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Abstract. By using the methods of weight functions and Hermite-Hadamard’s inequality, two
kinds of more accurate equivalent reverse multidimensional half-discrete Hilbert-type inequali-
ties with the kernel of hyperbolic cotangent function are given. The constant factor related to the
Riemann zeta function is proved to be the best possible.

1. Introduction

If p > 1, 1
p + 1

q = 1, f (x) , g(y) � 0, 0 < || f ||p = {∫ ∞
0 f p(x)dx} 1

p < ∞, 0 <

||g||q < ∞, then we have the following Hardy-Hilbert’s integral inequality (cf. [1]):∫ ∞

0

∫ ∞

0

f (x)g(y)
x+ y

dxdy <
π

sin(π/p)
|| f ||p||g||q, (1)

where the constant factor π
sin(π/p) is the best possible. Assuming that am,bn � 0, 0 <

||a||p = {∑∞
m=1 ap

m}
1
p < ∞, 0 < ||b||q < ∞, we still have the following discrete Hardy-

Hilbert’s inequality with the best constant π
sin(π/p) (cf. [1]):

∞

∑
m=1

∞

∑
n=1

ambn

m+n
<

π
sin(π/p)

||a||p||b||q. (2)

Inequalities (1) and (2) are important in analysis and its applications (cf. [1], [2], [3],
[4], [5], [22]). The more accurate of (2) is as follows:

∞

∑
m=1

∞

∑
n=1

ambn

m+n−α
<

π
sin(π/p)

||a||p||b||q

(0 � α � 1), which is an extension and a refinement of (2) (cf. [1]).
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In 1998, by introducing an independent parameter λ ∈ (0,1] , Yang [6] gave an ex-
tension of (1) for p = q = 2. In 2009–2011, Yang [3] and [4] gave some extensions of
(1) and (2) as follows: If λ1 , λ2 ∈R , λ1 +λ2 = λ , kλ (x,y) � 0 is a homogeneous func-
tion of degree −λ , with k(λ1) =

∫ ∞
0 kλ (t,1)tλ1−1dt ∈ R+ , φ(x) = xp(1−λ1)−1 , ψ(y) =

yq(1−λ2)−1 , f (x) , g(y) � 0, 0 < || f ||p,φ := {∫ ∞
0 φ(x) f p(x)dx} 1

p < ∞0 < ||g||q,ψ < ∞,
then we have

∫ ∞

0

∫ ∞

0
kλ (x,y) f (x)g(y)dxdy < k(λ1)|| f ||p,φ ||g||q,ψ , (3)

where the constant factor k(λ1) is the best possible. Moreover, if kλ (x,y) is finite
and kλ (x,y)xλ1−1(kλ (x,y)yλ2−1) is decreasing with respect to x > 0 (y > 0), then for

am,bn � 0, 0 < ||a||p,φ := {∑∞
m=1 φ(m)ap

m}
1
p < ∞, 0 < ||b||q,ψ < ∞, we have

∞

∑
m=1

∞

∑
n=1

kλ (m,n)ambn < k(λ1)||a||p,φ ||b||q,ψ , (4)

where, the constant factor k(λ1) is still the best possible.

Clearly, for λ = 1, k1(x,y) = 1
x+y , λ1 = 1

q , λ2 = 1
p , (3) reduces to (1), while (4)

reduces to (2). Some other results including multidimensional Hilbert-type inequali-
ties and the reverses are provided by [7]-[14]. On half-discrete Hilbert-type inequal-
ities with the non-homogeneous kernels, Hardy et al. provided a few results in The-
orem 351 of [1]. But they did not prove that the the constant factors are the best
possible. However, Yang [15] gave a result with the kernel 1

(1+nx)λ by introducing

a variable and proved that the constant factor is the best possible. In 2011, Yang [16]
gave a half-discrete Hardy-Hilbert’s inequality with the best possible constant factor
B(λ1,λ2) . Zhong et al ([17]–[19]) investigated several half-discrete Hilbert-type in-
equalities. A half-discrete Hilbert-type inequality with a general homogeneous kernel
of degree −λ ∈ R and a best constant factor k (λ1) was obtained as follows:

∫ ∞

0
f (x)

∞

∑
n=1

kλ (x,n)andx < k(λ1)|| f ||p,φ ||a||q,ψ , (5)

which is an extension of Yang’s paper [16] (cf. [20]). Also a half-discrete Hilbert-type
inequality with a general non-homogeneous kernel and a best constant factor was given
by Yang [21].

In this paper, by using the methods of weight functions and Hermite-Hadamard’s
inequality, two kinds of more accurate equivalent reverse multidimensional half-discrete
Hilbert-type inequalities with the kernel of hyperbolic cotangent function are given.
The constant factor related to the Riemann zeta function is proved to be the best possi-
ble.
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2. Some lemmas

LEMMA 1. Suppose that (−1)ih(i)(t) > 0 (t > 0 ; i = 0,1,2). Then (i) for b > 0 ,
c > 1 , 0 < α � 1, we have

(−1)i di

dxi h((b+ lnα cx)
1
α ) > 0 (x > 1; i = 1,2); (6)

(ii) for
∫ ∞

1
2

h(t)dt < ∞, we have

∫ ∞

1
h(t)dt <

∞

∑
n=1

h(n) <

∫ ∞

1
2

h(t)dt. (7)

Proof. (i) We obtain

d
dx

h((b+ lnα cx)
1
α ) =

1
x
h′((b+ lnα cx)

1
α )(b+ lnα cx)

1
α −1 lnα−1 cx < 0,

d2

dx2 h((b+ lnα cx)
1
α ) =

d
dx

[
1
x
h′((b+ lnα cx)

1
α )(b+ lnα cx)

1
α −1 lnα−1 cx

]
= − 1

x2 h′((b+ lnα cx)
1
α )(b+ lnα cx)

1
α −1 lnα−1 cx

+
1
x2 h′′((b+ lnα cx)

1
α )(b+ lnα cx)

2
α −2 ln2α−2 cx

+α(
1
α
−1)

1
x2 h′((b+ lnα cx)

1
α )(b+ lnα cx)

1
α −2 ln2α−2 cx

+(α −1)
1
x2 h′((b+ lnα cx)

1
α )(b+ lnα cx)

1
α −1 lnα−2 cx

= [−h′((b+ lnα cx)
1
α )(b+ lnα cx) lncx+h′′((b+ lnα cx)

1
α )

×(b+ lnα cx)
1
α lnα cx+b(α −1)h′((b+ lnα cx)

1
α )]

× 1
x2 (b+ lnα cx)

1
α −2 lnα−2 cx > 0.

(ii) Since h(t) is a decreasing convex function, by the decreasing property and

Hermite-Hadamard’s inequality (cf. [23]), we have
∫ n+1
n h(t)dt < h(n) <

∫ n+ 1
2

n− 1
2

h(t)dt

(n ∈ N), and then

∫ ∞

1
h(t)dt =

∞

∑
n=1

∫ n+1

n
h(t)dt <

∞

∑
n=1

h(n)

<
∞

∑
n=1

∫ n+ 1
2

n− 1
2

h(t)dt =
∫ ∞

1
2

h(t)dt.

Hence, (7) follows. �
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REMARK 1. The hyperbolic cotangent function h(t)= coth(t) := et+e−t

et−e−t (cf. [24])

satisfies the condition of (−1)ih(i)(t) > 0 (t > 0; i = 0,1,2). In fact, h(t) = et+e−t

et−e−t > 0
(t > 0), we find

h′(t) = − 4
(et − e−t)2 < 0,h′′(t) =

8(et + e−t)
(et − e−t)3 > 0 (t > 0).

If i0 , j0 ∈ N(N is the set of positive integers), α , β > 0, we put

||x||α :=

(
i0

∑
k=1

|xk|α
) 1

α

(x = (x1, · · · ,xi0) ∈ Ri0),

||y||β :=

(
j0

∑
k=1

|yk|β
) 1

β

(y = (y1, · · · ,y j0) ∈ R j0). (8)

LEMMA 2. If s ∈ N , γ , M > 0 , Ψ(u) is a non-negative measurable function in
(0,1], and

DM :=

{
x ∈ Rs

+;0 < u =
s

∑
i=1

( xi

M

)γ
� 1

}
,

then we have∫
· · ·

∫
DM

Ψ(
s

∑
i=1

( xi

M

)γ
)dx1 · · ·dxs =

MsΓs( 1
γ )

γsΓ( s
γ )

∫ 1

0
Ψ(u)u

s
γ −1du. (9)

Proof. It follows from Lemma 42.1 in (cf. [22]) (in P. 776). �
Applying Lemma 2, in view of (9) and the condition, it follows:

(i) For Rs
+ =

{
x ∈ Rs

+;0 < u = ∑s
i=1

( xi
M

)γ � 1(M → ∞)
}

, we have

∫
· · ·

∫
Rs

+

Ψ

(
s

∑
i=1

( xi

M

)γ
)

dx1 · · ·dxs

= lim
M→∞

MsΓs( 1
γ )

γsΓ( s
γ )

∫ 1

0
Ψ(u)u

s
γ −1du; (10)

(ii) for {x∈Rs
+; ||x||γ � 1}=

{
x ∈ Rs

+; 1
Mγ < u = ∑s

i=1

( xi
M

)γ � 1(M → ∞)} , set-

ting Ψ(u) = 0(u ∈ (0, 1
Mγ )), we have

∫
· · ·

∫
{||x||γ �1}

Ψ

(
s

∑
i=1

( xi

M

)γ
)

dx1 · · ·dxs

= lim
M→∞

MsΓs( 1
γ )

γsΓ( s
γ )

∫ 1

1
Mγ

Ψ(u)u
s
γ −1du; (11)
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(iii) for {x ∈ Rs
+; ||x||γ � 1} =

{
x ∈ Rs

+; 0 < u = ∑s
i=1

( xi
M

)γ � 1
Mγ

}
, setting

Ψ(u) = 0 (u ∈ ( 1
Mγ ,∞)), we have∫

· · ·
∫
{||x||γ �1}

Ψ

(
s

∑
i=1

( xi

M

)γ
)

dx1 · · ·dxs

= lim
M→∞

MsΓs( 1
γ )

γsΓ( s
γ )

∫ 1
Mγ

0
Ψ(u)u

s
γ −1du.

REMARK 2. For δ ∈ {−1,1} , Eδ = {u > 0; 1
Mγδ � uδ � 1}, in view of (ii) and

(iii), it follows that ∫
· · ·

∫
{||x||δγ �1}

Ψ

(
s

∑
i=1

( xi

M

)γ
)

dx1 · · ·dxs

= lim
M→∞

MsΓs( 1
γ )

γsΓ( s
γ )

∫
Eδ

Ψ(u)u
s
γ −1du. (12)

(iv) For {x∈Rs
+;xi � 1}=

{
x ∈ Rs

+; s
Mγ < u = ∑s

i=1

( xi
M

)γ � 1(Mγ > s;M → ∞)
}

,

setting Ψ(u) = 0 (u ∈ (0, s
Mγ )), we have∫
· · ·

∫
{xi�1}

Ψ

(
s

∑
i=1

( xi

M

)γ
)

dx1 · · ·dxs

= lim
M→∞

MsΓs( 1
γ )

γsΓ( s
γ )

∫ 1

s
Mγ

Ψ(u)u
s
γ −1du; (13)

LEMMA 3. For s ∈ N , γ > 0, ε > 0 , δ ∈ {−1,1}, c = (c1, · · · ,cs) ∈ [2,e]s, we
have ∫

· · ·
∫
{x∈Rs

+;||x||δγ �1}
||x||−s−δε

γ dx1 · · ·dxs =
Γs( 1

γ )

εγs−1Γ( s
γ )

, (14)

As(ε) := ∑
m

|| lncm||−s−ε
γ

∏s
i=1 mi

=
Γs( 1

γ )

εsε/γ γs−1Γ( s
γ )

+O(1)(ε → 0+). (15)

Proof. By (12), it follows that∫
Eδ

u
−δ ε

γ −1du =

{ ∫ 1
M−γ u

−ε
γ −1du,δ = 1,∫M−γ

0 u
ε
γ −1du,δ = −1

=
{ γ

ε (Mε −1), δ = 1,
γ
ε M−ε , δ = −1.∫

· · ·
∫
{x∈Rs

+ ;||x||δγ �1}
||x||−s−δε

γ dx1 · · ·dxs

=
∫
· · ·

∫
{x∈Rs

+ ;||x||δγ �1}

{
M[

s

∑
i=1

(
xi

M
)γ ]

1
γ

}−s−δε

dx1 · · ·dxs
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= lim
M→∞

MsΓs( 1
γ )

γsΓ( s
γ )

∫
Eδ

(Mu1/γ )−s−δεu
s
γ −1du

= lim
M→∞

M−δεΓs( 1
γ )

γsΓ( s
γ )

∫
Eδ

u
−δ ε

γ −1du =
Γs( 1

γ )

εγs−1Γ( s
γ )

.

Hence we have (14). For M > s1/γ , we set

Ψ(u) =
{

0,0 < u < s
Mγ ,

(Mu1/γ)−s−ε , s
Mγ � u � 1.

Then by the decreasing property and (13), it follows

As(ε) �
∫
{x∈Rs

+ ;xi�e/ci}
|| lncx||−s−ε

γ

∏s
i=1 xi

dx
ui=lncixi=

∫
{u∈Rs

+;ui�1}
||u||−s−ε

γ du

= lim
M→∞

MsΓs( 1
γ )

γsΓ( s
γ )

∫ 1

s/Mγ
(Mu1/γ )−s−εu

s
γ −1du =

Γs( 1
γ )

εsε/γ γs−1Γ( s
γ )

. (16)

In the following, by mathematical induction, we prove that for any s ∈ N,

As(ε) � Os(1)+
Γs( 1

γ )

εsε/γ γs−1Γ( s
γ )

(ε → 0+). (17)

For s = 1, by (7), it follows that

A1(ε) = ln−1−ε c1 +
∞

∑
m1=2

ln−1−ε c1m1

m1
� ln−1−ε c1 +

∫ ∞

3
2

ln−1−ε c1x
x

dx

� ln−1−ε c1 +
∫ ∞

e/c1

ln−1−ε c1x
x

dx = O1(1)+
1
ε
,

and then (17) is valid. Assuming that (17) is valid for s−1 ∈ N, then for s, we set

As(ε) = ∑
{m∈Ns;∃i0,mi0

=1}

|| lncm||−s−ε
γ

∏s
i=1 mi

+ ∑
{m∈Ns;mi�2}

|| lncm||−s−ε
γ

∏s
i=1 mi

.

There exist constants a,b ∈ R+, such that

∑
{m∈Ns;∃i0,mi0=1}

|| lncm||−s−ε
γ

∏s
i=1 mi

� a+b ∑
{m∈Ns−1;mi�1}

|| lncm||−(s−1)−(1+ε)
γ

∏s−1
i=1 mi

.

By the assumption of mathematical induction for s−1, we find

∑
{m∈Ns−1;mi�1}

|| lncm||−(s−1)−(1+ε)
γ

∏s−1
i=1 mi

� Os−1(1)+
γ2−sΓs−1( 1

γ )

(1+ ε)(s−1)(1+ε)/γΓ( s−1
γ )

,
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and then

∑
{m∈Ns;∃i0,mi0

=1}
|| lncm||−s−ε

γ
1

∏s
i=1 mi

� Os(1).

By Lemma 1, (7) and (16), we obtain

∑
{m∈Ns;mi�2}

|| lncm||−s−ε
γ

1

∏s
i=1 mi

�
∫
{x∈Rs

+;xi� 3
2 }
|| lncx||−s−ε

γ
dx

∏s
i=1 xi

�
∫
{x∈Rs

+;xi�e/ci}
|| lncx||−s−ε

γ
1

∏s
i=1 xi

dx

ui=lncixi=
∫
{u∈Rs

+;ui�1}
||u||−s−ε

γ du =
Γs( 1

γ )

εsε/γγs−1Γ( s
γ )

.

Hence we prove that (17) is valid for s ∈ N . Therefore, we have (15). �

3. Equivalent reverse inequalities

In the following sections, we suppose that i0 , j0 ∈N , α , β > 0, τ = (τ1, · · · ,τ j0)
∈ [2,e] j0 , δ ∈ {−1,1}, σ > 1, η > 0, and p < 1 ( p �= 0), 1

p + 1
q = 1.

DEFINITION 1. For x = (x1, · · · ,xi0)∈Ri0
+, lnτn = (lnτ1n1, · · · , lnτ j0n j0), n∈N j0 ,

define two weight functions ωδ (σ ,n) and ϖδ (σ ,x) as follows:

ωδ (σ ,n) := || lnτn||σβ
∫

R
i0
+

e
− η|| lnτn||β

||x||δα coth

(η || lnτn||β
||x||δα

)
dx

||x||i0+δσ
α

, (18)

ϖδ (σ ,x) := ||x||−δσ
α ∑

n
e
− η|| lnτn||β

||x||δα coth

(η || lnτn||β
||x||δα

) ∏ j0
j=1 n−1

j

|| lnτn|| j0−σ
β

, (19)

where, ∑n = ∑∞
n j0

=1 · · ·∑∞
n1=1 .

LEMMA 4. With the assumptions of Definition 1, if p < 0 or 0 < p < 1, both
ωδ (σ ,n) and ϖδ (σ ,x) are finite, f (x) = f (x1, · · · ,xi0) � 0,an = a(n1,···,n j0 ) � 0, then
we have the following inequalities:

J1 :=

{
∑
n

∏ j0
j=1 n−1

j || lnτn||pσ− j0
β

[ωδ (σ ,n)]p−1

×
(∫

R
i0
+

e
− η|| lnτn||β

||x||δα coth

(η || lnτn||β
||x||δα

)
f (x)dx

)p} 1
p

�
{∫

R
i0
+

ϖδ (σ ,x)||x||p(i0+δσ)−i0
α f p(x)dx

} 1
p

, (20)
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J2 :=

{∫
R

i0
+

||x||−δqσ−i0
α

[ϖδ (σ ,x)]q−1

(
∑
n

e
− η|| lnτn||β

||x||δα coth

(η || lnτn||β
||x||δα

)
an

)q

dx

} 1
q

�
{

∑
n

ωδ (σ ,n)
j0

∏
j=1

n j
q−1|| lnτn||q( j0−σ)− j0

β aq
n

} 1
q

. (21)

Proof. By the reverse Hölder’s inequality with weight (cf. [23]), it follows

∫
R

i0
+

e
− η|| lnτn||β

||x||δα coth

(η || lnτn||β
||x||δα

)
f (x)dx

=
∫

R
i0
+

e
− η|| lnτn||β

||x||δα coth

(η || lnτn||β
||x||δα

)⎡⎣ ||x||(i0+δσ)/q
α f (x)

|| lnτn||( j0−σ)/p
β (∏ j0

j=1 n j)1/p

⎤⎦
×
⎡⎣ || lnτn||( j0−σ)/p

β (∏ j0
j=1 n j)1/p

||x||(i0+δσ)/q
α

⎤⎦dx

�
{∫

R
i0
+

e
− η|| lnτn||β

||x||δα coth

(η || lnτn||β
||x||δα

) ||x||(i0+δσ)(p−1)
α f p(x)

|| lnτn|| j0−σ
β ∏ j0

j=1 n j
dx

} 1
p

(22)

×
⎧⎨⎩
∫

R
i0
+

e
− η|| lnτn||β

||x||δα coth

(η || lnτn||β
||x||δα

) || lnτn||( j0−σ)(q−1)
β

||x||i0+δσ
α (∏ j0

j=1 n j)1−q
dx

⎫⎬⎭
1
q

= [ωδ (σ ,n)]
1
q || lnτn||

j0
p −σ

β (
j0

∏
j=1

n j)
1
p

×
{∫

R
i0
+

e
− η|| lnτn||β

||x||δα coth

(η || lnτn||β
||x||δα

) ||x||(i0+δσ)(p−1)
α f p(x)

|| lnτn|| j0−σ
β (∏ j0

j=1 n j)1−p
dx

} 1
p

. (23)

Then by Lebesgue term by term integration theorem (cf. [25]), we have

J1 �
{

∑
n

∫
R

i0
+

e
− η|| lnτn||β

||x||δα coth

(η || lnτn||β
||x||δα

) ||x||(i0+δσ)(p−1)
α f p(x)

|| lnτn|| j0−σ
β ∏ j0

j=1 n j
dx

} 1
p

=

{∫
R

i0
+

∑
n

e
− η|| lnτn||β

||x||δα coth

(η || lnτn||β
||x||δα

) ||x||(i0+δσ)(p−1)
α f p(x)

|| lnτn|| j0−σ
β ∏ j0

j=1 n j
dx

} 1
p

=
{∫

R
i0
+

ϖδ (σ ,x)||x||p(i0+δσ)−i0
α f p(x)dx

} 1
p

. (24)

Hence, (20) follows.
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By the reverse Hölder’s inequality with weight, we still can obtain

∑
n

e
− η|| lnτn||β

||x||δα coth

(η || lnτn||β
||x||δα

)
an

� [ϖδ (σ ,x)]
1
p ||x||

i0
q +δσ

α

×
⎧⎨⎩∑

n
e
− η|| lnτn||β

||x||δα coth

(η || lnτn||β
||x||δα

) || lnτn||( j0−σ)(q−1)
β

||x||i0+δσ
α

aq
n

⎫⎬⎭
1
q

,

then by Lebesgue term by term integration theorem and the same way, we have (21). �

LEMMA 5. With the assumptions of Lemma 4, we have the following inequality
equivalent to (20) and (21):

I := ∑
n

∫
R

i0
+

e
− η|| lnτn||β

||x||δα coth

(η || lnτn||β
||x||δα

)
an f (x)dx

�
{∫

R
i0
+

ϖδ (σ ,x)||x||p(i0+δσ)−i0
α f p(x)dx

} 1
p

×
{

∑
n

ωδ (σ ,n)
j0

∏
j=1

n j
q−1|| lnτn||q( j0−σ)− j0

β aq
n

} 1
q

; (25)

Proof. By the reverse Hölder’s inequality (cf. [23]), it follows

I = ∑
n

|| lnτn||
j0
q −( j0−σ)

β

[ωδ (σ ,n)]
1
q (∏ j0

j=1 n j)
1
p

[∫
R

i0
+

e
− η|| lnτn||β

||x||δα coth

(η || lnτn||β
||x||δα

)
f (x)dx

]

×
[
[ωδ (σ ,n)]

1
q (

j0

∏
j=1

n j)
1
p || lnτn||( j0−σ)− j0

q

β an

]

� J1

{
∑
n

ωδ (σ ,n)
j0

∏
j=1

n j
q−1|| lnτn||q( j0−σ)− j0

β aq
n

} 1
q

.

Then by (20), we have (25).
On the other hand, assuming that (25) is valid, for n ∈ N j0 , we set

bn :=
|| lnτn||pσ− j0

β

[ωδ (σ ,n)]p−1 ∏ j0
j=1 n j

(∫
R

i0
+

e
− η|| lnτn||β

||x||δα coth

(η || lnτn||β
||x||δα

)
f (x)dx

)p−1

.

Then it follows

Jp
1 = ∑

n
ωδ (σ ,n)

j0

∏
j=1

n j
q−1|| lnτn||q( j0−σ)− j0

β aq
n.
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If J1 = ∞, then (20) is trivially valid; if J1 = 0, then by (24), (20) keeps the form of
equality (= 0) . Suppose that 0 < J1 < ∞. By (25), we have

0 < ∑
n

ωδ (σ2,n)
j0

∏
j=1

n j
q−1|| lnτn||q( j0−σ)− j0

β aq
n = Jp

1 = I

�
{∫

R
i0
+

ϖδ (σ ,x)||x||p(i0+δσ)−i0
α f p(x)dx

} 1
p

×
{

∑
n

ωδ (σ ,n)
j0

∏
j=1

n j
q−1|| lnτn||q( j0−σ)− j0

β aq
n

} 1
q

.

It follows that

J1 =

{
∑
n

ωδ (σ ,n)
j0

∏
j=1

n j
q−1|| lnτn||q( j0−σ)− j0

β aq
n

} 1
p

�
{∫

R
i0
+

ϖδ (σ ,x)||x||p(i0+δσ)−i0
α f p(x)dx

} 1
p

,

and then (20) follows. Hence, (25) and (20) are equivalent.
By the reverse Hölder’s inequality and the same way, we can obtain

I �
{∫

R
i0
+

ϖδ (σ ,x)||x||p(i0+δσ)−i0
α f p(x)dx

} 1
p

J2.

Then by (21), we have (25). On the other hand, assuming that (25) is valid, we set

f (x) =
||x||−qδσ−i0

α
[ϖδ (σ ,x)]q−1

(
∑
n

e
− η|| lnτn||β

||x||δα coth

(η || lnτn||β
||x||δα

)
an

)q−1

(x ∈ Ri0
+).

Then it follows

Jq
2 =

∫
R

i0
+

ϖδ (σ ,x)||x||p(i0+δσ)−i0
α f p(x)dx.

By (25) and the same way, we can obtain

J2 =
{∫

R
i0
+

ϖδ (σ ,x)||x||p(i0+δσ)−i0
α f p(x)dx

} 1
q

�
{

∑
n

ωδ (σ ,n)
j0

∏
j=1

n j
q−1|| lnτn||q( j0−σ)− j0

β aq
n

} 1
q

,

and then (21) is equivalent to (25).
Hence (20), (21) and (25) are equivalent. �
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LEMMA 6. If j0 ∈ N\{1},1 < σ̃ < j0 , k(σ̃) :=
∫ ∞
0 e−v coth(v)vσ̃−1dv, then we

have

k(σ̃ ) =
[
(2− 1

2σ̃−1
)ζ (σ̃ )−1

]
Γ(σ̃) ∈ R+, (26)

ϖλ (σ̃ ,n) = K2(σ̃) :=
Γi0( 1

α )

α i0−1Γ( i0
α )ησ̃

k(σ̃)(n ∈ N j0), (27)

where, ζ (σ) = ∑∞
k=1 k−σ (σ > 1) is the Riemann zeta function (cf. [13]).

Moreover, if 0 < β � 1, then we have

K1(σ̃)(1−θσ̃ (||x||δα)) < ωλ (σ̃ ,x) < K1(σ̃)(x ∈ Ri0
+), (28)

where,

K1(σ̃) :=
Γ j0( 1

β )

β j0−1Γ( j0
β )ησ̃

k(σ̃) ∈ R+, (29)

θσ̃ (||x||δα) :=
1

k(σ̃ )

∫ 1
||x||δα

η1/β
j0

0
e−v coth(v)vσ̃−1dv = O

(
1

||x||δα

)
∈ (0,1). (30)

Proof. By Lebesgue term by term integration theorem, we obtain

k(σ̃ ) =
∫ ∞

0
e−v ev + e−v

ev − e−v vσ̃−1dv =
∫ ∞

0

e−v + e−3v

1− e−2v vσ̃−1dv

=
∫ ∞

0
(e−v + e−3v)

∞

∑
k=0

e−2kvvσ̃−1dv =
∞

∑
k=0

∫ ∞

0
(e−(2k+1)v + e−(2k+3)v)vσ̃−1dv

=
∞

∑
k=0

[
1

(2k+1)σ̃ +
1

(2k+3)σ̃ ]Γ(σ̃) = [2
∞

∑
k=0

1

(2k+1)σ̃ −1]Γ(σ̃)

= [2(
∞

∑
k=1

1

kσ̃ − 1

2σ̃

∞

∑
k=1

1

kσ̃ )−1]Γ(σ̃) = [(2− 1

2σ̃−1
)ζ (σ̃ )−1]Γ(σ̃).

By (10), since δ = ±1, we find

ωλ (σ̃ ,n) = || lnτn||σ̃β
∫

R
i0
+

e
− η|| lnτn||β

Mδ [∑
i0
i=1(

xi
M )α ]

δ
α coth

(
η || lnτn||β

Mδ [∑i0
i=1(

xi
M )α ]

δ
α

)

× 1

Mi0+δ σ̃ [∑i0
i=1(

xi
M )α ]

1
α (i0+δ σ̃)

dx1 · · ·dxi0

= lim
M→∞

Mi0Γi0( 1
α )

α i0Γ( i0
α )

|| lnτn||σ̃β
∫ 1

0

e
− η|| lnτn||β

Mδ u
δ
α coth

(
η|| lnτn||β

Mδ u
δ
α

)
Mi0+δ σ̃u

1
α (i0+δ σ̃)

u
i0
α −1du
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=
Γi0( 1

α )

α i0−1Γ( i0
α )ησ̃

∫ ∞

0
e−v coth(v)vσ̃−1dv(v =

η || lnτn||β
Mδ u

δ
α

).

Hence, we have (26) and (27).
Moreover, by Lemma 1 and (10), we obtain

ϖδ (σ̃ ,x) <

∫
{y∈R

j0
+ yi� 1

2 }
e
− η|| lnτy||β

||x||δα coth

(η || lnτy||β
||x||δα

) ||x||−δ σ̃
α dy

|| lnτy|| j0−σ̃
β ∏ j0

j=1 y j

= ||x||−δ σ̃
α

∫
{u∈R

j0
+ ;ui� 1

2 τi}
e
− η||u||β

||x||δα coth

(η ||u||β
||x||δα

)
du

||u|| j0−σ̃
β

(ui = lnτiyi)

� ||x||−δ σ̃
α

∫
R

j0
+

e
− η||u||β

||x||δα coth

(η ||u||β
||x||δα

)
du

||u|| j0−σ̃
β

=
∫

R
j0
+

e
−(

ηM[∑
j0
j=1(

u j
M )β ]

1
β

||x||δα
)
coth

⎛⎝ηM[∑ j0
j=1(

u j
M )β ]

1
β

||x||δα

⎞⎠ Mσ̃− j0 ||x||−δ σ̃
α du

[∑ j0
j=1(

u j
M )β ]

j0−σ̃
β

= lim
M→∞

M j0Γ j0( 1
β )

β j0Γ( j0
β )

||x||−δ σ̃
α

∫ 1

0
e
− ηMt

1
β

||x||δα coth

⎛⎝ηMt
1
β

||x||δα

⎞⎠ t
j0
β −1

dt

M j0−σ̃ t
j0−σ̃

β

=
Γ j0( 1

β )

β j0−1Γ( j0
β )ησ̃

∫ ∞

0
e−v coth(v)vσ̃−1dv = K2(σ̃)(v =

ηMt
1
β

||x||δα
).

By Lemma 1, (13) and (26), we find

ϖλ (σ̃ ,x) >
∫
{y∈R

j0
+ yi�e/τi}

e
− η|| lnτy||β

||x||δα coth

(η || lnτy||β
||x||δα

) ||x||−δ σ̃
α dy

|| lnτy|| j0−σ̃
β ∏ j0

j=1 y j

= ||x||−δ σ̃
α

∫
{u∈R

j0
+ ;ui�1}

e
− η||u||β

||x||δα coth

(η ||u||β
||x||δα

)
du

||u|| j0−σ̃
β

(ui = lnτiyi)

= ||x||−δ σ̃
α lim

M→∞

M j0Γ j0( 1
β )

β j0−1Γ( j0
β )

∫ 1

j0
Mβ

e
− ηMt

1
β

||x||δα coth

⎛⎝ηMt
1
β

||x||δα

⎞⎠ t
j0
β −1dt

M j0−σ̃ t
j0−σ̃

β

=
Γ j0( 1

β )

β j0−1Γ( j0
β )ησ̃

∫ ∞

1
||x||δα

η1/β
j0

e−v coth(v)vσ̃−1dv(v =
η ||u||β
||x||δα

)

=
Γ j0( 1

β )

β j0−1Γ( j0
β )ησ̃

k(σ̃ )[1−θσ̃(||x||δα)] > 0,

0 < θσ̃ (||x||δα) =
1

k(σ̃)

∫ 1
||x||δα

η1/β
j0

0
e−v coth(v)vσ̃−1dv.
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Since e−v coth(v)vσ̃−1 → 0(v → 0+, or v → ∞), there exists a positive constant L,
such that e−v coth(v)vσ̃−1 � L(v ∈ (0,∞)), and then

θσ̃ (||x||δα ) � L
k(σ̃ )

∫ 1
||x||δα

η1/β
j0

0
dv =

L
k(σ̃)

1

||x||δα
η1/β

j0
.

Hence we have (28), (29) and (30). �

4. Two kinds of equivalent reverse forms

We set Φδ (x) := ||x||p(i0+δσ)−i0
α , Φ̃δ (x) := (1− θσ (||x||δα))||x||p(i0+δσ)−i0

α (x ∈
Ri0

+), and Ψ(n) := ∏ j0
j=1 n j

q−1|| lnτn||q( j0−σ)− j0
β (n ∈ N j0).

THEOREM 1. If p < 0 (0 < q < 1) , 0 < β � 1 , j0 ∈N\{1}, f (x) = f (x1, · · · ,xi0)
� 0, an = a(n1,···,n j0 ) � 0,

0 < || f ||p,Φδ = {
∫

R
i0
+

Φδ (x) f p(x)dx} 1
p < ∞,0 < ||a||q,Ψ = {∑

n
Ψ(n)aq

n}
1
q < ∞,

then we have the following equivalent reverse inequalities with the best possible con-
stant factor K(σ):

I = ∑
n

∫
R

i0
+

e
− η|| lnτn||β

||x||δα coth

(η || lnτn||β
||x||δα

)
an f (x)dx > K(σ)|| f ||p,Φδ ||a||q,Ψ, (31)

J :=

{
∑
n

∏ j0
j=1 n j

−1

|| lnτn|| j0−pσ
β

(∫
R

i0
+

e
− η|| lnτn||β

||x||δα coth

(η || lnτn||β
||x||δα

)
f (x)dx

)p} 1
p

> K(σ)|| f ||p,Φδ , (32)

H :=

{∫
R

i0
+

1

||x||i0+qδσ
α

(
∑
n

e
− η|| lnτn||β

||x||δα coth

(η || lnτn||β
||x||δα

)
an

)q

dx

} 1
q

> K(σ)||a||q,Ψ, (33)

where, k(σ) = [(2− 1
2σ−1 )ζ (σ)−1]Γ(σ),

K(σ) =

[
Γ j0( 1

β )

β j0−1Γ( j0
β )

] 1
p
[

Γi0( 1
α )

α i0−1Γ( i0
α )

] 1
q k(σ)

ησ .

Proof. By Lemma 4, Lemma 5 and Lemma 6, we have equivalent reverse inequal-
ities (31), (32) and (33). By the reverse Hölder’s inequality, we still can obtain

I � J

{
∑
n

j0

∏
j=1

n j
q−1|| lnτn||q( j0−σ)− j0

β aq
n

} 1
q

, (34)
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I � {
∫

R
i0
+

||x||p(i0+δσ)−i0
α f p(x)dx} 1

p H. (35)

For 0 < ε < q(σ −1), we set ãn, f̃ (x) as: ãn := || lnτn||(σ− ε
q )− j0

β ∏ j0
j=1 n−1

j , n ∈ N j0 ,

f̃ (x) :=

{
0, 0 < ||x||δα < 1,

||x||−δσ− δ ε
p −i0

α , ||x||δα � 1.

Then for σ̃ = σ − ε
q (> 1), in view of (14), (15) and (28), we find

|| f̃ ||p,Φδ ||ã||q,Ψ =
{∫

{x∈R
i0
+ ;||x||δα �1}

||x||−i0−δε
α dx

} 1
p
{

∑
n

|| lnτn||− j0−ε
β

∏ j0
j=1 n j

} 1
q

=
1
ε

{
Γi0( 1

α )

α i0−1Γ( i0
α )

} 1
p

⎧⎨⎩ Γ j0( 1
β )

jε/β
0 β j0−1Γ( j0

β )
+ εO(1)

⎫⎬⎭
1
q

,

Ĩ :=
∫

R
i0
+

∑
n

e
− η|| lnτn||β

||x||δα coth

(η || lnτn||β
||x||δα

)
ãn f̃ (x)dx

=
∫
{x∈R

i0
+ ;||x||δα �1}

||x||−i0−δε
α ϖδ (σ̃ ,x)dx

� K1(σ̃)
∫
{x∈R

i0
+ ;||x||δα �1}

||x||−i0−δε
α dx =

K1(σ̃)Γi0( 1
α )

εα i0−1Γ( i0
α )

.

If there exists a constant K � K(σ), such that (31) is valid when replacing K(σ)
by K, then in particular, we have

K1(σ̃)
Γi0( 1

α )

α i0−1Γ( i0
α )

� ε Ĩ > εK|| f̃ ||p,Φδ ||ã||q,Ψ

= K

{
Γi0( 1

α )

α i0−1Γ( i0
α )

} 1
p

⎧⎨⎩ Γ j0( 1
β )

jε/β
0 β j0−1Γ( j0

β )
+ εO(1)

⎫⎬⎭
1
q

,

and then K(σ) � K(ε → 0+). Hence K = K(σ) is the best possible constant factor of
(31).

By the equivalency, we can prove that the constant factor K(σ) in (32) ((33)) is
the best possible. Otherwise, we would reach a contradiction by (34) ((35)) that the
constant factor K(σ) in (31) is not the best possible. �

THEOREM 2. If 0 < p < 1 (q < 0) , 0 < β � 1 , j0 ∈N\{1}, f (x) = f (x1, · · · ,xi0)
� 0, an = a(n1,···,n j0 ) � 0,

0 < || f ||p,Φ̃δ
= {

∫
R

i0
+

Φ̃δ (x) f p(x)dx} 1
p < ∞,0 < ||a||q,Ψ = {∑

n
Ψ(n)aq

n}
1
q < ∞,
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then we have the following equivalent reverse inequalities with the best possible con-
stant factor K(σ):

I = ∑
n

∫
R

i0
+

e
− η|| lnτn||β

||x||δα coth

(η || lnτn||β
||x||δα

)
an f (x)dx > K(σ)|| f ||p,Φ̃δ

||a||q,Ψ, (36)

J =

{
∑
n

∏ j0
j=1 n j

−1

|| lnτn|| j0−pσ
β

(∫
R

i0
+

e
− η|| lnτn||β

||x||δα coth

(η || lnτn||β
||x||δα

)
f (x)dx

)p} 1
p

> K(σ)|| f ||p,Φ̃δ
, (37)

H1 :=

{∫
R

i0
+

(1−θσ (||x||δα))1−q

||x||i0+qδσ
α

(
∑
n

e
− η|| lnτn||β

||x||δα coth

(η || lnτn||β
||x||δα

)
an

)q

dx

} 1
q

> K(σ)||a||q,Ψ. (38)

Proof. By Lemma 4, Lemma 5 and Lemma 6, we have equivalent reverse inequal-
ities (36), (37) and (38). By the reverse Hölder’s inequality, we still can obtain

I � J

{
∑
n

j0

∏
j=1

n j
q−1|| lnτn||q( j0−σ)− j0

β aq
n

} 1
q

, (39)

I � {
∫

R
i0
+

(1−θσ (||x||δα))||x||p(i0+δσ)−i0
α f p(x)dx} 1

p H1. (40)

For 0 < ε < |q|(σ − 1), we set ãn, f̃ (x) as Theorem 1. Then for σ̃ = σ − ε
q

(> 1), in view of (14), (15) and (28), we find

|| f̃ ||p,Φ̃δ
||ã||q,Ψ

=
{∫

{x∈R
i0
+ ;||x||δα �1}

(1−O(
1

||x||δα
))||x||−i0−δε

α dx

} 1
p
{

∑
n

|| lnτn||− j0−ε
β

∏ j0
j=1 n j

} 1
q

=
1
ε

{
Γi0( 1

α )

α i0−1Γ( i0
α )

− εO1(1)

} 1
p

⎧⎨⎩ Γ j0( 1
β )

jε/β
0 β j0−1Γ( j0

β )
+ εO(1)

⎫⎬⎭
1
q

,

Ĩ :=
∫

R
i0
+

∑
n

e
− η|| lnτn||β

||x||δα coth

(η || lnτn||β
||x||δα

)
ãn f̃ (x)dx

=
∫
{x∈R

i0
+ ;||x||δα �1}

||x||−i0−δε
α ϖδ (σ̃ ,x)dx

� K1(σ̃)
∫
{x∈R

i0
+ ;||x||δα �1}

||x||−i0−δε
α dx =

K1(σ̃)Γi0( 1
α )

εα i0−1Γ( i0
α )

.
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If there exists a constant K � K(σ), such that (36) is valid when replacing K(σ)
by K, then in particular, we have

K1(σ̃)
Γi0( 1

α )

α i0−1Γ( i0
α )

� ε Ĩ > εK|| f̃ ||p,Φ̃δ
||ã||q,Ψ

= K

{
Γi0( 1

α )

α i0−1Γ( i0
α )

− εO1(1)

} 1
p

⎧⎨⎩ Γ j0( 1
β )

jε/β
0 β j0−1Γ( j0

β )
+ εO(1)

⎫⎬⎭
1
q

,

and then K(σ) � K (ε → 0+). Hence K = K(σ) is the best possible constant factor of
(36).

By the equivalency, we can prove that the constant factor K(σ) in (37) ((38)) is
the best possible. Otherwise, we would reach a contradiction by (39) ((40)) that the
constant factor K(σ) in (36) is not the best possible. �

REMARK 3. Putting τ = e in (31) (p < 0) , we have the following inequality:

∑
n

∫
R

i0
+

e
− η|| lnen||β

||x||δα coth

(η || lnen||β
||x||δα

)
an f (x)dx > K(σ)|| f ||p,Φδ ||a||q,Ψ. (41)

Hence, (31) is an extension and a refinement of (41), which is a more accurate inequality
of (41). In particular, for δ = −1, we have the following inequality with the non-
homogeneous kernel:

∑
n

∫
R

i0
+

e−η||x||α || lnen||β coth
(
η ||x||α || lnen||β

)
an f (x)dx > K(σ)|| f ||p,Φ−1 ||a||q,Ψ.

(42)
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