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SHARP ESTIMATES REGARDING THE REMAINDER
OF THE ALTERNATING HARMONIC SERIES

ALINA SINTAMARIAN

(Communicated by J. Pecaric)

Abstract. In the present paper we obtain enhanced estimates regarding the remainder of the
alternating harmonic series. More precisely, we show that

1 L 1 1 1
< Do —(—1) T — —n2| € ——,
4n +a ,Z‘l( ) k (=1 " S A2+’

forall ne N, with a=2 and b= 2(231;35112) =1.177398899... . In addition, the constants a and

b are the best possible with the above-mentioned property.

1. Introduction

We denote by H, the nth harmonic number, i.e. H, =1+ % 4+ 4 }%, and by y
the Euler-Mascheroni constant, i.e. Y= lim (H, —Inn).

A remarkable flurry of articles have been published on estimating the remainder of
convergent series and sequences. We list below some of them (the best constants being
provided in some of the cases):

1 n
for e—<l+—) in[l1];
n

for H, —Inn— vy in [14] ([13]), [11, [3];

1
for H, —In (n—!— 5) —7yin[2];

1
for y— (Hn —Inn— —) in [8];
2n

fH1—|—1—|—1 1+23 in [4]
or Hy—In({n+-+———5+——= | —7yin[4];
" 2 24 482 576083 ) 7
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n n

1
for _E_Y_HHZ_ (Z Z T—ann2—|—1nn> in [5], [6, problem 1.28, p. 5];
i=1j= 1t

L 1 .

for | Y (—1)F 1ﬁ_2 in [9], [15];
k=1
u 1

for kg‘l(—l)k*l%—mz in [16].

Now we detail the result from [16], where estimates for the remaider of the alter-
nating harmonic series were given. L. T6th and J. Bukor [ 16, Theorem] proved that

1 n
— —In2| < neN
i | E S "
and the constants 21“% 5 and 1 are the best possible with this property, i.e. 2112%;21

cannot be replaced by a smaller one and 1 cannot be replaced by a larger one. See also
[12] for a different proof of this result.
Our theorem below improves the result from [16].

THEOREM 1. We have

1 ! 1 1 1
- ) ey 2 —
P DI PN

= 221

for all n € N. Moreover, the constants 2 and 2(231;322) =1.177398899... are the best

possible with this property.

In order to obtain our estimates, we use the inequalities proved by B.-N. Guo and
F. Qiin [8]

1 1 1
- _ _ R I —
12n2—|—g <Yy (Hn Inn Zn) o (7 12y) neN, (D)

the constants 2 % and M being the best possible with this property.
Also, we will be usmg in our proof some formulae involving the digamma function
v, which is the logarithmic derivative of the gamma function, i.e.

I (x)
C(x)’

w(x) = € (0, +0).

We have ([7, Section 8.365, Entry 4, p. 904], [10, Section 5.4, Entry 5.4.14, p. 137])

y(n+1)=—-y+H, neN. (2)
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The asymptotic formula for the digamma function ([ 10, Section 5.11, Entry 5.11.2,
p. 140], see also [7, Section 8.367, Entry 13, p. 906])

(x) ~In ! ! + ! ! +
Y I T 122 T 120 25240

along with the recurrence formula ([7, Section 8.365, Entry 1, p. 904], [10, Section 5.5,
Entry 5.5.2, p. 138])

(x =),

Wit )= p() 45, xe (0,400),

X
gives
(et 1) oIy o — L (xow) 3)
~ _— — RO —> 09,
v 2x 122 1208 25246

2. The proof
In this section we give the proof of Theorem 1.

Proof. Let s, = ¥ (—1)*"11, n € N. As one can easily see,
=1

1 1
Son+-——In2 = Hy, —H,+ — —1n2
4n

4n
=v— H—lnn—L —|ly— | H —1n(2n)—L
s " 2n v 2n 4n ’
forall n € N.

Letxn:sz,,—l-ﬁ—m,neN.Wehave

9
0
In(n )20+ D2+ ) (Sn2 + 16n+9)

Xp+1 —Xn =

for all n € N, hence the sequence (x;,),en is strictly decreasing. Clearly, lim x, =1n2.
Nn—o0
Now we can write that In2 < x,,, forall n € N, so

1 1
—_— — —1In2 N. 4
4(2n)2+2<s2n+4n neone @
Also, based on (2) and (3), we get that
1 1
—— —4(2n)2 = : — 16n°
Son + 7, —In2 y(2n+1)—y(n+1)+4 —1n2
1
= —16n°

1 1 1 1
Tor? ~ 1287 T 3568 T O <n8>
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Having in view (1), we are able to write that

1 1 1
S+ ——In2 < - , neN.
T 1202 + (7 12)/) 12(2n)2 + g
A straightforward calculation shows that
1 1 - 1
7 12 2.6 2(3-41n2)’
1202 + ( V) 12(211) + 3 4(2n)2_|_ (21n2—nl)

for all n € N, which means that

1 1
Sop+——1n2 < G neN. (6)
4n 4(2n)? + (21n2:11)

On the other hand,

1 1
n2— (sopey———— ) =n2— ( Hy— Hy+ ————
n (” +1 z(zn+1)> n < 2 "+2(2n—|—1))

=7 <H2n —In(2n) — ﬁ)

)

1 1
+E_2(2n+1)’

forall n € N.
> 0. We have

_ o1 1
Let yn = $2nt1 = 3570 + a@ar 72

9
Yl S S e ) (2n 1 1)(2n 4 3)(8n2 4 8n 1 3) (82 + 24n 1+ 19)

for all n > 0, which means that the sequence (y,),>o is strictly increasing. Also, we
have lim y, =In2. From these we deduce that y,, <In2, for all n > 0, so

n—o0

1
— <2 R YC Y > 0. 7
12 " (Sz"“ 2(2n+1))’ ! 7
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Using (2) and (3), we get that

! — —4(2n+ 1)?
In2 — <52n+1 - m)
1
— —4(2n+1)?
T m2— y(2n+1)+y(n+1)— GlerEmy
- ! —4(2n+1)?

| 1 1 1
I o T Toe 256n6 t O( 8) 202n+1)

s +0 (i)

1 1 1 1 1 1 1y!
an ~ Tor? T 128t~ 2566 T O <n_8) T (1 + E)

S

87_

= —2 (n— ). (8)

Based on (1), the following inequality holds

1 1 1 1 1
In2— ( s2p41— < T , neN.
( 2n+1 2(2n+1)) 12(2n )2_"_ (7 12Y) 12n2_|_g 4n 2(2n+1)

One can check that

1 1 1 1 1
120np+ 2EBE 122§ A 2D 4y 1y Baed
forall n > 2, and
In2 — <S3 - L) =0.02648... < 0.02689... = ;_
2-3 4.32 %
So,
In2 — <S2n+1 - ! ) < ! — , n>=0 )
2(2n+1) 4(2,1_‘_1)2_,_%

(the equality holds only for n =0).
Let’s conclude what we have proved. From (4) and (7) it follows that

1

— —4n* < 2,
Sp — (71221 : —ln2‘
for all n € N, and (5) and (8) imply that
. 1 2
lim - —4n” | =2,

n—oo

Sp— (712): : —ln2‘
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i.e.
1

a2

for all n € N, the constant 2 being the best possible with this property. From (6) and
(9) we obtain

-1 n—1
Sp — i —1In2
2n

)

(_l)nfl 1
Sp— e —In2| < ———
n = 2(3_4In2)’
2n 4n® + St
2(3-41n2)

for all n € N; clearly, the constant =5;—— is the best possible with this property (the
equality holds only forn =1). O
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