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VOLTERRA TYPE OPERATORS ON MORREY TYPE SPACES

RUISHEN QIAN AND SONGXIAO L1

(Communicated by S. Stevic)

Abstract. In this paper, we investigate the boundedness of Volterra type operators on Morrey
type spaces H12<.

1. Introduction

Let D denote the open unit disk in the complex plane C, JD its boundary and
H(D) the space of all analytic functions in D. For a € D, let ¢, be the automorphism
a

of D exchanging 0 for a, namely ¢,(z) = {=%, z € D. Let u denote a positive Borel

measure on ). For a subarc I € dD, let S(I) be the Carleson box based on I with
S()={zeD:1-]1]<|z7 <1 and éel}.

If I =0D,let S(I) =D. We say that u is a Carleson measure on D if

sup (S(1))/|1] < .
1coD

Here and henceforth sup;-,p indicates the supremum taken over all subarcs I of JD.
For 0 < p < oo, the Hardy space H” consists of all f € H(ID) such that

1 2r X
P = su —/ re'?)|[PdO < oo.
Il = sup 5= [ 170

As usual, H* denote the space of bounded analytic function.
Throughout this paper, we assume that K : [0,00) — [0,0) is a right-continuous
and nondecreasing function such that

1/e

K(log(1/p))pdp = / K(t)e 2di < o,
1
We say that f belongs to the space Qy if (see, for example [4, 5])
171 =sup [ IF @K~ lou(@) dA) <=
ac
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Qg is a Banach space under the norm |f(0)|+ || f|lox - For 0 < p <eo, K(r) =1? gives
the space Q,, Q1 = BMOA, the space of those analytic functions f in the Hardy space
HP whose boundary functions have bounded mean oscillation on dID (see, for example
[6, 28, 31]).

We say that a function f € H> belongs to Morrey type space le{ if

2 _ ] _ 2% oo
Il = O+ sup e [1A§) =i 57 <o

T

where

1 ¢
fi= m/lfm%, 1CaD.

This space was recently introduced by Wulan and Zhou in [27]. When K(¢) =1, it also
gives the BMOA space. When K(t) =t* (0 <A < 1), the space HZ gives the classical
Morrey space .£2* | which was first studied by Wu and Xie in [26] in the case of the
unit disk. Morrey space was first studied by Morrey for solutions of partial differential
equations (PDE) in [16].

Let g € H(D). The multiplication operator M, is defined by

My f(z) = f(2)g(2), fe€HD).

An integral operator introduced by Pommerenke in [18] is defined as following:

Iof @)= | Cf(E)E(E)dE, feH(D), zeD.

We call J, Volterra type operator (see, e.g. [19]), which can be viewed as a general-
ization of the Cesaro operator (see, e.g. [3]). Similarly, another integral operator was
defined by

LG = [ £ @sEde.

The importance of the operators J, and I, comes from the fact that

Jof +1f + f(0)g(0) = M, f.

Pommerenke showed that J, is bounded on H? if and only if g € BMOA in
[18]. Recently, the boundedness, compactness, norm and essential norm of J, and I,
between some spaces of analytic functions, as well as their n-dimensional extensions
on the unit ball in C”, have been investigated considerably (see, e.g. [1, 2, 3, 7, 8, 9,
10, 11, 12, 13, 14, 15, 17, 19, 20, 21, 22, 23, 24, 25, 29, 32, 33] and also the related
references therein).

In [10], the authors studied the boundedness of J,, I, and M, on Morrey space
Z£%* (0 < A < 1). Motivated by [10], in this paper, we investigate the boundedness
of Jg, I, and M, on Morrey type space Hz.

For our aim, we need more constraints on K in the rest of this paper. By [4],
we may assume that K is defined on [0, 1] and extend its domain to [0,e) by setting
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K(r)=K(1) for t > 1. We also assume that

= @k (s)
S2

where
ok (s) = sup K(st)/K(t), 0<s<oo.

0<r<1

1591

(1.1

(1.2)

Finally, we assume that K(r) ~ K(2¢). In this paper, the symbol f ~ g means that

f < g<f.Wesaythat f < g if there exists a constant C such that f < Cg.

2. Main results and proofs

In this section, we give our main results and proofs. For this purpose, we need

some auxiliary results. The following lemma can be found in [27, Theorem 3.1].

LEMMA 1. Let K satisfy the conditions (1.1) and (1.2). Then the following state-

ments are equivalent.

(a) f € Hg;
(b)
1 / 2 2
S i o 1 @P (= 2)aA) <
(c)
swp o U [ @RO - o)) <
seb K(1—[a%) AP

LEMMA 2. Let K satisfy the conditions (1.1) and (1.2). Then,

/¢ I, < VRO T¥)
(1— |wle)? : VI=lw]

we D.

Proof. Since K satisfies (1.2), from the proof of Lemma 2.2 of [5], we see that

there exists a small enough ¢ > 0 such that
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By making change of variables, we have

‘/ \/W /|w|\/?

(1— |w|t

\/7/II [KOU=9) | iy

[wl — 5
SVRT=) | <pK 1_—

m/",/ ||” 145

completing the proof. [J
LEMMA 3. Let K satisfy the conditions (1.1) and (1.2). Suppose that f € HI%,

11 VRO = P
) § e 2eD

then

Proof. By Lemma 1, for any w € D, we have
1— \WP
R L OPA - lu@) AR

a2
<sup——1 /\f (1~ |gu(0) P)dA(R)

aEDK 1 - |a‘
<R,

Let E(w,r) = {z€D: |@,(z)| < r}. Using the sub-mean value property of |f|> and

notice the fact that

‘1_?"‘}‘ ~ 1_|Z‘2% 1_|W|27 ZEE(W,V),

we get
, I ,
P S Lo, LA
1 /
ST oy VOO~ DA

<m/m\f’(1)lz(l— |0 (2)[*)dA(z).
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Hence, we have
11l VR = Tw?)

(1= wp)?

W) <

Since X |
700 =5 O = bw [ oy < | [ 1f (o)l

combine with Lemma 2, we easy to get that

L A A e s o

By [5, Lemma 2.3], we know that there exists a K3 such that K3 ~ K and K3t(’) is
nonincreasing on (0,c0). Thus,

@zK3_(I)>1 ZE(O 1)
t t ~ 7 b) .

Since the point w is arbitrary, it follows that

K(1—|z|?
@IS 1Al LD e,

VI-E

The proof is completed. [

LEMMA 4. ([30, Lemma 1]) Suppose that oo > —1 and s, t > 0. Ift <x+2<s,
then we have

1—[z])* 1
/%M(Z)g __
b |1 — a1 - baf (1~ |aP)—2/1 — bal

LEMMA 5. [6] Suppose that [ is a non-negative measure on D. Then U is a
Carleson measure if and only if the following inequality

JRUCIRTES T
holds for all f € H>. Moreover,

S
sp [ 1f(0)du ~ sup 4 1( ),
I/l 2 =17 icop M|

LEMMA 6. [6] Suppose that f € H(D), then f € BMOA if and only if the mea-
sure iy = |f'(2)[*(1 —|z|*)dA(z) is a Carleson measure.
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THEOREM 1. Suppose that g € H(D) and K satisfy the conditions (1.1) and
(1.2). Then Iq is bounded on H,z( if and only if g € H”. Moreover,

[ || ~ sup|g(z)]-
zeD

Proof. 1f g € H™, then by Lemma 1, it is easy to see that /, is bounded on H,%
and
([ g] < Suplg( )|

Now we assume that I, is bounded on HZ. For any w € D, we define

—lwl2
7o) = | T (pute) - w), e

Since K satisfies (2), by [5, Lemma 2.2], there exists a small enough ¢ > 0 such that
ok(t) <t'7¢, t > 1. By Lemma 4, we have

1—|af?
P K- aP) / £@P (1= 9u(2)?) dA(2)

—op Ll [ KO ()4

wb KO—1aP) o~ [T—Twf"
(1—ld >2I[§((l - ||;v|2)><1 ) <|1 (- If_>m2) dA(2)
112)2

ieﬁ(mi”c)z;( =

S T

(1—|a? (|1 —aw]
<
b a1

=sup
acD

aeD
— 1—c
(a2 (1=
“aen [1—aw]* \ 1|
_ 2\1+c¢
(1—laP)+ _

=Sup —————
uE]]I:])) |l_aw‘l+c ~

By Lemma 1, we see that f,, € H12<-
Since g € H(DD), then go ¢, € H(D). By sub-mean value property of |g|?, the
asymptotic relations

‘1_?"‘}‘ ~ 1_|Z‘2% 1_|W|27 ZEE(W,V),
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and Lemma 1, we obtain

oo >||Igwaf,2

a2
Zsup s [ @RI (1~ 06 aAG)

uE]D)K
Z[((%M/D\fé@lzlg(z)ﬁ (1= |pu(2)[?) dA(z)
2 [ 6Pl P (1= lgu(a)P) A )
z /E(w.r) |g(Z)|2‘(p‘:’(Z)|2 (1 B |(PW(Z)|2) dA(z)

2lg(w)P.

Since w € D is arbitrary, we have oo > || I, f || H2 > ||g||m=- Moreover, from the proof
we see that ||I,|| = sup_cp g(z)|, completing the proof. [

THEOREM 2. Suppose that g € H(D) and K satisfy the conditions (1.1) and
(1.2). Then Jq is bounded on H12< if and only if g € BMOA. Moreover,

gl = llg |l Baroa-

Proof. First, we assume that J, is bounded on H12<- For any I C 9D, let w =
(1—11|){ € D, where ¢ is the center of /. Then

1—|w|~|1—wz| = |I], z€ S(I).
Thus, by double condition and nondecreasing of weighted function K, we have
K(1—|w) ~K(|1]), z€S().

Take
(1= |w]) VK~ [wP)
(1 —Wz)%

Similarly to the proof of Theorem 1, we get

hy(z) = , zeD.

1—laf?

ZEBW/DWW(Z)V (1—|pa(2)]*) dA(2)

1— 22K1_ 2 1— 2)\2 1— '2
o (PRI IO WPR (LY
a€D K(1—al?) p \[1=wzP’|1 -z
<su p( —la]?)?K (1 —|w]?)
~aen K(1—la?)|1 —aw]?
<1,
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Thus, h,, € H,%. By Lemma 1 and the boundedness of J,, we have
o / g QP (1~ PAG)
T / (@) Plg' @1 - [2P)dA()

1 / 2 2
SR o [0 QP (1= YA

2
SehullZ; <=

Thus, g € BMOA.
Conversely, suppose that g € BMOA. For any 1 C dD and f € HZ, let { be the
center of I and w= (1 —|I|){ € D. We have

175 Jo 1UsPV @R = [ePA ()

k(1))
1 !
k() /S<1) FRPIE P~ )dAR) SA+B,
where 1
= N W 21/ 201 1.2
() /5(1) F)IP e P (1~ |2P)dA(z)
and

1 !
= X0 /Sm () — Fn)PIg @ P (1~ [e2)dA().

By Lemma 3, we get

1l VKL= w2 (| £l /K (1))
w)| < = < = ,weS().
) 5 A < e st

Combine with Lemma 6, it easy to get

2 2
AZ ||fHH12( gl Broa-

Since
1—[g?
1]

S1-lou@), zes(),

we obtain

I ,
BRI Joy 1O~ TP P~ u(aP)aa)

] /
5m/ fo@u(n) = f(w)[*[(g o @w) (MP(L—n|*)dA(n)

_Wz
s [ 170 ou(m) = £ Pllgo o) (P~ Inf)aA(n).

K(1—|wP)
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Since g € BMOA, then go ¢, € BUOA and |(go ¢,)'(n)|>(1 —|n|*>)dA(n) is a Car-
leson measure by Lemma 6. From Lemma 1, if a = 0, it is not hard to deduce that
f €HZC H?. Then (fo@,)(n)— f(w) € H>. Combining this with Lemma 5 gives

E NK(I |W| 2) g O (Pw 0 [¢] (P“ e (10

2 2
§||g||BM0A||fHH12{7
where we used the Littlewood-Paley identity in the second inequality (see [0, page

236]). Therefore,
HJngz}{ SA+BZ ||g||129M0A||fH?112{~

The proof is complete. []

THEOREM 3. Suppose that g € H(D) and K satisfy the conditions (1.1) and
(1.2). Then My is bounded on H,z( ifand only if g € H”.

Proof. Suppose M, is bounded on HZ . For any w € D, consider the function A,
defined in Theorem 2. Using Lemma 3, it gives

(1= ) VK~ [wP)

(1—wz)
< ||MghW||H,2( K(1—|z?)
~ (1—z?)

IVl VKL —[22)

- (1=1z)

|Mghy| = g(z)

[

Taking z=w, we get |g(w)| S ||M,]|. Since w € D is arbitrary, we deduce that g € H*.
The other side is obvious. The proof is complete. [

REMARK 1. If K(r) =¢* (0 <A < 1), then K satisfies our conditions and H}
is just Morrey space. Hence our results generalize the results in [10]. If K(z) =1,
HZ is just BMOA space. However K does not satisfy the condition (1.2). Hence, our
results do not include the case of BMOA space. In [19], Siskakis and Zhao proved that
Jg : BMOA — BMOA is bounded if only if

(log 7)?
sup ———
I1coD |1\

[ 18P0~ ) <o
(1)
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