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NEW INEQUALITIES AND INFINITE PRODUCT FORMULAS
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Abstract. In this paper, we give a new approach to prove inequalities for the Schwab-Borchardt
mean, the lemniscatic mean and the arithmetic geometric mean. Additionally, we apply these
means to inequalities for trigonometric functions or the lemniscate functions by considering
several functional inequalities. One of these applications includes infinite product formulas for
the lemniscate function and the arithmetic geometric mean by considering several functional
equations.

1. Introduction

In mathematical literature, the Schwab-Borchardt mean, the lemniscatic mean and
the arithmetic geometric mean have attracted many researchers. For example, inequal-
ities for these means were obtained by differentiation or a sequential method. These
were applied to get trigonometric or lemniscatic inequalities [5, 6, 7, 8, 9]. The follow-
ing trigonometric inequality

2+cosx _ sinx 13,

> —> 1
3 o cos (D)

for 0 < x < m/2 were established by use of Schwab-Borchardt mean in [8]. The first
inequality in the above is a well known inequality which was obtained by N. Cusa and
C. Huygens. The second inequality in the above was obtained by D. D. Adamovi¢ and
D. S. Mitrinovi¢ [5].

In this paper, we obtain a general approach to get these inequalities for means.
We apply our approach to inequalities for trigonometric or the lemniscate functions by
considering several functional inequalities. For example, we obtain

44slx sl
st Sx—x > (sl'x)V/3 )

5
for 0 < x < L/2 where slx is the lemniscatic sine and L = 2.622057--- is the lem-
niscate constant. These inequalities are lemniscatic analogs of (1). Furthermore, by
considering several functional equations, we get infinite product formulas for the lem-
niscate function and the arithmetic geometric mean as follows:
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2
slx [1+s'x 14 \ Trsx
— X X
X 2 2

for 0 <x < L/2. When x = L/2 in (3), we obtain

2 \ﬁ 1+v2
— =14/ =X X
L 2 2

which was obtained in [3, 4] by different way (for more details, see section 3).

1+ %
1+‘/m
X oo 3)

2

2. Theorems for the Schwab-Borchardt mean

The Schwab-Borchardt mean SB [1, 2, 8, 9] is defined as follows:
Given positive constants ag, by, we set a,,b, inductively by

a, + by,

1/2
7 )

ap+1 = ybpp1 = (an+1bn > €]

and define

SB(ag,bo) = lim a, = lim by,

n—00

which is given as

V23—

—_—— 0 < ag < by,
SB(ao, bo) = arccos(zao/bzo)
V% by
by < ag.

arccosh(ag/bo)
It is known [9] that this mean satisfies
a<ag < - <ap<- - <SB<L--<by<--<by<by (ag<by)
and
bp<by < - <by<--<SB<--<ap<---<ay<ay (by<ap).

There exists an attempt to get bounds for SB. The following bounds were estab-
lished in [9]. For arbitrary ag,bo(# ao), we have

a, + 2b,

> SB(ag,bo) > (anb2)'/>. 5)

We then give the following lemma to show (5). Thorough out this paper, p, ¢
denote real numbers.
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LEMMA 2.1. Let f be a real valued function which is continuous at 1. Suppose
one of the following conditions holds.

1. tPf(t) > f(2t> 1) for 0 <t < 1 and ap < by
2. tPf(t) > f(2t>* = 1) for 1 <t and by < ay.

Then, with a real number q, the sequence

o () ©)

is strictly increasing as n increase. If t1f(t) < f (2t2 — 1) holds for above condition,
with a real number q, then the sequence (6) is strictly decreasing as n increases.

Proof. We note that for all n we have 0 < a,11/b,11 <1 or | < ayi1/bys1.
First, we assume that 19/ (t) > f (2> —1) holds. Since by:1/by = apy1/bpy1 and
an/b, = 2(an+1/bn+1)2 — 1, we have

Ap+1 an
s (5 o (32)
_ bup1 \? [ ans an
-a{(52) 1 (5) - (%))
gl 24>
—pi an+l) (an+l) _ ntl .
n{<bn+l f bn+1 f b5+1 ! >0

If t9f (1) < f (2t2 - 1) holds, we get the second assertion in the same way as above.
This completes the proof. [l

We then give the following theorem which refines the inequalities (5).

THEOREM 2.2. Let {a,}, {bn} be sequences determined by (4). We then have

a, +2b, S (an+2b,)° + ayb? 1/3 .
3 28

1/4
anby(an +2bn)} : > (a,b2)'/3.

SB(ao, bo) > { 3

Proof. We can show the first and the fourth inequalities by direct computations.
We can show the second inequality by setting f(¢) = (t +2)3+¢ and ¢ =3 and the
third inequality by setting f(r) =7(r+2) and ¢ =4 in Lemma 2.1. [

As we saw, if ag < by, the Schwab-Borchardt mean SB is represented by
arccos(ag/bg). We then get the following theorem for trigonometric inequalities.
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THEOREM 2.3. Let g be a real number and f be a real valued function which is
continuous at 1. If t9f(t) > f (2t2 — 1) holds for 0 <t < 1, then we have

f() <%>q > f(cosx) (0<x<m/2). (7

X

The inequality in (7) is reversed if t1f(t) < f (2t2 — 1) holds for 0 <t < 1.

Proof. We put ag/by = cosx and if 17f(t) > f(2t> — 1), we have

q
2

a
1

m{(5) 1 (52)} 0 | e | > ()

from Lemma 2.1. This shows (7). If 19f(t) < f(2:>—1) holds, we get the second
assertion in the same way as above. [J

We can get the inequality (1) in the same way as the proof of Theorem 2.2.

‘We here note that if the function
144/ L2
+\ =
X
2

,—l—f—t 1+ l+t

converges, it satisfies 7f(t) = f(2¢t> — 1) and this suggests f(1) (sinx/x) = f(cosx).
Indeed, the following well known theorem which was established by Euler holds.

THEOREM 2.4. If 0 <x < /2, we have

14-cosx
smx /1+c0sx + \/ 2 «

= COS T X COS S X oSS X -
2 4 8

1+ / 1+cosx
S
X
2

Proof. We put ¢, = a,/b, in the Schwab-Borchardt mean. First, we note that
ap+1/bns1 = bpi1/by holds. We then have

b, C1 Xy X -+ X ¢y

bo b, a ., @ an
0 thleZX an

C] Xy XXy

by _ bl _ by b
e X e X g X X gl

=C| Xy X X Cpe
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We note that ¢? (14 ¢,)/2 holds. By setting n — oo and ¢y = cosx, we get

n+l1 =

=C1 XCp X+ X

n
— 1
1 + C() 1 + +Co
which is equivalent to
/ Licos
smx /1 + cosx + +§mx o

= COSE X COS T X OS2 X -
2 4 8 ’

1+ 1+cosx
1+ —5—
X
2

where we used half-angle formula for cosx. This completes the proof. [

3. Theorems for the lemniscatic mean

‘We establish similar statements for the lemniscate functions as of [1]. The arclem-
niscate sine is defined by

y
arcsly=/0 (1—59"2ds (2 <1). ®)

Similarly, the hyperbolic arclemniscate sine is defined by
Y 4y-1/2
arcslhy:/ (I+s™)"/=ds.
0

The lemniscatic constant is given as

L 1

= :/ (1—s5%""2ds =1.311028---.

2 0

Then, the lemniscatic sine slx (0 < x < L/2) is defined as of the inverse function of

arcsly. The following lemma for slx is valid.

LEMMA 3.1.

slx=+v1-—sl*x.

We can show this lemma by setting y = slx and by differentiating both sides in (8).
We then obtain a lemma for the lemniscatic mean [2, 6, 7] which is defined as follows:
Given real ag, by satisfying ag > 0, by > 0, we set a,, b,, inductively by
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a, + by,
pat = =5 buyt = (@anansr)'V?, ©)

and define
IM(ag,bo) = lim a, = lim by,
Nn—oo n—o0

which is given as
2\ 1/4
i (a%—b(z))’l/“arcsl(l—b—g) 0 < bg < ap
(LM (ag, bo)] ™/ = 07 1
(b} — a})~/*arcsth (— 1) ag < by.
The following bounds were established in [6]. For arbitrary ag,bo(# ap), we have

3a, +2b,

s > M(ap,bo) > (ab7)')°. (10)

We then show the following lemma.

LEMMA 3.2. Let f be a real valued function on (0,e) which is continuous at 1.
IF 2P f(t=1) > f(2t> — 1) holds for t # 1 with a real number p, then the sequence

anf (Z—") an

is strictly increasing as n increases. If t*P f(t=') < f(2t> — 1) holds for t # 1, with a
real number p, then the sequence (11) is strictly decreasing as n increases.

Proof. We note that for all n we have a,/b,+1 # 1 because ag/by # 1. First,

we assume that 127 f (') > f(2r> — 1) holds. Since by 1/ans1 = (an/ans1)"/? and
aps1/an = (1+by/ay,)/2, we have

( n+l>
An+1
{<nl> <n1) f<bn>}
ap4-1 dn
2(12
n+1 "+1 +1
{ ) f( l2 - 1) } > 0.
n+1 n n+l

If 127 f(t=') < f(2t> — 1) holds, we get the second assertion in the same way as above.
This completes the proof. [l

By setting p =1, f(1) =1*5 or p=1, f(r) =2t +3, we have (10). Furthermore,
we get the following theorem which refines the left side of (10).
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THEOREM 3.3. Let {a,}, {b,} be the sequence determined by (9). We then have

3a, + 2b, - { (3an+2b,)° + a3b?

1/5

Proof. We can show the first inequality by a simple computation. We can show
the second inequality by setting f(¢) = (2t +3)° +¢%> and p =35 in Lemma 3.2. O

We should note that inequalities for the lemniscatic mean and functions are estab-
lished in [6, 7]. We here obtain the following general result to get lemniscatic inequali-
ties.

THEOREM 3.4. Let p be a real number and f be a real valued function on (0,)
which is continuous at 1. If t*P f(t=') > f(2t> — 1) holds for t # 1, then we have

s\ %7
£ <7> > f(sl'y) (0<x<L/2). (12)
The inequality in (12) is reversed if t*P f(t=') < f(2t> — 1) holds for t # 1.

Proof. If 1P f(t~1) > f(2t*> — 1), we have

2\ P/2 2 1/4
lim{<a_">pf<b_">}:f(1)<1_b_> arcsl—2? (1_@> >f<b_0)
n—eo | \ ag an “0 a% ap

from Lemma 3.2. By setting 1 — b%/a(z) = sl*x, we get the assertion because sl'x =

V1—sl*x. If 227 f(t7') < f(2t> — 1) holds, we get the second assertion in the same
way as above. [

Direct computations give the following corollary which is a lemniscatic analog of
the inequality (1).

COROLLARY 3.5. If 0 <x < L/2, we have

44sl'x  slx
> R
X

- > (sl'x)'/3,

The second inequality is shown in [7] by different representation.
We note that if the function

l+t 1+ 1+t 1+ =
2

f) =

converges, it satisfies 2 f(t7!) = f(2t2 —1) and this implies f(1)(slx/x)? = f(sl'x).
Indeed, we obtain the following theorem which is a lemniscatic analog of Theorem 2.4.
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THEOREM 3.6. If 0 <x < L/2, we have

slx [1+sl'x
R X
X 2

Proof. We put a, /b, = ¢, in the lemniscatic mean. First, we note that a1 /b,+1 =
bu+1/ay. We then have

1+

_2
1+sl"x

apt+1 C1 X Cp X+ X Cpp
T _a a , az Anyl
a — X X - T
0 ) b Ty b1
C1l X 2 X -+ X CnJrl
- b
40w b % hz %o bott
An+1 ag An

C%X"'XC%+1.

We note that ¢2, | = (1+1/c,)/2 holds. By setting n — oo and 1 /co =sl'x=/1— sl*x,
we have

(L-1/c)' o dp
arcs’(1 —1/c)1/4  n—= ag

:C%X"'XC%X"'

1+1/co 1+\/ 1+1/c0 \/

which is equivalent to

ﬁ _ 1+sl'x l+ \/ 1+sl’ \/ l+sl’

s
x2 2

This completes the proof. [

In [3, 4], Levin established

2 \ﬁ 1+v2
— = — X X
L 2 2

By setting x = L/2 in Thorem 3.6, we get the product (13) as sl (L/2) =1 and sl' (L/2)
=0.

13)
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4. Theorems for the arithmetic-geometric mean

Similar statements hold for the arithmetic geometric mean M (ag,bg) which is
defined as follows [ 1, 2]: Given positive ag, by satisfying ag > by, we set a,, b, induc-
tively by

ap+b
1 = = bt = (anbn)' 2, (14)

and define

M(ag,bo) = lim a, = lim by,

n—oo n—oo

which is given as
2 (/2
[M (a0, bo)] ™" = ;/ (a§cos® 6 + bEsin® @) ~'/2d6.
0
This mean satisfies

bo <by < <by<--<M(ag,by) < <ap<--<a;<ap.

We get the following lemma for the arithmetic geometric mean.

LEMMA 4.1. Let f be a real valued function on (0,e) which is continuous at 1.
Ife1{(1 +t2)/2t2}pf((t +171)/2) > f(¢*) holds for 1 <t with some real p,q, then
the sequence

apbif (%) (15)

is strictly increasing as n increases. If t9{ (1+12) /202 }" £ ((t+171)/2) < £ (¢*) holds
for 1 <t, with some real p,q, then the sequence (15) is strictly decreasing as n in-
crease.

Proof. We note that a,/b, > 1. First, we assume that #9((1+1%)/2¢%)" f((t +
t71)/2) > £ (1?) holds. Since ayy1/ay = (1+by/an)/2, byy1/by = (an/by)'/? and
ni1/bps1 = {(@n/bn)"/* + (bn/an)'/?} /2, we have

Ap+1 an
agﬂl)Z*lf(an) —ablf <E)
P q
_ ppa Ap+1 bn+1 ant1) an
anf(5) (52) () ()}
1/2 1/2
a " (12" (Z_> / +<Z_Z)/ a
- () (%) 7 2 (@)

If 19{(1+12)/262} f((t+171)/2) < f(¢*) holds, we get the second assertion in the
same way as above. This completes the proof. [J

We then get the following theorem.
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THEOREM 4.2. Let {a,}, {bn} be sequences determined by (14). We then have

an+b, a,+ (anbn)l/2 + by
2 3

1/3
M(ag,bo) > {761"]9"(61" o) } > (anby) ">

2

Proof. The first and fourth inequalities are shown by direct computations. By
setting p=0, g=1 and set f(t) =¢+1"/241 in Lemma 4.1, we have

((I—H )/2) (2):02%1)1/2{(201/2—(;2—#1)1/2}<0

as 2t — (1> + 1) < 0. This shows the second inequality.

Similarly, we put p =0, g =1 and set f(7) {t t+1 /2}1/ in Lemma4.1. We
then have

tf((t+17)/2) = f(1?) = w {e+ 1P =@} >0

as (14 1)> —4¢ > 0. This shows the third inequality and Theorem 4.2. [
We note that if the function

12, ,-1/2\1/2 12, ,-1/2\—1/2
A2 L1/ <’7+2’ ) +<’7+2’ )

f) =" :

converges, it satisfies 7((1+12)/2¢%) f((t+17')/2) = f (¢*) and this suggests us that

flao/bo) = a1byf(ay/b1)/(aoho) = --- = f(1)[M(ag,bo)]?/(aobo) . In fact, we get the
following theorem.

THEOREM 4.3. Ift > 0, we have

[M(t1/2,t71/2)}2

12,12\ 1/2 12,12\ —1/2
oo (U ()

X
2 2
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Proof. We put ¢, = a, /by, in the arithmetic geometric mean. Since a,/b, =
a2/b?. |, we have

n+1°
B2 Bhit o a0 o a1 oy @
n+1 _ a()b() h() bl bn
aobo coXCp XXy
bﬁ#»l ap N ay N X dn 2
apbp \ by " by byt

CoXCp XXy
=C1 XC2 X - XCp

12, —12\ 1/2 12, —12\ —1/2
1/2 71/2 CO/ +¢y / + CO/ +¢ /
¢y’ " +e 2 2

= X NEER
2 2

We note that ¢, 1 = (c,l/2 + 0,71/2)/2 holds. By setting n — o and ¢y =, we obtain

biﬂ [M(ao,bo)}z

li =

ng}‘l’ aobo aobo
2 /2 b —-1/2

= —/ (a—0c0s20+—0sin29) dae
wJo bo ap

_ [M(tl/2,t71/2)}2

N 1/2 N —1)2
t1/2+t_1/2 (M) +<M)
2 2

for 1 <. By setting t — 1/t, we can show this equation on 0 < 7 < 1 as this equation
is invariant with respect to the substitution. It is easy to see that this equation holds for
t = 1. This completes the proof. [

Acknowledgements. The author is grateful to Professor Toshiaki Adachi for many
careful advices in preparing this manuscript.

REFERENCES

[1] J. M. BORWEIN AND P. B. BORERIN, Pi and the AGM — A Study in Analytic Number Theory and
Computational Complexity, Wiley, New York, 1987.

[2] B. C. CARLSON, Algorithms Invorving Arithmetic and Geometric Means, Amer. Math. Monthly. 78
(1971), 496-505.

[3] A.LEVIN, A New Class of Infinite Products Generalizing Viéte’s Product Formula for m,Ramanujan
J. 10 (2005), 305-324.

[4] A. LEVIN, A Geometric Interpretation of an Infinite Product for the Lemniscate Constant, Amer.
Math. Monthly. 113 (2006), 510-520.

[5] D.S. MITRINOVIC, Analytic Inequalities, Springer-Verlag, Berlin, 1970.

[6] E. NEUMAN, On Gauss Lemniscate Functions and Lemniscatic Mean, Math. Pannonica. 18 (2007),
253-266.



540 RYO NISHIMURA

[71 E. NEUMAN, Two-Sided Inequalities for the Lemniscate Functions, J. Inequal. Spec. Funct. 1 (2007),
1-7.

[8] E. NEUMAN AND J. SANDOR, On some inequalities involving trigonometric and hyperbolic functions
with emphasis on the Cusa-Huygens, Wilker and Huygens inequalities, Math. Inequal. Appl. 13 (4)
(2010), 715-723.

[9] E. NEUMAN AND J. SANDOR, On the Schwab Borchardt mean, Math. Pannonica. 14 (2) (2003),
253-266.

(Received March 1, 2014) Ryo Nishimura
Department of Life and Materials Engineering

Nagoya Institute of Technology

Gokiso-cho, Showa-ku, Nagoya

Aichi, 466-8555, Japan

e-mail: rrnishimura@gmail.com

Mathematical Inequalities & Applications
w ele-math.com

mia@ele-math.com



