always be an absolute constant, which
means it does not depend on f and n although it may depend on 7y, and 7%... It may be
different on each occurrence. And w™!(x) will always denote (w(x))™ = —.
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2. Auxiliary results
We will mention some properties of Baskakov operator, which can be found in [2]

V, is a linear, positive operator with  [|V,.f|| < || f]| ®)

Vo(l,x) =1, V,(t —x,x) =0, Vi (£ —x)%,x) :@. (6)

For k > 0 we have the next easily verified identities [8]

(DY) (@) = DVag(5) = 1 (Va1 1 () = Vi 1409)) ™
n [k
DV, i(x) = 70 (; —X> Vik(x) (8)

where V,, _i(x) =0.
Differentiating (6) we have

oo 2
5 E(E) g - L2000 vl o

Sn\n * n? n

The next three inequalities are valid for all integers m and can be found in [8,
(9.6.4, page 142), (9.6.3, page 141), (9.4.14, page 128)]. The constant C depends only
on m.

.
— ) Varlx) <Cx™™, (10)
%(k) k
» <1+5) Vail) < C(1 42", (1
k=0 n
Vn((z—x)zm,x)<c<"’ix)) for x}%. (12)

LEMMA 1. For 3 € R there exists a constant C such that for every natural n > ||
and every x € [0,%0) and V,, . defined by (3)

i (1 + S)ﬁVn,k(x) < (l + %) (1+x)P. (13)

k=0

Proof. Applying Holder’s inequality for the smallest m € N and m > |B| we get

i (1 + S)ﬁVn,k(’C) < [i (1 i S)ngn(ﬁ)znvmk(x)

k=0 k=0

Bl

m
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Let us estimate the last sum. For every integer s we have

3 k' _ i (nt+k)Pn(n+1)...(n+s—1)
kzb<l+;) Var() = 1+3) kg() nS(n4k)...(n+k+s—1) Vitsk(x).

But

(n+k)pnn+1)...(n+s—1) <l4 C(s)
nwmn+k)..(ntk+s—1) n
and consequently

i (1 + S)SVn,k(x) < (1 + ?) (14",

k=0
ie.
L% (1+§)Smn(mmvn,k<x> " (1+@)ﬁ(1+x>ﬁ < (9B .

LEMMA 2. For o € [0,1], B € R there exists a constant C such that for every
natural n > |B| and every x € [0,00) and V,, . defined by (3)

ki) (5)“ (1 + §>ﬁVn,k(x) < (1 + %)x"‘(l +x)P. (14)

Proof. We consider two cases.
I.a=1.
By Cauchy’s inequality and (13) we have

i k (1 + S)ﬁ Vor(x) =x i (1 + %)ﬁ Vi1 e—1(x)

k=0 k=1

2.0<a< 1.
By Holder’s inequality, (6) and (13) we have

i (S)a (1 + S)ﬁvmk(x) < [i SmG(x)] ’ i (1 + S) “o Vi (%)

k=0 k=0 k=0

< (1 + @)xa(l +x)P. DO



1448 1. GADJEV

Of course, if we use notation (1) (with o« = —y and f = —%.) we can write (14)
in the way

Vo (wl(x)) = Z»f1 (Z) Vir(x) < <1—|—%)w1(x). (15)
LEMMA 3. For a € [-2,0], m+a >0, B €R and x,t € [0,0)

/t(t — w1+ u)Bdul < x%|r — x| [(1 TP —H)ﬁ} . (16)

Proof. Ttis obvious that for u between x and ¢
(1+u)P <Q+x)P+1+1)P

because (1+ u)ﬁ is a monotonic function. We consider two cases.
Casel. t > x.
Then u®* < x% and consequently

/xt(t — "1+ w)Pdu| <2 [(1+0)P + (141)f /xt(z— W) du

xOC

- m+1
< X%t — xJm! [(1—|—x)ﬁ—|—(1—|—t)ﬁ] .

(1 —x)m [(1 P41 +z)ﬁ]

Case 2. t <x.
Then

1
/(t—u)m %1+ u)Pdu| <

1+x)P +( 1—|—t)ﬁ}/ (u—1)"u%du
t

<
[ (14x)P +( 1+t)ﬁ} /x (1—5>_a(u—z)’”+°‘du
<

t u
p Bl [ (11N % pymte
1+x)P +( l—l-t)}/[ (1 x> (w—1)""%du
xa(x_t)m+l

= [(l-l—x)ﬁ-i-(l—I—t)ﬁ]

< X%t — x| [(1+x)ﬁ+(1+z)l3] . O

LEMMA 4. For oo € [-2,0], 6 € (—1,0], a < 8, m+a >0, B €R there exists
a constant C such that for every natural n > |B| and every x € [0, 00)
m+1
2

Cr(Lef [GR] T e

=

¥ /xk/n (S —u)muo‘(l +u)Pdu

k=0

Vn,k ()C) <

Cx*(1+4x)B [Wiﬂl‘;s ; x< i
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Proof.
Case I. x> %

By (16) we get

oo

S /xk/"<§ ~ u>mu°‘(1 +u)Pdu

k=0
K\ B
(1+x)P + <1+;)

mG(x)

m+1

<x% ) |=—x

V,,’k(x).
k=011

Using Cauchy’s inequality and (12) we have for the first sum on the right

m+1 2

(1+x)PV, 1 (x) <x%(1+x)P

©~ /r 2(m+1)
Z (Z —x) Vik(X)
k=0

For the second one, again by using Cauchy’s inequality, (12) and (13) we get

m+1 k B
(1"";) V,,’k(x)

e [i (5" e

- —X

1
2

k=0 \"

% Li’) (1 + %) i Vi (x)

m+1

< C(m, B)x*(1 +x)8 ["’(xq o

n

Case 2. x<}%.

We estimate the terms in the sum separately for k=0, k=1,..,k=2m+1 and
for k >2(m+1).

Io:(l—l—x)_”/o W (1 +u)Pdu < [(l—l—x)ﬁ—i—l]/o u"%du

xa+1

<C(Bert <)

nm '
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For 1 <k <2m+1 we have

k/n m
I :/ (S —u) ua(1—|—u)ﬁVn7k(x)
m k/n
(S) V,,’k(x)/ u®du

(1+x)P + (1 + S)ﬁ

k/n 5+1
< C(m’k’ﬁ)Vn_k(x)xafé/ uédu < C(m’:;;ﬂﬁ(s)vmk(x)xafé <E>

<

nm y . n
C(m,k,B,8) w5 Cx00+l
S o+l Vi k(x)x S o

because for x < % and k> 1

B
Voi(x) < C(k)nx  and (1+x)ﬁ+<l+§) < C(m,B).

Now we estimate

oo oo

k/n m
Y L= / (E - u) u® (14 )P du| Vi, x(x).
k=2mt1)  k=2(mt1) 17X \P
We have
- oo k B m+1 x&
Z I < Z (1 +X)ﬁ+ <1+_) <—> xO‘Vn’k(x)z m—H(J1+J2)~
k=2(m+1)  k=2(m+1) " " "

=

Ji= Y K14 x)PY, ()
k=2(m+1)

= (1+4x)Pymt! D
k=2(m+1)

nn+1)...(n+m)k™
(k—m)(k—m+1)...(k—1

) Vn+m+ 1,k—m—1 (.X)

< C(I’H)(l +x)/3xzn+lnm+l Z Vn+1n+1,k—1n—1(x) < C(m) (xn)m-&-l.
k=2(m+1)

For the second term by Cauchy’s inequality and using (10) and (13) we have

oo

B
h= Y k! <1+§) Viux(x)
)

k=2(m+1

Z k2(m+l)Vn’k(x)
k=2(m+1)

< C(m,a, B)(xn)™ .

<
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Then,
oo X% . " C(m, a7ﬁ)xa76+1
I < S Clm, o B) ()™ = Clom, 00, B! < === —,
k=2(m+1)
and consequently
o C(m, 0, o8+l x)]1-9
S < ( nfjé gc)c“(1+x)ﬁ["’,5m7)+]5. O
k=0

LEMMA 5. For w, defined by (1) there exists a constant C such that for every
natural n > |Yw| we have
WV fll < Cliwf] (18)

Sfor every function f € C(w).

Proof. Using (5) and (15) we get

Vaf )l = [V (wh)w™") ()| <V (Iw s [w™") (x)
=HWfHVn( ) (@) <Clwsflw™(x). O

LEMMA 6. For w, defined by (1) there exists a constant C such that for every
natural n = || we have

w (Vag = )| —wangH (19)
for every function g € W?(wy).
Proof. We have
80) = ¢(2) + (1—x)Dg() + [ (1 v)Dg(v)a

Multiplying both sides by V,, x(x), summing with respect to k and using (6) we obtain

vast) =)+ ([ (—vnsiar).

X

Using the positivity of V,, we get

v, ( / Vi v)ng(v)dv)
v, ( [ e o)
)y / (=) o) 0viete

(S - v) v (1 )T gy

Vag(x) —g(x)| =

< gl

mG(x).
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The use of (17) of Lemma4 with o =—1—9%, f=—1—%., m=1, § =0 completes
the proof. [J

As an elementary consequence of this lemma we have that if a function g €
W?2(wwy) then V,g — g € C(w).

THEOREM 2. For w, defined by (1) there exists a constant C such that for every
natural n > || we have

1 C
w(Vig—g—5-wD% ) | <~ |lwy2D%| (20)
n n3/2
for every function g € W3 (wy?/2).
Proof. By Taylor’s formula we have
_ _ (t— 2 V203
g(t)=g(x)+ (t—x)Dg(x) + —— 2 D + D’g(v)dv.

Multiplying both sides by V,, x(x), summing with respect to k and using the identities
(6) we get

Vg(x) — g(x) — 5 WD (x)
.
<

> /xk/" (S —v>2D3g(v)dv

k=0

) k/n 2

< % ku/3/2D3gH D (E —v) w (M2 (v)dy
k=0 |/x AT

S ) mG(x)

mG(x).

Now we can use (17) of Lemma 4 with (x:—yo—%, B :—yw—%, m=2, 6:—%
to complete the proof. [

LEMMA 7. For w, defined by (1) there exists a constant C such that for every
natural n > |Yw| we have

[wyD*V,.f|| < Cnllwf| @1)
Sor every function f € C(w).

Proof. We consider two cases.
Case 1. x < % We have [8]

k=0 "

ALf (—) :kro k<;>f(x+(r—k)h).

D2an(x) =n(n+1) i A21 f (S) Vn+27k(x),

where, as usual,
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Then, by (15) we get

()WDY, f ()]

= n(n+ D)y () |3

2l (57) - (57) ()
<+ wfz[ () vt (B )t ()] st

CInln+ Dw() ()] zw (—) Vasax ()

< Cn||wf].

Case 2. x > % We have

;w<x>D @)
Nl(%—xy l—|—2x< x)—@ f(s)vmk(x)
2 o l(ﬁ_ )z 1426k ‘+w<x>] (5 vt

= ||Wf||(11+12+1)

Now we estimate I; separately.
For I} and I, we consider two cases.
1. Y = —1

Applying two times Cauchy’s inequality for I; and I, and using (10), (12) and
(13) we obtain
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—x <1+ S)yw Vi)
n(1+20 [& (k)2 1z
ETOR %(;—x) V()
x Lio <§>4Vn,k(x) i Lio (1 T S) T
< Cl)n(1+2x) {"’(’“)] : wl(x) < 2cn%w1(x)m< Cnw ™ (x).

2.0 >—1
By Holder’s inequality we get for Ij

I = %kfb (S —x)zw_l (%) Vk(x)
: ik(k—x)zvn,k(w N Li)(%—x)z<1+§)_l%owk(x)]

<t

Sy |&n
) 2
2 E (E _x> Voi(x) < 4xl[/(x).
Shn\n ’ n

From (9) it follows
Now using Cauchy’s inequality, (12) and (14) we have

Yoo
= [k 2 k\ T
2(;—)6) (l-f—;) mG(x)
k=0

By [£ 048 ]

k=0
(x)(l +x)7'li7’0
n

k

n

n(1 4 2x) i k

L=——"
’ v(x) —o 1

1/4

I+1

<

C(,¥e)

and consequently /; < Cnw ™! (x).
Again, by Holder’s inequality and (6) we get for I5:

n(l+2x) & |k [k
Iz:gz ——x'w 1(—) Vi (%)

v(x) Sin n

l+2x “ & e N\ TRk | .
l[/ 2 Vnk 2 (l-f—;) ;—X mG(x)

k=0
I+ 0[S/ &\ ™ok |Fw e
n X)X 0 0
= =7 1+ —) - —x Vor (%)
v L%( i) ’
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Let m is the smallest natural number such that m > T + e Then by Holder’s inequal-
ity, (12) and (14) we get

1
T+n

Vn k(x)

?

2m(11+70) oo k zmm%
Z (l-f-;) Vn7k(x)

k=0

k

o s
2<1+—> !
n n

k=0 n "
< [i (S _x)szn,k(x)

k=0

2m(1+yp)—1
2m(1+70)

1
Yeo

C(1, %) [@] () T

and

Cl, %)n(142%) [w(x)]F
Voo { ] v

2C (W, ym)n%w_l(x)q /14 ! < Cnw ™ (x).
X

znw ( ) Vi) < Cow (x).

The proof of the lemma is complete. [

For I5 by (14) we have

3. Proof of Theorem 1

The proof is based on

THEOREM 3. For w, defined by (1) there exists an absolute constant L such that
forn>1L

[wwiDv¥e| < KN Va|wyD|| where  lim K(N)=0 (22

holds for all g € W (wy).

Proof. Inequality (4.12) of [14] gives the following estimate of the third deriva-
tives of the N -th power of Baskakov operator

Vgl < " ﬁvm,,w WPk, ki) O
N

1/n l/n 2
[/ / ( +u1+v1) duldV1:| Vi3 oy (X)P(ky, . ks n)
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where

- d N-1 L.
=3 Y, Pk, kyin) = HTch,-( JH)
k=0  kny=0 =1 L n

N

and
1/n rl/n
Tx(x) =n(n+ 1)/0 A Vo (x+11 + 1) dndt,

Instead of giving the definition of Q we use the estimate from Lemma 4.2 of [ 14] which
for2<N<nandn>10is

S Viia g (X)P(ky, . kyin) 0 < CnNy~ ! (x).
N

For the second factor, using (23) of Lemma 8 and (24) of Lemma 9 (below) we have
1/npl/n ) ki 2

Z |:/ / D g<—+u1+v1> duld\)1:| Vn+37kN(x)P(k1,..kN;n)

N LJo Jo n

5 1/npl/n B k 2
< HWWDZgH Z |:/() /() (WW) ! (;l +up +V1) duldV1:| Vn+3,kN(x)P(k1,..kN;n)
N

o (ki +1
< O w0 2 Vi asy (PG o) 2 ()
N

<Cn ki (N) |[wy D> (wy) 2 (v)

where

Then,

’D3V,{Vg(x)‘ < %\/anvw—l(x)\/or‘*m (N) (wy) 2 (x) |[wyD?g|
= K(N)Vaw ™ (x)y 2 (x) |wyD%g

with
Ki(N)
K = —. O
W)=\ =5

LEMMA 8. For a € [—1,0], B € R there exists an absolute constant C such that

I/n rl/n o B 1\ ¢ 1 B
/ / (E-HH—V) <1+E+u+v) dudvé%(li) <1+k+ ) .
0o Jo n n n n n

(23)

Proof. Because of

B 1\ B
<1+§+u—|—v) gc(ﬁ)(1+l%> for 0<u,v<

S |-
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we need to prove only

I/n rl/n o o
/ / (E-HH—V) dudv<%<k+1> .
0 0 n n n

By Holder’s inequality we have

I/n rl/n o I/n rl/n -1
/ / (E-HH—V) dudvgn_z(lw‘) l/ / (E—HH—V) dudv]
0 0 n 0 0 n

Here,

Nl

In rl/n /[ -1 n /k -
/ / —4u-+tv dudv < / ——l—u) du
0 0 n 0 n
1
2

1 2
2
k+1\2 [k < 4
n n (k+D)n
and consequently

In rl/n /| o 4 T4 1\
/ / —+u+v) dudy < n~ 2179 =— L) 0
o Jo n (k+1)n n n

LEMMA 9. For w defined by (1), n,N € N such that N < % and n > || and
x € (0,00) we have

=4

ki +1
n

=0.

) <K w2, fim Y

> Vs ()P Kk, kyin) (wy) 2 (
N
(24)

Proof. For y € [—1,0) by Holder’s inequality we get

> Viia iy )Pk, ey m) (wy) 2 (le—H>
N

k1) 2 ki+1)\ 2
> Vn+3,kN(X)P(k1,-~kN;n)< ! ) <1+ ! ) ]
N n n

—2(p—r)] ~H

k1+1> 0

1+y

<

X ZVn+37kN(x)P(kla ..kN;n) (l +
N

For the first factor on the right we have from lemma 4.3 of [14]

) )
3 Vi s ()P (k1 ks ) (kllj l) (1 + kl: l) < CNAInNy 2 (x). (25)
N
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For the second one we have

4+ 1\P
D Va3 ky ()P (kr, - knsn) <1+ ln )
N

- o N—1 k: - ki +1\7 k
-5 S v e () 5 (145 5 (2)
j=2 " ! !

kny=0 k=0 k=0

Now, by (13)

> ki +1\° k c k+1\°
55 (3)<(-9) o522
K=o n n n n

and inductively we obtain for N < %=

B N
2Vn+37kN(x)P(k1,..kN;n)(H— ) <<1+%> (1+x)P <c(1+xB. 6)
N

Consequently

D Vi3 ky () P(ky, .k n) (wyr) 2 <k1 + 1)
N

n

p 2 () (1320 = Ky () () ()

1+
<C [N3/4 lnN] "

with .
0
Ki(N)=C {N3/4 lnN}
For y =0 it is enough to prove it for Y. € (—1,0). Indeed, if 1. ¢ (—1,0) we can
choose an integer s such that —2(1+7%.) <5< —2%.. Then —2(1+7%.) =s—2(1+7%%)
where Y% € (—1,0) and because of

1 —2(14%) N\ 1 —2(1+9%)
<1+kl:lr ) Vn7k(x):<1—|—k1: ) <1+k1: ) Vi (x)

c . k41 AH%)
< (1 +%) (1+x)°* (1 +%> Vs sk (%)

inductively we get

i+ 1\ 2 k) )
EVnJrS,kN(x)P(kla"kN;n)( 1n ) <1+ ! )
N

n

C N
< <1+—) (1+x)20=77%)
n

i+ 1\ 2 k1)
X%Vn+37kN(x)P(k1,..kN;n)( ln ) (1—|— ln ) .
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For 1. € (—1,0) by Holder’s inequality we have

ki +1\ 77 k1) )
2Vn+37kN(x)P(k17..kN;n)< 1n ) <1+ ! )
N

n

< l%Vn+37kN(x)P(k1,..kN;n) (lq +1>‘2 (1 n kln_+1>—z]

14+%e0

n

2
X lZVnJrlkN(x)P(kl’"kN;n) (kl;:l) 1
N

For the first factor, again, we use the estimation (25). For the second one, using the
simple inequality

1 1 1

— <2

x2 [xz(l +x)2+ (1—|—x)2]
and the estimations (25) and (13) we get

ki +1\ 7 3/4 )
> Vi ky (X)P(ki, . ky;n) p <CN*InNy*(x)
N

and the Lemma 9 follows. [

Proof of Theorem 1. For every g € W?(wy) such that f —g € C(w) we get from
(18) and (19)

w(f =VaH)l < Iw(f = &)l + [Iw(g = Vag) [+ [[wVa(f = &)l

C 1
<2wtr - o)1+ [wwnel < {Itr -+ 5 wwoiel |

Taking infimum on g € W?(wy) such that f —g € C(w) in the above inequality we get
the first inequality of Theorem 1.
For the second one we have

o (123 ) =it { I =+ 5 w03l } < It =on)l+ 5 D |
which means that it is sufficient to show that for some constant C
% [wy DV, f|| < Cllw(f = Vaf)l|- 27)
We have
WDVt = = [y D? (Vg Vv )|

1 1
< —[wwDa (f =V F) | + = [[wy DV
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Applying (21) and (18) we get

1 N—1 ' _
—[wypva (F=V) | <Clw(r =Nl < X lwVaf = vt )|
i=0
SCWN|w(f =Vaf)l-
For the second term, after using (20), (22) and (18) we obtain

[y LA < [ (V2 - vt - Loy p) |

2n
=V
<O 2wy 2DV A 4G wlf = Vo

1
ol

< Con 'K(N) [[wyD*Viu ||+ C3 [ w(f = Vaf)ll
i.e.
% [WwwDV, f|| < (CIN +2C3) [[w(f — Vaf) || +2Cn ' K(N) [|[wyD?V,.£|| .

Because of limy_... K(N) =0 we can choose N such that 2C,K(N) < % and (27)
follows.
This completes the proof of Theorem 1. [J
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