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THE BEST BOUND FOR n-DIMENSIONAL
FRACTIONAL HARDY OPERATORS

FAYOU ZHAO AND SHANZHEN LU

(Communicated by B. Opic)

Abstract. In this note, we precisely evaluate the operator norm of the fractional Hardy operator
Hg from LP(R") to LI(R"), where 0 < 8 <n, 1 <p<g<eo and 1/p—1/g=B/n. By this
we extend the result of Bliss [1] to the case of high dimension and improve our result in [7].

1. Introduction

Recall that, for a nonnegative locally integrable function f on R”, the n-dimensional
fractional Hardy operator Hp is defined by

1

Hyf() = —
P o

/|y /) xRN (0}, ()

where 0 < B < n (cf. [4]). Given 0 < 8 < n and a locally integrable function f on
R", the fractional Hardy operator is closely related to the fractional Hardy-Littlewood
maximal operator My defined by

1 n
Mp f(x) = sup 5 / [f)ldy, xeR",
r>0 |B(‘x7r)|17H ‘y_X|<r

and to the Riesz potential Ig defined by

Iﬁf(x)zén%’ XERH.

It is then easy to see that

Mg f(x) = S:@(Hp(lf(-ﬂ%)l))(y)? xeR”,
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and

Hi (/1) () < 2" My (£)(x) <2 P|B(O. 1)~ I (1) (), x € R\ {0},

Let us note some results of the fractional Hardy operator. For the one-dimensional
case, Bliss in [1] worked out the best possible constant Cy in the inequality

IHgflla®,) < Coll fllzr®y)s

where 0 < f <1, 1 < p < oo, %—ézﬁ, Cy = <%,>l/q($.B(#7ﬁ>> ﬁ, and
R, = (0,00). A natural question is to consider the case of high dimension. As we
know, the theory in higher dimensions is perceived to be much more difficult and in-
deed there are significant problems in higher dimensions for which the one-dimensional
techniques are not adequate. For the n-dimensional case, we in [7] showed that C;, the
bound of operator Hg from L!(R") to L#m(R"), is 1, and the constant C; is best
possible. We also worked out that the constant C,, the bound of the operator Hﬁ from
from LP(R") to L(R"), satisfies

1/q 1/q 1-1/q 1/p—1/q 2
&) Gh) G5) (-5 <e<(GH)
q p—1 q—1 q p—1

with 0< B <n,l<p<g<e and 1/p—1/q= B/n. For more information about
the fractional Hardy operator, we refer to ([2], [3], [6], [8]) and references therein.

The purpose of this note is to completely fix the gap in [7], and give the norm of
| Hg || Lo (rn)—ra(rn) - Our result is:

THEOREM 1. Suppose that 0 < B < n, 1<p<q<ooand%—$:%. If fe
LP(R™), then we have

[Hp £l a(ny < AllfllLon)- @)
Moreover,
HHﬁ||LP(R")—>Lq(Rn) =A,

=) (5o(Ga)

It is worth mentioning that the proof from [5] is not applicable to the fractional
Hardy operator. Although our idea partly come from [1], there are some essential diffi-
culties. The first difficulty is how to deal with the high-dimensional case. In this paper,
we shall use the rotation method as in [5] to reduce the n-dimensional case to the
one-dimensional case. The second difficulty here is how to reconstruct some auxiliary
functions to achieve the sharp bound, which is quite different from [1].

Throughout the note, we use the following notation. The definition of the usual
beta function is defined by B(z,w) = [y 7~ (1 —1)"~'dt, where z and w are complex
numbers with positive real parts. The set B(0,|x|) denotes a ball with center at the
original point and radius |x|, and |B(0, |x|)| denotes the volume of the ball B(0, |x|). For
areal number p, 1 < p <o, p’ is the conjugate number of p, thatis, 1/p+1/p = 1.

where
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2. Preliminaries

To reduce the dimension of function space, we need the following lemma which
was obtained in [7, p. 7].

LEMMA 1. For a function f € LP(R"), let

1

8100 =5 [, FbIONaE, y B,

where ®, = 277:%/1"(%). Then

Hp (1) (x) = Hp(g7)(x)

and
g flle@ny < IFllze(n)-

REMARK 1. It follows from the above lemma that

g ()Nl o rn) - IHg (8£)l 2 (rr)
1Al 2o (e llgsllLrmn

Therefore, the norm of the operator Hg from L”(R") to LY(R") is equal to the norm
that Hp restricts to radial functions.

In order to prove Theorem 1, we need to construct an auxiliary function W (x,y,z)
and study the continuity and differentiability of the function W (x,y,z). These proper-
ties will be applied in Section 3. In order to show the properties of W (x,y,z), we first
introduce another auxiliary function ¢ (u), which is closely related with the function
W(x,9,2).

Assume that f is a nonnegative continuous function on R. By Holder’s inequality,

* s P )
/ f(r)rﬂ_ldrg (/ fp(r)r"_ldr> s 7 pl=p)/p,
0 0
If we denote y =n [j f(r)r"'dr and z=n [” fP(r)r"~'dr, then
n(p-1)

1jn(1)s‘ P y=0. (3)

Let ¢(u) be the function defined by the equation

1 ne—2 1 U La—2
=uP dn = . ¢, (4
o u/o (1—u+ unab/mP ! [(1_u)up1m/o (14 gap/m)"/P o @

where U = [u/(1 — u)]"/9P .
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In order to easily describe the point in the three-dimensional rectangular coordi-
nate system, we shall use x instead of s. For each point (x,y,z) in the octant R of
xyz-space where x > 0, y > 0, z > 0, the equation

9 (u) =2~ Vyr 5)
has a unique solution u(x,y,z), since

$(0) =0, ¢p(1) =00, ¢'(u) >0for0<u< 1. (6)

If (x,y,z) approaches a point (x1,0,1), where x; > 0, along a continuous curve in
R, then by (6), we know that u(x,y,z) approaches 1. It follows from the second form
of ¢(u), (6), (5) and (3) that

lim
X—X]

d = — . 7
BT E T T @

= 1—uqﬁ—/ e n TERTA=f)

If (x,y,z) approaches a point (x;,y2,0), where x, > 0, y, > 0, along a continuous
curve in R. It follows from the first form of ¢ (u), (5) and (6) that u(x,y,z) — 0 and

14 (P D)n
lim & = (g— 12

X=Xy Z y2

®)

Let W(x,y,z) be the function defined by the equation

B n 1 yq z yq_P
W()C,y,Z) - q(ﬂ —l’l) +n (1 —u xq(nfﬂ)fn + (1 — u)up71 x"(qF)Qﬁ) ’

where the function W (x,y,z) is determined when u is replaced by the function u(x,y,z)
in (4).

In order to calculate the derivatives of W with respect to x, y and z, we need to
give some necessary estimates. It follows from the second form for ¢ (u) that

n <l+pu—p xi(r=1)g up_1>

¢(”):ﬁ +

u(l—u) yP I—u
When W is treated as a function of x, y, z, u, the partial derivative of W with
respect to u is

W Y
gu ~ qB—m+n\(1—up xqw%n

n ¥ Pz 1 p—1) up 2
xa=p)=aB \ (1 — u)2u1’*1 (1 —u)u

B n 1 v n yi Pz 1 p-l 1
q(B—n)+n | (1—u)? xa=B)-n " xnla-p)=aB \1—u u ) (1—u)ur~!
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B qpB 1 d up~! +x"(p_l) l+pu—p| n
q(B—n)+n (1—wur~1t xa=B)=n | 1—u v ° u(l—u) | qB
aB 1 ¥

T gB-n)+tn (I—wur 1 xan—B)-n ¢’ (u).

In view of (5), we have

n(p—1) 1

N 1
x= (P2 o) Y y=x 7 zrg(u) P, z=x "0 DyPe (u).
Then
w1
du n(p—1)

8)7_ 1 =) 1 L1y, 32_ —n(p—1)pal
D L ) F g, 22 =)

Using the above calculations and (5), we can get the derivatives of W with respect to
x, y and z as follows:

_ W | IW ou
" Ox | Ju ox
: n—qn—p)—

=W<("—‘I(n‘ﬁ>>1y_ux 4(n—p)~1
gB—nlg—p)  y"z
(1 —uw)ur=t  xnla—p)—ap+1
_ pﬁ ) y‘I*PZ

(1 —wjur=t ynla—p)—qB+1
_on 1
T 1—u Bl

W,

+

and analogously,

p yq_l l l yq_p

h=1= (1— u)x4(n—B)—n’ V=12, (1—u)up—1 xan=B)=np’

Let A = ﬁ : (1_,,1),41;71 'xq(,zy:)p,np and g = 3. Then W,, Wy, W, can be rewritten
as

Wy = nx'40=PI=1ya —n(p— 1)AgPx"!, Wy = pAgl™!, W, =A.

When (x,y,z) approaches (x1,0,1) or (x2,y2,0), the expressions (7) and (8) show
that

q

. . n %)
IimW=—-A, limW = . . 9
xlgcll ’ xlgclz q(ﬂ —n) +n xg(”*ﬁ)*" ©)
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3. Proof of Theorem 1

It follows from Lemma 1 that the norm of the operator Hg from L”(R") to L9(R")
is equal to the norm that Hy restricts to radial functions. Consequently, without loss
of generality, it suffices to carry out the proof of the theorem by assuming that f is a
nonnegative, radial, smooth function with compact support on R".

Using the polar coordinate transformation, we can rewrite (2) as

oo s q o a/p
n/o (n/o f(r)rﬂ_ldr> s1B=m g =lgs < A9 (n/o fp(r)rﬂ_ldr) . (10)

It reduces to prove that the (10) holds.

Without loss of generality, we assume that n [ f7(r)r"'dr = 1.

If n 5 fP(r)r"~tdr # 1, we can replace f by (n [y fP(r)r" 1dr)~1f.

Consider the curve C in xyz-space defined by the equations y = n [} f(r)”""~dr,
z=n [ fP(r)”"dr and z(0) = 1. For such a curve there exists a smallest interval
(x1,x2), such that

0 <x1 <xp Koo,

y(x)=0,z(x) =1 on0 < x < xy,
y(x) = const., z(x) =0 on x; < x < .
Considering the function W (x,y(x),z(x)), we get the derivative of W with respect
to x, W' (x),
W) =t {10 Pyt A (p— 1) — ph? L f 4 7).

Let w(h,f) = (p—1)h" —phP~' f+ fP. Since h >0 and f >0, then y(h, f) is always
positive except at its root £ = f. And W'(x) can be rewritten as

W (x) = nx x40 Byd — =1 Q oy (h, f).

Let I=n [ (f5 f(r)r""'dr)?x4B="+1=1gx and x, < e, then on the sub-curves
Co1, C12, Coes of C corresponding to the intervals (0,x;), (x1,x2), (x2,°0),

q
n Vs

I(Co1) = 0,1(C) = CgB-n)+n g

In view of (9), we get
XD XD
1Ci) = [ aw 2 [ y(h, )ax
X1 X1

— W) — W) + x/xz =y (h, f)dx

q
n ) Yo

=A
TGt e

_ 4 / 2 Ny (h, f)dx,
x|
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where y> = y(xz). It follows from A < 0 and y(h, f) > 0 that
1(C) = I(Cp2) +1(Ca) < A.

When x, = oo, the value of I(C) can be calculated by taking the limit. We omit
the details.
Therefore, by the the equivalence of (2) and (10) we obtain

(g f1] 2 (rr
IBlg | r(ryroery = sup ot o
om0 1 ller(en)
On the other hand, take f (x) = S — - It follows from
(1+|x|qﬁ) 9P
S ~ sn
n/ fryrtar= ——
0 (1+s98) a5

qp

that the left side of (10) is 2 - B (ﬁ +1, 25— 1) Ttis easy to verify that

Therefore,

| Hg f1] 4 () . IHg £ 2a(rn) N

=

IHg | L (rry -9 (R) =

A,

1lpgnzo 1 llLo@n) £l 2o (R
which completes the proof. [
REMARK 2. If a modified form was as follows:
. 1 .,
Hpf() = ——— [ fO)dy. xR\ {0},
[B(O, x|~ Jbi<k

where 0 < B < n and f is a locally integrable function on R”". In view of |Hﬁ fl<
Hpg(|f]) and Lemma 1, Theorem 1 still holds for the operator Hﬁ .
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