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ON A NEW DISCRETE HILBERT-TYPE
INEQUALITY AND ITS APPLICATIONS

MINGHUI YOoU

(Communicated by J. Pecari¢)

Abstract. In this paper, a theorem related to the Hilbert-type inequality is corrected. By intro-
ducing parameters, and using Euler-Maclaurin summation formula, we give a discrete form of
the Hilbert-type inequality involving a non-homogeneous kernel. Furthermore, we prove that
our result is a concise generalization of the corrected theorem and some known results. As
applications, some particular new results are presented.

1. Introduction

=1,a,, b, >0,0<37 ah <o, 0< Y | bji <oo,then

AL

p n=1 n=1

QI'—‘

(1.1)

m+n sin &

The more accurate form of (1.1) is written as follows:

EZm+n+1 nE g ‘I’qu ~ (1.2)

n=0m=0

(1.2) are well known as Hilbpert’s inequality (see [2]). Both of them are very important
in analysis and its applications (see [9]).

In recent years, by introducing parameters and  function, the researchers estab-
lished quite a lot of extensions of (1.1) and (1.2) (see [3—6, 10—11]). For example, in
paper [11], Yang et. al. proved that if 0 <A < min{p,q}, then

A A wnflle ,‘, pd—1=2 5
Yy b (p,q)[nzlp Pt 0

n=1m= l m+n
where B(u,v)is the B function, that is

xufl

B(u,v) := /0 de =B(v,u) (u,v>0).
Mathematics subject classification (2010): 26D15.
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Another extension of inequality (1.1) was established by Krni¢ and Pecari¢ as
follows (see [4]): if 2 —min{p,q} <A <2+ min{p,q}, then

2 2 <p+)L 2 g+A— 2) 2n1 Ay }, an lbqé (1.4)

n=1lm= l p

m+n

At the same time, some new extensions of inequality (1.2) were also established
by the researchers. For instance, recently, Pecari¢ et. al. gave the following inequality
(see [5,10]): if u >0, 2—min{p,q} < A <2, then the following inequality holds:

<B<p+;t_2’q+2_2> (S ) LS, ) e (1)

In addition, by introducing two pairs of conjugate parameters, Yang [12] estab-
lished another extension of inequality (1.2) as follows:

THEOREM A. Let p> 1, Il—?—i-é:l, r>1, 1+ 1=11€(0,1], such that

(2 —min{s,r})r < A < (2 —min{s,r})t + min{s,r},

and
oo 1 p(l*l#*#)*l oo 1 q(l—t+#)—1
0<Z<n+—> all < oo, O<Z<n+—) b < oo,
n=0 2 n=0 2
then

2 2 m+n+l)

n=0m=0

<B<(r—2)t+l,(s— t+)L>

o 1 p(l—r+ 22y | 5
5 (n+3) ]

oo 1 g(1—1+272) 1 q

n=0

Inspired by Theorem A, Chen et. al. [1] gave a further generalization of Theorem
A:

THEOREM B. Let p> 1, y+1=1,r>1, [+
0<c¢<2,2min{a,b} > ¢, such that
s (3¢+b VB +6he—3¢7)
2b

1=1,rel0,1], a,b>0,

2-sp<A< —st+2t,
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r (30 +a—/a?+6ac — 302>

2—r)t <A< —rt+2t,
2-rt< % r+
and
> (1=t 252) -1 > (1-r+2524)1
O<Z(an+—> all < oo O<Z<bn+£>q bl < o
n=0 2 n=0 2
then
i i amby,
n=0m=0 Cln’l_|_l)n—i_c))L
1
1 i+ A (s=2)t+A)\ | & (1—r422)—1 |7
< ep (2R LIRS ()
b;aﬁ r S =0 2
1
oo (1 t+2t l) 1 q
<3 <bn+2> A (1.6)
n=0

REMARK 1.1. The condition 0 < ¢ < 2 in Theorem B is unnecessary. In fact, if
inequality (1.6) holds under the condition 0 < ¢ < 2, then for ¢ > 2, there must exist
a constant k (0 < k < 1) such that 0 < k¢ < 2. Obviously, ka, kb, kc still satisfy the
conditions in Theorem B. So for ¢ > 2, we have

n=0m=0 (am+bn+c
- b
:k)L ambn
Z‘ 2:" (kam + kbn + kc)*
1
2—) 7
K* (r=2)t+ A (s—2t4+2\ [ ke \ PO Y
< 1 13( r , . Z kan—|—7 ab
(kb)» (ka)4 n=0
1
o g(l-r+ 2541 @
[2 (kbn+k;> bZ] . (1.7)
n=0

Simplifying the right side of inequality (1.7), we can get (1.6). So the condition
0 < ¢ <2 is redundant.

REMARK 1.2. There is another mistake in Theorem B because of the mistakes in
the proofs of Lemma 2.3 and 2.5 (see [1], p. 392). In fact, the proofs of Lemma 2.3
and 2.5 rely on Lemma 2.1, which requires the function f(x ) defined in Lemma 2.3 to
Satisfy (—1)"f"(x) >0 (n=0,1,2,3,4). Thus, 1 —r+2=% >0,and 1 -1+ 22 >
0,thatis A <r—rt+2t,and A <s—st+2t. Hence, Theorem B should be corrected
as follows:
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THEOREM B*. Ler p > 1, 11—,+§=1, r>1,1+1=1+1€(0,1], a,b >0,
2min{a,b} > ¢, such that
3¢+ b —/b%+ 6bc —3c?
(2—s)t<l<smin{1, ot 2b+ — }—st+2t, (1.8)
3¢+a—/a® +6ac—3c2
(2—r)z<)L<rmin{1, cta “2+ S~ }—rt—|—2t, (1.9)
a
and
> p(l—r+2=2) | > g(l—1+2=2) 1
0<2(an+%> al < oo, 0<2<bn+%> bl < oo,
n=0 n=0
then
- amby

n=0m=0 (am +bn+ C))L

1 ((r—Z)H—?L (s—2)t+7L) i

n=0

<—+B ,
brad r N

2

= -

1
o\ P(1—1+274)—1 b
(an—i——) ab

1
00 2=y q
x [%(anr%)q(l A le] . (1.10)

It is easy to see there are too many parameters on the right side of Theorem B*,
and this makes Theorem B* very complicated. So the further extension of Theorem B *
is difficult. In this paper, by introducing only one pair of conjugate parameters, we will
establish a new Hilbert-type inequality, which is not only a generalization of Theorem
B*, but also a generalization of some known results. As applications, we also consider
some particular new results.

2. Some Lemmas

LEMMA 2.1. [8] Let f*) € C[0,c0], [57 f(x)dx < oo, (—1)"f")(x) >0, f)(o0) =
0 (n=0,1,2,3,4), then

=

S, fm) < [ f@dx+ 370~ 157/(0)

m=0

LEMMA 2.2. Let ki, k», 2,1, 2,2, A >0, Al(l—ﬁz)—FlQ(l —ﬁl) lelzl,
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_ 2 _
- +12ky — 12 >0, max< 0, ——Y2———— 5 < B < 1, then
1-A2)i3 + 12k — 1220 R 1, th
B
A 2
R(m) = ——(kym+1)P1~ 1/k1m+1m T
(m) 2/12( ym+1) | T u
1 B kzﬁz B kzlgl -0
2[(kim+ DA+ 14 12[(kgm+ DA+ 14 12[(kgm+ )M + 1]A+1 7

Proof. Since A1(1— )+ A1) =

A AL, we obtain A4, — 1 /32) —
Bi . Integration by parts yields

1-p

1
Cmeyt W 2
/0 (14 u)*

1 1—
_ A /(klerl)xl 1 duTﬁz
1= Jo

(1+u)?
_M0-p)
B Az (klm+ l)lll Ay n A,A,z /(klmil)kl 1 dulkf 41
1_ﬂ2 [(klf"’l‘|'1))“—|—1]A 1+lg—ﬁ2 0 (1_|_u)7t+1
> A (k1m+1)1*ﬁ1 n Adn (k1m+1)17ﬁ1
1=Bo | [(kim+ DA+ 14 7 1+ — B [(kym+ 1)M 4 1]+
So we have

1 1 1 kzﬂz
ROm) > em v DA+ 17 [kz(l -B) 2 7}
2,2,2 1 ko
[(kym+ 1) 4 1]A+1 [kz(l —B2)(1+ 24— B2) E}
 I3B2+ (6kr — K3) o+ 12 — 6k,
12k [(kym A+ 1)M + 1A(1 = By)
A (12— k51— Bo) (1 + Ay — Bo)] @.1)
12k [(kym+ DM+ 1A (1= Bo) (1 4+ A — Bo) '

In view of (1 —A3)k3 + 12k — 12 > 0, we have k3 + 12k, — 12 > 0. So for
b—btyiptlak 12 V]j,:rukzl < B2 < 1, we obtain
2

15 B3 + (6ky — k5) By + 12 — 6k,

, ky—6—/k3+12ky — 12 ky— 6+ /K +12ky — 12

- >0. (22
2k 2 2k (2.2)



1580 M. You

Since (1 —A3)k3 + 12k, — 12 > 0, then Axky —/k3 + 12k, — 12 < 0. Therefore

48
=k + 6+ /K3 + 12k, — 12

ky+6—\/k3 + 12k, — 12

> ky+6+\/K+ 12k — 1242 <7L2k2 —\/ K3 + 12k, — 12)

= (A + Dko+6 —\/k3 + 12k, — 12.

Hence

48 — <k2+6—\/k§+ 12k, — 12) [(2/12+ ko + 6 —\ /K3 + 12k, — 12} > 0.

ky—6-+/k3+12k—12
— < B2 < 1, we have

12-K(1-B)(1+—B)

ky — 6+ /k3 + 12k, — 12 ky — 6+ /k3 + 12k, — 12
>12-k3(1- 1+ —

Since

2ky 2k,
1
=7 {48— <k2+6— K3+ 12k, — 12) {(2&2—}— Dky+6 — /K3 + 12k, — 12} }
> 0. (2.3)

Combining (2.1), (2.2) and (2.3), we have R(m) > 0. The lemma is proved. [

LEMMA 2.3. Under the assumption of Lemma 2.2, and B; < 1, the following
inequality holds:
& (kon+1)~P2

Flam+1):= 2 et D+ lon T DT

1 _ 1-B1 1-P
- Bi-1 et 3
< on lam+1) B( FTRR )

Proof. Since B, > 0, then

. (k2x+ 1)7ﬁ2
i) = [(kym+ )M + (kpx + 1)%2]4

satisfies the condition of Lemma 2.1. Thus, by Lemma 2.1, we have

Pllam-+1)= 3500 < [ s+ 30) 53 0)

1 N ka3
2{(kym+ DM + 12 12[(kym+ )M 4 1)4
koAa A
12[(kym+ )M + 1A+

= /Omf(x)dx—k

2.4)
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In view of A;(1—L,)+A2(1—B1) =A1AA, and By, B < 1, setting (kpx+ 1)12 =
u(kym + 1), we obtain

= e (kox+1)~P2
/O f(x)dX—/O [(k1m+1)ll+(k2x+ ) }
1

1-p,
1(1*/32)711 Al I/L77
k 1) * ! d
kzlz( tm+1) L (14u)* !
(kym+1)"*1
i B 1 -p
oy R — T u
kym+1)P11 / 7du—/("1’”“)1 ———du
kQAz(l ) 0 (1“1‘14)A 0 ( +u )
- 5
1-Bi 1—132) a2
kym+ 1P | B , —/“1’”““ L R
212( im+1) ( M A2 0 (1+u)* ! 25)

Applying (2.5) to (2.4), and combining Lemma 2.2, we have

(k1m+1)<—(k1m+1)/31—13< ﬁhl ﬁ2) R(m)

212 2,1 2,2
1 1-B 1-05
_ Bi—1p( 2 _Fl
< kzﬁ,z(klm—i_l) B( N )

Lemma 2.3 is proved. Similarly, it can be proved that the lemma below also
holds. [

LEMMA 2.4. Let kl,kz,ll,lz,l >0, 11(1 —ﬁz) —|—Az(1 —ﬂl) = lllzz,, (1 —

_ 2 _
AP+ 12k 1220, By < 1, max {0, S=VGm2h < By < 1, dhen
— (klm—l-l)*ﬁl
Gkon+1):= 2

i [(kim -+ D)4 - (kon 4 1)22] 4
< —(k2n+1)/32 'B (“—Bl 1_B2> .

klll )Ll ’ 212

LEMMA 2.5. Let kl,kz,ll,z,z,l,8>0, B1, B2 < 1, suchthat A1 (1— )+ Ax(1—
B1) =AM, and & < 52 then

7q[32 Me

7/1
/ / k1x+1 (kay+1)

I:=
[(kix+1) M + (koy + 1)%2]*

[ <l—ﬁ1 el-p ¢
klkzlllzé‘ Al 5]’ A2 q

dxdy

) —0(1)} , (e —07).
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Proof. Since A1(1—B2)+Aa(1— B1) = A Ao, then AUZB 4 (1— ) — A4 =
0. Let (koy+ 1)* =t(kjx+ 1)*1, we obtain

i,é,l
I = L/w(klx_f_1)ll(gﬁz)+(17ﬁ1)*lllfllefldx/°° [127‘16#
k22’2 0 1 . ( )
(kpx+1)*
1B ¢ b e

1 ~ k rME ld <t * q_ld (k Jil)}”l = d 6
_ 4 1) e / t—/ 1 —dr{. (2.
kzlz/o (kix+-1) 1o (141)* 0 (1+1)* (26)

It is easy to show that

3 ) q
kix+1 Alg_ldx/
/0 (kixt-1) o (1t
1 l—ﬂl € 1—[32 8)
- B 42, —=); 2.7)
kA e < M q M q
and
o _— > q
k x+1 _)ng_ldX/ k1r+l)ll M
/0 (kixt-1) 0 (1+1)%
v vl S 1 [1-B €\ 2
< kix+1 _ldx/(kl””)ll t R 4 dr= ( 2 ——) . 2.8
/0 (ki ) 0 ki \ A q (25)

Combining (2.6), (2.7) and (2.8), Lemma 2.5 is obtained. [J

3. Main result and applications

=1, ay, b, >0,i=1,2, ki, A;, A >0, such
(1=APK? + 12k — 12 >0,

THEOREM 3.1. Let p > 1, %
that 21(1—B2) +A2(1—B1) = LA

ki — 6+ /k? + 12k;— 12
<Bi<l,

2k;

1
ta
24,

max < 0,

and 0 < 3o (kyn+ 1)PP1al < oo, 0 < 32 (kon+ 1)~ 1p] < oo, then

oo oo a,by
gomgo [(kym+ 141 + (kpn + 1)%2]4

Sg— (1;131’1_132) (3 (kun-+ 1) b7 [ (ko + 1) b5,
(kl/ll)a(kﬂb) ! & =0 i

(3.1)
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where the constant factor ————B (%, %) is the best possible.
(k1A1) 4 (kaA2) P

Proof. We start the proof with the following inequality (see [7]) which provides a
unified treatment of Hilbert’s type inequalities, that is

K(x,y)f(x)g(y)dp (x)dua(y)

QxQ

< [ /Q @F (xX)F (x) f7 (x)dy (x } [ / vi(y) 1(v)dua(y )}47 (3.2)

where p > 1, 1%+5 =1, Uy, U are positive o-finite measures, K : Q x Q — R,
f,8,0,y:Q — R are measurable, non-negative functions and

P = [ o). 60)= [ 5 an.
Let K(kym+ Lkan+ 1) = [(kym+ DM + (kon 4+ 1274, @(kym + 1) = (kym +

b B
)7, ylkon+1)= (kon+1)7, {an};, {ba};_, are non-negative real sequences.
Using inequality (3.2) with counting measure, then, we have

oo oo

amb,
mez:'o [(kym+ 1) + (kon + 1)%2]*

_ { S al(kum+ 1) F(kym + 1)} {ibﬁ(kgn—i— NP Glkon+ 1)}q ,

m=0 n=0

=

where F(kym+ 1) and G(kan+ 1) are defined by Lemma 2.3 and Lemma 2.4 respec-
tively. Thus, by Lemma 2.3 and Lemma 2.4, (3.1) is obtained. Next we will prove that
the constant factor in Theorem 3.1 is the best possible.

—pBr—M e —aby—Ape .
Let ay(e) = (kin+1)" 7, by(e) = (kon+1)" ¢ , € is defined by Lemma
2.5, then

[i (kyn+ 1)Pﬁ1—1a5(e)1%[§ (kon + 1)4132—1193(8)}%

n=0 n=0
= [ (an+ 1) 45 Y (kpn + 1) 225
n=0 n=0

=[1+ Y (kin+ 1)~ M- ‘%1+2 (kon+ 1)2¢=1]g
n=1 n=1

+/ (kix+ 1)1 1 gy)v I’ +/ (kpx + 1) 728~ ldx}flf

1

=11 —1 % 1 —l ! 3.3
_< +11k18> ( +2,2k28) ' ()
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If the constant factor in (3.1) is not the best possible, then there must exist a posi-

tive number k,
k< 1 (1—[5171—@)
(kid)i(kahy)r \ AT

such that (3.1) is still valid if we replace the constant factor by k. In particular, by
Lemma 2.5 and inequality (3.3), we have

1 1-B € 1-p 8) }
B + & _8) o
kika A1 22 [ ( M g A q o(l)

<el

S am(€)by(€)
- SHEE);O [(kym + )M 4 (kon 4- 1)%2]4

< ek Y (kin+ )PP g ()P 1Y (kan -+ 1)9P 5 (e)]

n=0 n=0
1
1 q
(e+_x2k2> .

k H——1 G H——1 é =k(&e+— !
<€ klkls 2,2]{28 € Alkl

Let € — 01, then

==

! IB<1;ﬁ171;ﬁ2><k.
(k1d1)4 (kaAz)? ! 2

This contradicts the fact

k< 11 1B<1—[31,1—[32>
(k1Ar)4 (kahz)? M A2

Hence the constant factor in (3.1) is the best possible. The proof of Theorem 3.1
is completed. [

Setting A; = A, = 1 in Theorem 3.1, we can obtain the following corollary:

COROLLARY 3.2. Let p>1, }ﬁé:l, an, by >0, 1>0,i=1,2, ki >1, such

. 2 .
that (1—Br)+(1— o) = A, max{O,W}gﬁi<1,and0<22°:0(k1n+
l)l’ﬂ"laﬁ <o, 0 <X (kon+ l)qﬁz’lbz < oo, then
=z 1
B(L—Bi,1- )Y (kin+ 1)PP-"af]7
,Zg)mz:‘o klm—|—k2n+2) k‘lik 26
2
<3 (kan+ 1Y% )4 (3.4)

n=0



ON A NEW DISCRETE HILBERT-TYPE INEQUALITY AND ITS APPLICATIONS 1585

REMARK 3.3. Corollary 3.2 and Theorem B* are equivalent. In fact, in Theorem

* o 2t—A o 2t=A _ _Iﬂ _k_2 1 l l—
B ,wesetr—ﬁ1+t_1,s—ﬁ2+t_1,c—l,a— 2,b— 5 . Since r—l—s—l,then

Bi+t—1 PBo+t—1
26— A 2%—A

1,

that is
(1=B1)+(1-p2) =A.
Since
2t— A 2t— A
r=——, §=—,
Bi+1—1 Br+t—1
then

A=2t—rt—Bir+r=2t—st—Prs+s.

Thus, (1.8) and (1.9) can be transformed into the following inequalities:

6+ky—\ /K3 + 12ky — 12
1

(2—s)t <2t—st—Prs+s<smin| 1, — st +2t;
2k
and
6+ ki —\/k3 4+ 12k — 12
2—rt<2t—rt—PBir+r<rming 1, —rt+2t.

2k

That is

ki— 6+ /k? + 12k; — 12
<<, (i=1,2)

0
max { 0, %

By simple calculation, it is also shown that (1.10) can be transformed into (3.4).
So Theorem B* implies Corollary 3.2.

On the other hand, in Corollary 3.2, we set k| = %’ ko = zc—f’, Bi=1—t+ 2’;1 R
Bo=1—1t+ %, where 1 +1=1,1€(0,1]. By easy and careful computation, we can
get Theorem B*. Thus, Corollary 3.2 and Theorem B* are equivalent, and Theorem
3.1 is therefore an extension of Theorem B*.

REMARK 3.4. 1)In Corollary 3.2, let ky =ky =1, B =1 =2, = 1—2  then
0 < A < min{p,q}, and (3.4) reduces to (1.3) by easy substitution. So Theorem 3.1 is
an extension of (1.3).

2) In Corollary 3.2, let ki = ky = 1, B = 52, By = 24 then 2 —min{p, ¢} <
A <2, and (3.4) reduces to (1.4). So Theorem 3.1 is an extension of (1.4) for 2 —
min{p,q} <A <2.



1586 M. You

3) In Corollary 3.2, let ky =k, = “+ , BL= %, B = %, then (3.4) reduces
to (1.5) under the conditions —1 < u <0 nd

{ —6u— 5+~/—12u “12ul }

2—min{p,q} < A <2—max{p,q}max

Obviously, the range of A and p above in our result are different from Pecari¢’s
in [5, 10]. so our result is a complement to Pecarié’s.

Setting k; = k» =2 in Corollary 3.2, we can obtain the following corollary which
is equivalent to Theorem A.

COROLLARY 3.5. Let p > 1, %+ é =1, apn, b, >0, >0, 0< BB < 1,
such that (1—By)+(1—Ba) =4, and 0 < 37 o(n+ )PP =1af <o, 0 < 35 ((n+
1)aP2=1pl < oo, then

I

n=0m=l 0 m+n+l

w-pamS (H;)‘”ﬁ“ag]” 5 (o)™ ] g

By variation substitution, we can also show that Corollary 3.5 is equivalent to The-
orem A. Obviously, Corollary 3.5 has more concise form than Theorem A. In Corollary
3.5,let A =1, then we have Corollary 3.6.

COROLLARY 3.6. Let p>1, 1 +1 =1, an, by =0, B1, f2=0, Bi+Pr =1
such that 0 < 35> o(n+ )PP ~1q <<x> and0<zn o(n+3)P=1pd < oo then

©0 1 qpa—1 é
— q
Z (n—|—2) bl .

n=0
(3.5)

oo

) T [z (n%)pﬁl_laﬁr

== 0m+n+l smﬁln =

Moreover, setting A; = A, = A =1, k; =k = 1 in Theorem 3.1, and by easy
variation substitution, we have:

COROLLARY 3.7. Let p > 1, 11—7+}1 =1, anb, =0, Bi,Bp =0, Bi+PBr=1
such that 0 < Yo nPPr=1al < oo and 0 < 352 nP2=1p] < oo, then

(S Pl T g (6)

m+n smBlrc = =

REMARK 3.8. (3.6) and (3.5) are two new and meaningful inequalities. They are
new extensions of (1.1) and (1.2) respectively. In fact, let B; = 1%’ B = é, then (3.6)
and (3.5) reduce to (1.1) and (1.2).

Similarly, let A; = A, = %, ki =k, =2, A =1, by Theorem 3.1, we obtain:



ON A NEW DISCRETE HILBERT-TYPE INEQUALITY AND ITS APPLICATIONS 1587

COROLLARY 3.9. Let p> 1, i+i:1 an, by 20,0< By, Bo<1, Bi+Pr=13
such that 0 < Yo (2n+ )PPl < o, and 0 < 357y (2n+ 1)~ b < oo, then

I Ll

== V2m+ 1+ 2+ 1

T pBi—1_p1; S ar-1pa14
< szﬁm[%(Zn—i—l) ]v['gb(Zn—i—l) bia.

Finally,let A, = A, =2, ki =ky =2, 1 =B =0, A =1, by Theorem 3.1, we
have:

COROLLARY 3.10. Let p> 1, 11—74—5:1, an, by =0, 0< 37 Oan < oo, and
0<> 02n+1<°° then
o oo oo p o pd

amb T a, .1 1
< — D
2g‘o(Zm+l)2+(2n+l)2 4[,;)2n+1]’[n§62n+1]q

n=0m
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