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Abstract. In this paper, we present some new upper bounds for the spread of a matrix. These
bounds improve the previous results. In addition, one of these bounds can be up to the optimum.
Finally, some numerical matrices are given to show the effectiveness of our results.

1. Introduction

Let Cn×n and In denote the set of n× n complex matrices and the identity ma-
trix of order n , respectively. For A ∈ Cn×n , we denote by ρ(A) , r(A) , ‖A‖F , trA ,
A∗ , spe(A) the spectral radius, the rank, the Frobenius norm, the trace, the conjugate
transpose and the spectrum of A , respectively. If A = (ai j) ∈Cn×n , we write Ri(A) =
∑n

j=1 |ai j|2 and Ci(A) = ∑n
j=1 |a ji|2 . Moreover, A,B ∈Cn×n , we denote [A,B] = AB−

BA .
Let A ∈Cn×n , λi,λ j ∈ spe(A) , the spread s(A) of A is defined by

s(A) = max
i, j

|λi−λ j|.

The conception of spread was firstly proposed by L. Mirsky in 1956, where upper
bounds were obtained for s(A) , and since then the bound for s(A) has been studied
by several authors [1, 2, 3, 4, 6, 7, 8, 10, 11, 12]. Now we list some published upper
bounds for the spread of a matrix.

Let A = (ai j) ∈ Cn×n . A simple upper bound for the spread of A was given by
Mirsky in [8]

s(A) �
√

2
(
‖A‖2

F − | trA|2
n

) 1
2
, (1)

which was improved by B. Tu in [11] as follows

s(A) �

√
2 min

1�k�n−1

{
‖Ak‖2

F +‖Dk‖2
F +2‖Bk‖F‖Ck‖F − | trA|2

n

}
, (2)
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whereA ∈Cn×n was partitioned as

A =
(

Ak Bk

Ck Dk

)
, and Ak ∈Ck×k, 1 � k � n−1. (3)

In 2012, Wu, Zhang and Liao [12] provided the following two upper bounds:

s(A) � 2

√
n−1

n

(
‖A‖2

F − | trA|2
n

)
−

n

∑
i=1

(Ri(A)−Ci(A))2

4(Ri(A)+Ci(A)+2|aii|2 +4‖A‖2
F)

, (4)

and

s(A) � 2

√
n−1

n

((
‖A‖2

F − | trA|2
n

)2

− 1
2
‖[A,A∗]‖2

F

) 1
4

. (5)

The bounds in (4) and (5) were improved, respectively, by Sharma and Kumar [10] as
follows

s(A) �
√

2
n

∑
i=1

(Ri(A)Ci(A))
1
2 − 2| trA|2

n
, (6)

and

s(A) �
((

2‖A‖2
F −

2| trA|2
n

)2

−2‖[A,A∗]‖2
F

) 1
4

. (7)

The bounds in (6) and (7) are the refinements of the bound in (1) by the fact that

∑n
i=1(Ri(A)Ci(A))

1
2 � ∑n

i=1
Ri(A)+Ci(A)

2 = ‖A‖2
F and ‖[A,A∗]‖2

F � 0. However, none of
the bounds in (2), (6) and (7) is uniformly better than the others. This will be shown in
our example.

In this paper, we present three new upper bounds for the spread of a matrix. These
bounds are the refinements of the bounds in (2), (6) and (7), respectively. In addition,
one of these bounds can be up to the optimum. Finally, we use some numerical matrices
to show the effectiveness of our results.

To facilitate our statements, if A ∈Cn×n is partitioned as in (3), we denote

A(k) =

⎧⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎩

⎛
⎝ Ak

√
‖Ck‖F
‖Bk‖F

Bk√
‖Bk‖F
‖Ck‖F

Ck Dk

⎞
⎠ i f ‖Bk‖F‖Ck‖F �= 0,

(
Ak 0
0 Dk

)
otherwise.

In addition, we write A(n) = A , Bn = 0 and Cn = 0 .
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2. Some lemmas

In this section, we list some useful lemmas. The first lemma was proposed by
Kress in [5].

LEMMA 1. Let A ∈Cn×n . If λ1, · · · ,λn are all the eigenvalues of A, then

n

∑
i=1

|λi|2 �
{
‖A‖4

F − 1
2
‖[A,A∗]‖2

F

} 1
2
.

Next, we present a tighter upper bound for the sum of the squares of the magni-
tudes of all the eigenvalues of a matrix as follows.

LEMMA 2. Let A ∈Cn×n be partitioned as in (3). If λ1, · · · ,λn are all the eigen-
values of A, then

n

∑
i=1

|λi|2 � min
1�k�n

{(
‖A‖2

F − (‖Bk‖F −‖Ck‖F)2
)2 − 1

2
‖[A(k),A∗(k)]‖2

F

} 1
2
. (8)

Proof. There are two cases to consider.

Case 1. When ‖Bk‖F‖Ck‖F �= 0, we let x =
√

‖Ck‖F
‖Bk‖F

> 0.

Since (
xIk 0
0 In−k

)(
Ak Bk

Ck Dk

)( Ik
x 0
0 In−k

)
=
(

Ak xBk
Ck
x Dk

)
= A(k),

then λ1,λ2, · · · ,λn are all the eigenvalues of A(k) .
Case 2. When ‖Bk‖F‖Ck‖F = 0, without loss of generality, we suppose ‖Ck‖F =

0. By Schur decomposition, we know that there are two unitary matrices U1 ∈ Ck×k ,
U2 ∈C(n−k)×(n−k) such that

U1AkU
∗
1 =

⎛
⎜⎜⎜⎝

λ̃1 ∗ ∗ ∗
0 λ̃2 ∗ ∗
0 0

. . .
...

0 0 · · · λ̃k

⎞
⎟⎟⎟⎠ ,

and

U2DkU
∗
2 =

⎛
⎜⎜⎜⎝

λ̃k+1 ∗ ∗ ∗
0 λ̃k+2 ∗ ∗
0 0

. . .
...

0 0 · · · λ̃n

⎞
⎟⎟⎟⎠ ,

where λ̃1, λ̃2, · · · , λ̃n are all the eigenvalues of A(k) .
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Let U = diag(U1,U2) . Obviously, U is a unitary matrix. Since

UAU∗ =
(

U1AkU∗
1 U1BkU∗

2
0 U2DkU∗

2

)
=

⎛
⎜⎜⎜⎝

λ̃1 ∗ ∗ ∗
0 λ̃2 ∗ ∗
0 0

. . .
...

0 0 · · · λ̃n

⎞
⎟⎟⎟⎠ ,

we know that A and A(k) have the same eigenvalues.
It follows from Case 1 and Case 2 that λ1,λ2, · · · ,λn are also the eigenvalues of

A(k) . Applying Lemma 1 to A(k) leads to

n

∑
i=1

|λi|2 �
{
‖A(k)‖4

F − 1
2
‖[A(k),A∗(k)]‖2

F

} 1
2

=
{(

‖A‖2
F − (‖Bk‖F −‖Ck‖F)2

)2− 1
2
‖[A(k),A∗(k)]‖2

F

} 1
2
.

The inequality (8) holds by the arbitrariness of k (1 � k � n−1) and Lemma 1. �

In 1980, Nowosad and Tovar gave the following lemma which can be found in [9].

LEMMA 3. Let A ∈Cn×n . If λ1, · · · ,λn are all the eigenvalues of A, then

n

∑
i=1

|λi|2 �
n

∑
i=1

(
Ri(A)Ci(A)

) 1
2
.

3. Main results

In this section, we will present three new upper bounds for the spread of a matrix.
First, we give a refinement of the bound in (2).

THEOREM 1. Let A ∈Cn×n be partitioned as in (3). Then

s(A) �

√√√√2

(
min

1�k�n

{(
‖A‖2

F − (‖Bk‖F −‖Ck‖F)2
)2 − 1

2
‖[A(k),A∗(k)]‖2

F

} 1
2 − | trA|2

l

)
,

where l = min{r(A)+1, n} .

Proof. Firstly, we prove the following inequality

s(A)2 � 2
( n

∑
i=1

|λi|2− 1
l
|

n

∑
i=1

λi|2
)
. (9)

There are two cases to consider.
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Case 1. When r(A)+1 � n . Suppose that λ1,λ2, · · · ,λn are all the eigenvalues of
A and suppose

s(A) = max
1�i, j�n

|λi−λ j| = |λp−λq|, 1 � p < q � n.

By Lagrange’s identity, we have

n
n

∑
i=1

|λi|2 −|
n

∑
i=1

λi|2 = ∑
1�i< j�n

|λi−λ j|2 � |λp−λq|2

+
n

∑
j=1, j �=p,q

|λp−λ j|2 +
n

∑
j=1, j �=p,q

|λq−λ j|2

� |λp−λq|2 +
1
2

n

∑
j=1, j �=p,q

|λp−λq|2

=
n
2
|λp−λq|2 =

n
2
s(A)2,

which gives

s(A)2 � 2
( n

∑
i=1

|λi|2− 1
n
|

n

∑
i=1

λi|2
)

= 2
( n

∑
i=1

|λi|2− 1
l
|

n

∑
i=1

λi|2
)
.

Case 2. When r(A)+1 < n . Suppose that λ1,λ2, · · · ,λq are all the nonzero eigen-
values of A . If q � 2, by Lagrange’s identity, we have

q
n

∑
i=1

|λi|2 −|
n

∑
i=1

λi|2 = q
q

∑
i=1

|λi|2−|
q

∑
i=1

λi|2

= ∑
1�i< j�q

|λi −λ j|2

� q
2

max
1�i< j�q

|λi−λ j|2,

which together with the fact that q � r(A) gives

max
1�i< j�q

|λi−λ j|2 � 2
( n

∑
i=1

|λi|2 − 1
r(A)

|
n

∑
i=1

λi|2
)
. (10)

Let ρ(A) = max1�i�q |λi| = |λt0 |, 1 � t0 � q .
Since

1
2
|λt0 |2 � |λt0 −λ1|2 + |λ1|2,

...

1
2
|λt0 |2 � |λt0 −λt0−1|2 + |λt0−1|2,
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1
2
|λt0 |2 � |λt0 −λt0+1|2 + |λt0+1|2,

...

1
2
|λt0 |2 � |λt0 −λq|2 + |λq|2,

we have

(1+
q−1

2
)|λt0 |2 �

q

∑
j=1, j �=t0

|λt0 −λ j|2 +
q

∑
j=1

|λ j|2

� ∑
1�i< j�q

|λi−λ j|2 +
q

∑
j=1

|λ j|2

= q
q

∑
i=1

|λi|2−|
q

∑
i=1

λi|2 +
q

∑
j=1

|λ j|2

= (q+1)
q

∑
i=1

|λi|2−|
q

∑
i=1

λi|2,

which leads to

ρ(A)2 � 2
q

∑
i=1

|λi|2− 2
q+1

|
q

∑
i=1

λi|2

= 2
n

∑
i=1

|λi|2− 2
q+1

|
n

∑
i=1

λi|2

� 2
n

∑
i=1

|λi|2− 2
r(A)+1

|
n

∑
i=1

λi|2,

which together with (10) gives

s(A)2 = max{ max
1�i< j�q

|λi−λ j|2, ρ(A)2} � 2
n

∑
i=1

|λi|2− 2
r(A)+1

|
n

∑
i=1

λi|2

= 2
n

∑
i=1

|λi|2− 2
l
|

n

∑
i=1

λi|2.

Hence, the inequality (9) holds from Case 1 and Case 2. Combining the inequality (9)
and Lemma 2 leads to the desired result. �

REMARK 1. Since ‖A‖2
F − (‖Bk‖−‖Ck‖F)2 = ‖Ak‖2

F +‖Dk‖2
F +2‖Bk‖F‖Ck‖F ,

‖[A(k),A∗(k)]‖2
F � 0 and l � n , our bound in Theorem 1 is sharper than that in (2).

Further, our bound in Theorem 1 can be up to the optimum which will be shown in our
subsequent example.

Next, we propose a refinement of the bound in (7).
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THEOREM 2. Let A ∈Cn×n be partitioned as in (3). Then

s(A) �

√
2 min

1�k�n

{(
‖A‖2

F − (‖Bk‖F −‖Ck‖F)2 − | trA|2
n

)2 − 1
2
‖[A(k),A∗(k)]‖2

F

} 1
2
.

(11)

Proof. Let B = A− trA
n I . Applying Theorem 1 to B leads to

s(B)�

√√√√2

(
min

1�k�n

{(
‖B‖2

F − (‖Bk‖F −‖Ck‖F)2
)2− 1

2
‖[B(k),B∗(k)]‖2

F

} 1
2 − | trB|2

l(B)

)
,

(12)
where l(B) = min{r(B)+1, n}. By direct calculations, we have

trB = 0, (13)

‖B‖2
F = ‖A‖2

F − | trA|2
n

, (14)

and
[B(k),B∗(k)] = [A(k),A∗(k)]. (15)

Plugging (13)-(15) into the inequality (12) leads to

s(B) �

√
2 min

1�k�n

{(
‖A‖2

F − (‖Bk‖F −‖Ck‖F)2 − | trA|2
n

)2 − 1
2
‖[A(k),A∗(k)]‖2

F

} 1
2
,

which proves the theorem by the fact that s(A) = s(B). �

REMARK 2. Obviously, our bound in Theorem 2 is better than that in (7).

Next, we present a refinement of the bound in (6).

THEOREM 3. Let A ∈Cn×n . Then

s(A) �

√√√√2

(
n

∑
i=1

(
Ri(A)Ci(A)

) 1
2 − | trA|2

l

)
,

where l = min{r(A)+1, n} .

Proof. Since the theorem can be easily obtained from Lemma 3 and the inequality
(9), we omit it here. �

REMARK 3. Since l � n , our bound in Theorem 3 is sharper than that in (6).
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4. Numerical example

In this section, we will give some matrices to show the effectiveness of our results.

EXAMPLE 1. Consider four 3×3 matrices

A =

⎛
⎝ 2 0 1

0 0 0
0 0 0

⎞
⎠ , B =

⎛
⎝0 1 0

5 0 4
0 2 0

⎞
⎠ ,

C =

⎛
⎝1 1 2

1 1 2
1 1 2

⎞
⎠ , D =

⎛
⎝10 15 20

5 10 30
10 10 10

⎞
⎠ .

In order to compare more intuitively, we list the upper bounds for the spreads of
A , B , C and D given in Example 1 according to (1), (2), (6), (7), Theorem 1, Theorem
2 and Theorem 3, respectively in Table 1.

Table 1: The upper bounds for the spreads of A , B , C and D given in Example 1.

(1) (2) (6) (7) Theo 1 Theo 2 Theo 3

A 2.7080 2.7080 2.5055 2.5723 2 2.3094 2.2236
B 9.5917 7.7460 7.3916 7.4833 7.4833 7.4833 7.3916
C 5.0332 4.6188 4.8244 4.7234 4 4.6188 4.2357
D 59.1608 50.3945 53.1410 52.0858 50.1167 50.0500 53.1410

From Table 1, we can see that all of the upper bounds in (2), (6), (7), Theorem 1,
Theorem 2 and Theorem 3 are sharper than that in (1). We also see that the bounds in
Theorem 1, Theorem 2 and Theorem 3 are the refinements of those in (2), (7) and (6),
respectively. In addition, none of the upper bounds in (2), (6) and (7) is uniformly better
than the others and neither is those in Theorem 1, Theorem 2 and Theorem 3. Further
more, the bound in Theorem 1 is up to the optimum since s(A) = 2 and s(C) = 4.

5. Concluding remarks

From the proof of Theorem 1, we know that both of the upper bounds in Theorem
1 and Theorem 3 are also the upper bounds for the spectral radius. It is easily obtained
that the spectral radius of a singular matrix is less than or equal to its spread. Therefore,
for a singular matrix, the upper bound for the spread in Theorem 2 also bounds the
spectral radius.
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