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ORLICZ GEOMINIMAL SURFACE AREAS
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Abstract. In 1996, E. Lutwak extended the important concept of geominimal surface area to L,
version, which serves as a bridge connecting a number of areas of geometry: affine differential
geometry, relative differential geometry, and Minkowskian geometry. In this paper, by using the
concept of Orlicz mixed volume, we extend geominimal surface area to the Orlicz version and
give some properties and an isoperimetric inequalities for the Orlicz geominimal surface areas.

1. Introduction

R" denotes the usual n-dimensional Euclidean space with the canonical inner
product (-,-). The letter B is reserved for the unit ball centered at the origin o, and the
surface of B is §"~!. A bounded closed convex set C C R” is called a convex body
if it has non-empty interior. Let 2™ be the class of convex bodies of R", let %" be
the class of members of " containing the origin, and let .7 be those sets in %"
containing the origin in their interiors. Let %" denote the set of convex bodies whose
centroids lie at the origin. In general, we refer the reader to [15] for standard notation.

The Orlicz-Brunn-Minkowski theory, introduced by Lutwak, Yang, and Zhang
(see [4, 10, 11]), is a new extension of the classical Brunn-Minkowski theory. For
the recent development see [1, 5, 6, 16]. Quite recently, in [3], Gardner, Hug and
Weil constructed a general framework for Orlicz-Brunn-Minkowski theory that includes
Orlicz addition and Orlicz mixed volume, established the new Orlicz-Brunn-Minkowsk
inequality and the Orlicz-Minkowski mixed volumes inequality, and made clear for the
first time the relation to Orlicz spaces and norms.

The important concept of geominimal surface area was introduced by Petty [14].
It serves as a bridge connecting a number of areas of geometry: affine differential
geometry, relative differential geometry, and Minkowskian geometry. The geominimal
surface area, G(K), of K € #", could be defined by

w)"G(K) = inf{nV}(K,Q)V(0*)"/" : Q € A},
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Where @, denotes the volume of n-dimensional unit ball, and V; (K, Q) is the mixed
volume of K, Q.
In [8], Lutwak extended Petty’s geominimal surface area to the L, version. For
p > 1, the p-geominimal surface area, G,(K), of K € % is defined by
0" G,(K) = inf{nV,(K,Q)V(Q)"/" : Q € A},

where VP(K ,Q) means p-mixed volume of K,Q (for the definition see section 2).
By the homogeneous of volume and p-mixed volume, the p-geominimal surface
area could also be defined by

G,(K) =inf{nV,(K,Q): 0 € #y, and V(Q") = w,}.
In this paper, we will introduce the Orlicz geominimal surface area Gy (K) of
K € ;. Let ® denote the set of convex functions ¢ : [0,00) — [0,c0) that satisfy
©(0)=0and ¢(1)=1. For K € %, and ¢ € D,
Gy(K) =inf{nVy(K,0Q): Q € #j and V(Q") = @y},
where V,(K,Q) means Orlicz mixed volume of K,Q (for the definition see section 2).
It will be shown that the infimum in the above definition is attained.

THEOREM 1. If K € ), and ¢ € @, then there exists a body K¢ Sy such that
Go(K) =nVy(K,K) and V(K') = o,.

We will show that Orlicz geominimal surface area of a body is invariant under
unimodular centro-transformations of the body. Another important property of Orlicz
geominimal surface area is the following:

THEOREM 2. If ¢ € @, then the functional Gy : Ky — (0,0) is continuous.

Petty [14] established the fundamental affine isoperimetric inequality for geomin-
imal surface area. He showed that for K € £,

G(K)" <n"w,V(K)" !,
with equality if and only if K is an ellipsoid. This inequality is closely related to the

Blaschke-Santal6 inequality. In [8], Lutwak established the corresponding inequality
for p-geominimal surface area: For K € 2",

Gp(K)" <n"ofV(K)"?,
with equality if and only if K is an ellipsoid. Now, an Orlicz extension of Petty’s
geominimal surface area inequality will be obtained.
THEOREM 3. If K € % and ¢ € @, then

Go(k) <7 @00 ((775)"):

with equality only if K is an ellipsoid.

In this paper, we also follow the principle. We will use the technique which is
developed by Lutwak [8]. So our work is a natural extension of the work of Lutwak [8]
and Petty [14]. It would be impossible to overstate our reliance on his work.



ORLICZ GEOMINIMAL SURFACE AREAS 355

2. Notations and Orlicz mixed volumes

For K € ", let hxy = h(K,-) §"~1 — R denote the support function of K; i.e.,
for u € "1, h(K,u) = max{(u,x) : x € K}. The formula (See (0.27), P. 18 in [2])

hAK(M) :hK(A’u) (2.1)

for x € R" and a linear transformation A : R” — R", gives the change in a support

function under A, where A" denotes the transpose of A. For K,L € ,%/0", the Hausdorff

metirc 6(K,L) = max, g1 |h(K,u) —h(L,u)|. If o € L and L is a star-shaped at o, its

radial function py, for x € R"\{o}, is defined by p(x) = p(L,x) = max{A : Ax € L}.
For K € %, let K* denote the polar of the body K; i.e.

K'={xeR": (x,y) <1, forally € K}.

The Blaschke-Santal6 inequality (see [12, 13]) is one of the fundamental affine isoperi-
metric inequalities. It states that if K € %" then

VK)V(K) < o, (22)
with equality if and only if K is an ellipsoid.

For x € R", let (x) = x/|x|, whenever x # 0. For surface area measure Sk (u) of
K,a A € SL(n), define the measure Sk (Au) on S"~! by

[ fwdsian = [ 1A (A ) dSk(w) (2.3)
foreach f € € (8" !). In [9], the following equation is proved:
dSAK(u) = dS;((Alu). (2.4)
For K € ", we have
/ 1 udSk(u) = 0. (2.5)
=

In [3], Gardner, Hug and Weil introduced the definition of Orlicz mixed volumes.
For ¢ € ®, K € %;, L € Kjj, the Orlicz mixed volume V,, (K, L) of K, L is defined by

B 1 hL(u)
Vo(K.L) =~ /S o o (u>>hg(u)dSK(u). (2.6)
The special case of ¢(t) =1”,p > 1 is p-mixed volume V,,(K,L) of K,L (see [7]):
1
Vy(K,L) = . lh(L,u)”dSp(K,u),
s

where S,(K,-) is the L,— surface area measure of K.
The following result provides an Orlicz-Minkowski inequality: let ¢ € @, if K €
Hoo and L € ", then

V(L)\Un
Vo(K,L) > V(K ((—) ) 27
If ¢ is strictly convex, equality holds iff K and L are dilates or L = {0}. In (2.7), the
special case when @(r) =¢”, p > 1, reduces to the L,-Minkowski inequality.
For the further research, the corresponding properties are studied in the following.
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LEMMA 2.1. Suppose K € 2, and L € )" If ¢ € ® and A € SL(n), then
Vo (AK,AL) =V, (K, L).

Proof. By (2.6), (2.4), (2.3) and (2.1), we have

Vo(AK,L) = 1/SH(P< e (1) )hAK(u)dSAK(u)

n Toakc (1)
= Lo oGt e vasasica
ik 'A’““P(%)M(A%A’u>>dsK(u>
= % /Sl w(%)hmmd&{(m
— %/Sl w('”;lKl—(LIf)”))hK(u)dsK(u)

=Vo(K,A'L). O

It is easy to check that Vi, (AK,AL) = A"V (K, L), for A > 0. Therefore, we have

PROPOSITION 2.2. Suppose K € #y}, and L € %y". If ¢ € ® and A € GL(n),

then
Vo (AK,AL) = |detA|Vy(K, L).

The following shows that the Orlicz mixed volumes V(-,-) are continuous on
% A

PROPOSITION 2.3. Suppose K;. K € Fy, Li, L€ 2" and ¢ € @, if K; — K
and L; — L, then

Vo (Ki, Li) — V(K. L).

Proof. Since K; — K and L; — L, we have hg, — hx and h;, — hy, uniformly
on §"!. Since the continuous function kg is positive, the kg, are uniformly bounded
away from 0. Thus

hr, h
qo( L’)hK. — (p(—L>hK7 uniformly on §"~1,
hg, /™ hx

And K; — K also implies that
Sk.(-) — Sk(-), weakly on "',

Hence,

%/SH ‘P(ZZ)hKI-Sm(w — %/Sl (P(Z—i)thSK(u). O

By the similar argument of proposition 2.3, we have the following result.

PROPOSITION 2.4. Let K,L€ ", if ¢;, ¢ € ® and @; — @, i.e., max,er |Qi(t) —
¢(t)| — 0, for every compact interval I C R, then Vi, (K,L) — Vo (K,L).
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3. Orlicz geominimal surface areas

For K € 7, and ¢ € @, define the Orlicz geominimal surface area, G(,,(K ), of
K by
Go(K) = inf{nVy(K,0) : 0 € Hgh and V(Q") = @,}. (3.1)
When ¢(7) =17, p > 1, the Orlicz geominimal surface area becomes the p— geominimal

surface area. The next proposition shows that Orlicz geominimal surface area of a body
is invariant under the special linear transformation.

PROPOSITION 3.1. Suppose K € . If ¢ € ®, and A € SL(n), then

Gy(AK) = Gy (K).

Proof. From (3.1) and Lemma 2.1, we get

Go(AK) = inf{nVy(AK, Q) : Q € A and V(Q) = m,}
= inf{nVy(K,A'Q): A" Q € JAgh and V((A™'Q)") = @y}
= Gy(K). O

Next, we will show that the infimum in the definition (3.1) of the Orlicz geomini-
mal surface area can be attained. Let ¥ denote the set of compact convex subsets of
R”™.

LEMMA 3.2. ([8] p. 264) Suppose K; € Ky, and K; — L € €". If the sequence
V(K}) is bounded, then L € J£y;.

Proof of Theorem 1. By the definition of G(K), we can find a sequence M; € )
with V(M) = o, such that Vi, (K,B) > Vy,(K,M;), for all i, and

nVo(K,M;) — Gy(K).

Let R; = max{p(M;,u) : u € S"~'} denote the outer radius of M; and the convex
set ¢; = {Au; : 0 < A < R;} C M;, where u; is any of the points in S"~! such that
p(M;,u;) = R;. Then, we have

h(ei,u) = max{(0,u), (Riu;,u)}
= Rimax{(0,u), (u;,u)}

1
= Ri- 5 (| u) |+ i, )).
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By Jessen’s inequality, we have

Vo(K,B) >V,

—~

K7Mi)

B % sn—1 (P(I/}ll((];?::))>h([(au)dsl((u)

> V(K)(p(nVI(K) - h(M,-,u)dSK(u)>
1

> V(K)q()(nV(K) S’Hh(el,u)dSK(uD

=V( )(P<%(I()~/S"*1 %(|<u,,u>|+(u,-,u>)dSK(u)>
iV 1,{L

= Vi),

where v(K|ui) denotes the area of the projection of K onto the hyperplane u;- with
normal vector u;. Since K contains the origin in its interior, there exists a constant
¢ > 0 such that v(K|ui") > c. Hence, Vy(K,B) > V(K)o (=5€) | which leads to that

nv(K)
R; < M(p‘l(%). So, M; are uniformly bounded. By the Blaschke selection

C
theorem, there exist a convergent subsequence M;; of M; and a compact convex body
L such that the limit of M;; mustbe L. Since M;; — L, and the sequence V(Ml-*j) =Wy,

we get that M — L* and V(L*) = o,. Lemma 3.2 gives L € %(),. Since the Orlicz
mixed volumes Vj,(-,-) are continuous on on 7 x %", we get that L is the desired
body K. O

REMARK 3.3. We conjecture that K is unique if ¢ € @ is strictly convex, and
the uniqueness of K will bring us many interesting results.
Set
ToK = {K € ) : Go(K) = nVo(K,K) and V(K') = w,}. (3.2)

Let @(t) =7, p > 1, we have TyK = T,(K). In [8], Lutwak showed that 7,K is a
singleton. Although we do not know whether T, K is a singleton, we get the following
property of the body TpK .

PROPOSITION 3.4. If K € ), ¢ € ® and A € SL(n), then Ty(AK) = A(TyK).
Proof. First, let K e TyK , by Proposition 3.1, (3.2) and Proposition 2.2, we have
Gy(AK) = Go(K) = nVy(K,K) = nVy(AK,AK).

Combining with V(K ") = V((AK)*) = @,, we have AK € T,(AK), which implies that
Tp(AK) D A(T,K).
Second, let K € Ty(AK), we also have

Gy(K) = Gy(AK) = nVy(AK,K) = nVy(K,A™'K).
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Combining with V(K') = V((A"'K)*) = @,, we have A~'K € T,K, which implies
that Ty (AK) C A(TpK). O

The following two lemmas are the corresponding Orlicz version of Lemma 3.6
and Lemma 3.7 of [8], which will be helpful in the sequel.

LEMMA 3.5. Suppose ¢ € @, and K € . If r,R > 0, are such that
rB C K C RB,

then

i) < ORI

forall uc §" ' and K € ToK.

_ Proof. Asthe proof of Theorem 1, let the convex set eg = {Aup: 0 < A <R(K)} C
K and uq be the point in §”~! such that

p(K,up) = max{p(K,u):uc "'} = R(K),

where R(K) is the outer radii of K. Then, we have

Since '@, < V(K) < R'@,, and v(K|ug) = r'"'w,_1, we have Vy(K,K) >
R(IZ)r"_la)n,l
"o (7>
T nR"w,
From the minimality property of K, it follows that
V‘P(Kalz) < V(P(K’B)'

By the integral representation (2.6) of Orlicz mixed volume, we have
Volk.B) =~ [ (s )h(w)dSi(u) < V(K)p(1/r) < @nR"0(1/7).
sn—1 hK(u) "

Therefore, r"a)n(p(%) < @,R"@(1/r), which leads to that

nR" —“1(rn r)/r
kiR < R0 (o))

We finished the proof. [J
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LEMMA 3.6. Suppose ¢ € ®. If K; € " is a family of bodies for which there
exist r,R > 0, such that
rB C K; C RB, for all i,

then there exist ¥',R' > 0, such that arbitrary K; € ToK; satisfy

F’BCK;C R’B, for all i.

Proof. From Lemma 3.5, if the outer radii of a sequence of bodies are uniformly
bounded and the inner radii of the sequence are bounded away from 0, then there exists
R’ > 0 such that K; C R'B.

Next, we will give the proof by contradiction to show that the inner radii of se-
quence K; is also bounded away from 0. For arbitrary K; € ToK;, let r; = r(K;) denote
the inner radius of K;, and let ; is any point in S§"~1 which satisfies that

ri= min h(K;,u) = h(K;,u;).
uesn—1
Suppose that the infimum of the r; is 0. Thus, there exists a subsequence of the K;,
which will not be relabeled, such that

h([i-,u,-) — 0.

By the Blaschke selection theorem, there exist a subsequence of the K;, which will
also not be relabeled, and a convex body M, such that

Ki— M.
Since V(K; ) = @,, by Lemma 3.2, we get M € .
But 4(K;,u;) — 0, and max|hz — hy| — 0, implies that Ay (u;) — 0, which is
impossible since the continuous function /y; is positive. [

THEOREM 2. If ¢ € ®, then the functional Gy : Ky — (0,0) is continuous.

Proof. That G, is upper semicontinuous follows immediately from Proposition
2.3 and the definition of G (-).

To see that G, is lower semicontinuous at Ky € ,/“ifo", let K; € Zy, be a sequence
of bodies such that K; — Ko, with Gy (K;) — [ € R. It will be shown that [ > G (Kp),
and thus

liminfGy (K;) > Gy (Kp).

By Lemma 3.6, any K; € TyK; are uniformly bounded. By the Blaschke selection
theorem and Lemma 3.2, we get that there exists a body M € 7, and a subsequence
of the K;, which will not be relabeled, such that K; — M, and V(M*) = @,. From
Proposition 4.3, the facts that K; — K, and K; — M, we conclude that Go(Ki) =
nVy (K, Ki) — nVy(Ko,M). Since Gy (K;) — [, we have nVy (Ko, M) = [. But the defi-
nition of G¢(Kp) shows that

I =nVy(Ko,M) > Gy(Kop),
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and completes the argument. [

In [14] and [8], Petty and Lutwak proved that geominimal surface area G : #" —
(0,00) and p-geominimal surface area G, : %), — (0,°0) are continuous respectively.
When ¢(1) =tP, p > 1, Theorem 2 becomes the above results.

In [8], Lutwak showed that: If p > 1,and K € %", then

Gp(K)" <"V (K)", (3.3)

with equality iff K is an ellipsoid. In the sequel, we give the following Orlicz version.
Unfortunately, without the uniqueness of 7,K, we do not know whether the equality
holds if K is an ellipsoid.

THEOREM 3. If K € %" and ¢ € @, then

Go(K) < nV(K)¢<<VCE)Ir'()>1/n>7 (3.4)

with equality only if K is an ellipsoid.
vk \ " .
Proof. Let Q = AK such that V(Q*) = @,, then A = (co—n> . By the defini-
tions of Gy (K) and Vj(K,Q), the Blaschke-Santalo inequality (2.2), we have

Go(K) < nVy(K,AK)
- h(AK, u)
_ /Sn—l(p<7h(K7u) )h(K,u)dS(Km)
=ne(A)V(K)

= nv(K)o((

< ®o( (7))

If the equality holds, by the equality case of the Blaschke-Santalo inequality, we get K
is an ellipsoid. [

(K)\ 1/
o))

In Theorem 3, when ¢(7) =tP, p > 1, (3.4) reduces to (3.3).
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