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ON MORE ACCURATE REVERSE MULTIDIMENSIONAL
HALF-DISCRETE HILBERT-TYPE INEQUALITIES

BICHENG YANG

(Communicated by I. Franjic)

Abstract. By using the methods of weight functions and Hermite-Hadamard’s inequality, two
kinds of more accurate equivalent reverse multidimensional half-discrete Hilbert-type inequali-
ties with the kernel of hyperbolic cotangent function are given. The constant factor related to the
Riemann zeta function is proved to be the best possible.

1. Introduction

1
I p>1 Ll =1, f(x). g() 0. 0 < [|fll, = {57 (x)dx}7 <o, 0<
l|gl|g < e, then we have the following Hardy-Hilbert’s integral inequality (cf. [1]):

= = f(x)gly)
/O /0 ﬁdxdy< ( p )||f|‘p”g”q» (D)

where the constant factor m is the best possible. Assuming that a,,,b, > 0, 0 <

llallp = {Zm- la,’;}% < oo, 0 <|[b|]g < oo, we still have the following discrete Hardy-

Hilbert’s inequality with the best constant Sn(x /p (cf. [1]):

DD P, a8l @)

o/ foue m+n sm(rc/p

Inequalities (1) and (2) are important in analysis and its applications (cf. [1], [2], [3],
[4], [5], [22]). The more accurate of (2) is as follows:

3 Y O <l

m=1n=1

(0 < ¢ < 1), which is an extension and a refinement of (2) (cf. [1]).
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In 1998, by introducing an independent parameter A € (0,1], Yang [6] gave an ex-
tension of (1) for p = g=2. In 2009-2011, Yang [3] and [4] gave some extensions of
(1)and (2) as follows: If A;, 1, € R, 41+, = A, k; («x,y) = 0 is a homogeneous func-
tion of degree — A, with k(A1) = [5 ka (1, )11~ dr € Ry, ¢(x) = xPU—A071 gy (y) =

. 1
y020L, £(), g(5) 2 0.0 < [|fllpo = {J57 (P ()dx} P < o0 < [gllgy <
then we have

/: /: ki (x,9)f ()8 (v)dxdy < k(21)||11p.ol8]

v 3)

where the constant factor k(A;) is the best possible. Moreover, if kj (x,y) is finite
and k; (x,y)x" 1 (k; (x,y)y*2~1) is decreasing with respect to x > 0 (y > 0), then for

1
b > 0. 0 < [lal g = {S5 O(m)ah} 7 < oo, 0 < ||bl|gy < =, we have

oo oo

Y, 2 ka(m,n)ambn < k(A1)llallp.gllbllg.y, S

m=1n=1

where, the constant factor k(A;) is still the best possible.

Clearly, for A =1, ki (x,y) = )#y, M= é, A = %7 (3) reduces to (1), while (4)
reduces to (2). Some other results including multidimensional Hilbert-type inequali-
ties and the reverses are provided by [7]-[14]. On half-discrete Hilbert-type inequal-
ities with the non-homogeneous kernels, Hardy et al. provided a few results in The-
orem 351 of [1]. But they did not prove that the the constant factors are the best
possible. However, Yang [15] gave a result with the kernel m by introducing
a variable and proved that the constant factor is the best possible. In 2011, Yang [16]
gave a half-discrete Hardy-Hilbert’s inequality with the best possible constant factor
B(A1,42). Zhong et al ([17]-[19]) investigated several half-discrete Hilbert-type in-
equalities. A half-discrete Hilbert-type inequality with a general homogeneous kernel

of degree —A € R and a best constant factor k (4;) was obtained as follows:

/0 " 1) S k(o m)andx < k()| 1l o lal gy, 5)
n=1

which is an extension of Yang’s paper [16] (cf. [20]). Also a half-discrete Hilbert-type
inequality with a general non-homogeneous kernel and a best constant factor was given
by Yang [21].

In this paper, by using the methods of weight functions and Hermite-Hadamard’s
inequality, two kinds of more accurate equivalent reverse multidimensional half-discrete
Hilbert-type inequalities with the kernel of hyperbolic cotangent function are given.
The constant factor related to the Riemann zeta function is proved to be the best possi-
ble.
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2. Some lemmas

LEMMA 1. Suppose that (—1)'"h)(t) >0 (1 > 0; i=0,1,2). Then (i) for b >0,
c>1,0<a< 1, wehave

(—l)i%h((b+lnacx)é)>0 (x>1;i=1,2); (6)

(ii) for f;h(t)dt < oo, We have
/wh(t)dt < ih(n) < /lmh(t)dt. 7
1 n=1 2

Proof. (1) We obtain

d 1
—h((b+In" X)) = —H((b+n" x)@)(h+1In%cx) @ In L ex < 0,
a? o . \L dil, oL o L1y a—1

Wh((b—kln cx)e) = o [;h((b—kln cx)e)(b+In%cx)e ™ In% " cex

1
= —H(b+ " x)@)(b+1n%cx) @ In% ! ex

1
+h"((b+1n%cx) @) (b+1n%cx) @ 21n2% 2 cx
x

1 1
o —— D)5 (b+In" ex)@)(b+In® ex) @ 2122 ¢x
1
(0= 1) H (b + 1% cx) @) (b+ In% ex)a ' In® 2 ex
X
= [~ ((b+1n%cx)@)(b+In%cx) Incx+ (b + In® cx) @ )
% (b+1n% ex)@ In%cx+ b(a — )R (b + In% cx) )]

1
x5 (b+1n%cx) @ 21n% 2 x> 0.

(ii) Since h(r) is a decreasing convex function, by the decreasing property and
1
Hermite-Hadamard’s inequality (cf. [23]), we have f:“ h(t)dt < h(n) < f:jf h(t)dt
2
(n € N), and then

Hence, (7) follows. [l
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REMARK 1. The hyperbolic cotangent function /() = coth(z) := Z,*Z - (cf. [24])

satisfies the condition of (—1)'4)(z) >0 (r >0; i =0,1,2). In fact, h(r) = “,*Z,i >0
(t>0), we find

8(e'+e71)

0,h"(t) = ——%
<b, () (et_eft):’)

@ o >0 (r>0).

If ip, jo € N(N is the set of positive integers), ¢, B > 0, we put

1
o

i() o .
[l := (2 ku°‘> (6= (x1, -+, xi,) ERD),
k=1
1
Jjo B '
Iyllg := (Z yﬁ) (v= (31, ,y,) € RY). )
k=1

LEMMA 2. If s€N, v, M >0, ¥(u) is a non-negative measurable function in
(0,1], and

) Sorxi\Y
Dy=dxeR0<u= (—) <1,
then we have

M‘]—“(’)l/) 1 L
/ /l;M ~ )dx1 dxs = W/(; ‘P(u)u}’ du. (9)

1

Proof. Tt follows from Lemma 42.1 in (cf. [22]) (in P. 776). U

Applying Lemma 2, in view of (9) and the condition, it follows:

(i) For R —{xERi,O<u— i 1(”")yg1(M—><><>)},wehave
/ / ( )dxl -dxg
Msl—*s l
Y u:
= Jim —t y /‘Pu : (10)
(i) for {x e RY;||x|[, > 1} = {xe Ry s <u=3, (j{—;)yg (M — o)}, set-

ting W(u) = 0(u € (0, 577)), we have

[ /{Wl}\p@ (;_;y) P

Msl—*s(l) 1 s
—A/lll_m ) /l Y(u)ur du; (11)
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(iii) for {x € R%;|[x||, < 1} = {xER‘;0<u= i I(M)Yé 1)/}, setting
W(u) =0 (u€ (57,%)), we have

[ /{|x|,<1}‘"<,-21 (;_;y) P

MTS(3) ik .
= lim # v W (u)ur ' du.
M= yT(5) Jo

REMARK 2. For § € {—1,1}, Es = {u> 0; 7tz <u® < 1}, in view of (ii) and

(iii), it follows that
K X\
N7 i dxy ---dx
/ /{|x|$>1} (gi(M)) '

. M.\'r\\'(l) \P( ) ﬁ_ld
im wu” du. (12)
Mo yﬂf( ) Es

(iv) For {xeR? ;x,-}l}:{xeR“' sy <u=L 1(;}1) < 1(M7>s;M—>oo)},
setting W(u) =0 (u € (0, 477)), we have

/ /{x, (12‘1 xi>7> dx ---dx,
7/1 Y (u)ud du (13)

LEMMA 3. For seN, y>0, €>0, 6§ € {—1,1}, c=(c1,---,¢5) € [2,€]°, we
have

()
|l [55 %%y -y = —— L (14)
/ /{X6Ri;l)<|$> ’ ey 1T(3)
lmenlly (Y )
Asle) = o I m B SSS/VYS‘*IF(%) +O(1)(e —07). (15)

Proof. By (12), it follows that

e fu™ tau s =1 {’—’(Me—l) 5=
u’r dM: M77 . ) LA € B )
I Uit {25,

// 2]l %%y - - dxg
{xeRY:[[x]|S>1}
—s—0¢
[ MY dneed
— S Y xl... X
(eryWEz1) | A M )
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Msl'*s( 1 )
= lim —— / (Mu/7) =587 gy
Mo F( ) JEs
Ses s 1
INE _ge (<
= lim Sis(y)/ wV ldu= %
M=o PT(5)  JEs ey 'I(3)
Hence we have (14). For M > s/, we set
TM‘&WW> %<<L
Then by the decreasing property and (13), it follows
Inex||;*7% L cimex ‘
Ale) > | lfJL—mmﬁ%/’ ully*~du
{x€R’ x;>e/c;} Hizlxi {ueR’ u;>1}
M (L) 1 ; (L
= lim (y) (Mu'Y)y ey = #
T T Sy ese /TP 1T (5)
In the following, by mathematical induction, we prove that for any s € N,
(L)
Ag(e) < 0,(1) + ! (e —0™). (17)

st/ IT(3)

For s =1, by (7), it follows that

1 “In" "¢
Al(S) = C1 + 2 n CIml 11171786‘1 +/; udx
mp=2 2 X
e ] —1-¢
<In '+ udx:Ol(l)—i-—
e/cy X

and then (17) is valid. Assuming that (17) is valid for s — 1 € N, then for s, we set

A _ [Incml[,*~¢ [[Ineml[,*~¢
S(S) HS . H-" .
{meN*Jig,mj =1} =1 {meNsm;>2} i—=1 M

There exist constants a,b € R, such that

(s—1)—(1+€)

[ ineml|;>¢ inemlly

H‘? m; < a+ b 2 HS
{mENS;EIiO,m,-O=1} =17 {meNs—Lim;>1} 1 M

By the assumption of mathematical induction for s — 1, we find

tneml, V0 e YT
SO gy (s- DALy

s—1
{meNs—Lim; >1} Hi:l

(16)
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and then |
> [inem||"® <04(1).
{mENS;Hi(),miO:l} Hf:l m;
By Lemma 1, (7) and (16), we obtain
3 1 ' dx
[[Incm||,*~* < / ||Incx|];*~¢
{’“EN”Z;’;Q% ! Hf:l mi {x€R% >3} 4 st':l Xi
1
< Inexl|], " ¢ — dx
/{XeRi;Xi%/Ci} Itnexly T xi
s 1
(L)

u,-=lnc,-x,-/ _s—¢
= u duy= —————.
{ueR-;;uel}H HY ssg/YyS—lr(%,)

Hence we prove that (17) is valid for s € N. Therefore, we have (15). [

3. Equivalent reverse inequalities

In the following sections, we suppose that iy, jo €N, o, B >0, 7= (11, --,Tj,)
e2.e, e {11}, 0>1,n>0,and p<1(p#0), 5 +7=1.

DEFINITION 1. For x= (x1,---,Xj,) eRﬂﬁ,lnrn: (Intiny,---,Intjn;,), neNJo,
define two weight functions wg(o,n) and @s(o,x) as follows:

||l g

el Intn d
ws(o,n) = |[Inn||S [ e W& coth ll I ‘x , (18)
P IR X8/ |lf+oe

|[InTn|| i —
L (nllnrnlﬁ> I, m; (19)

wa(gvx) = HXH(;éoze qug coth ‘j()fc)'7
n
B

Ix{& / |[tnn]

where, Y, = 2;’;’!,0:1 e ::’1:1 .
LEMMA 4. With the assumptions of Definition 1, if p <0 or 0 < p < 1, both

ws(0,n) and @s(0,x) are finite, f(x) = f(x1, -+, %iy) = 0,an = ay, ... n, ) = 0, then
we have the following inequalities:

o L T
' [05(0,n)]P~1

Mo

n

Ml ’
X /i e W& coth <7aﬁ) f(x)dx
RY ||x[1&

> { [ @l 0)
R+

==
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1

Sqo—i | Inzn| K
Iy = / Al Ye qugﬁ (M)a dx q
R [05(0, X))~ \ 4 113 !

1

Jo . . q
> {Z%(mn) 17 llmen |50 g } - 21)

J=1

Proof. By the reverse Holder’s inequality with weight (cf. [23]), it follows

|| n g

- Int
/_ e W& coth (M) f(x)dx
io 5
R [Ix][&
[|InTn|| 1)
L e linallg [l 0 £ (x)
=[.e Ml coth 5 )7
RQ HxHoc Hln’L’nHm o) P(HJO ,)1/17

Hln,mH (Jo—o /P(Hjo )l/p
quoi“é“)/'f

X

1

nl|Inznl| g (ip+60)(p—1) P

_ Int 0 )(p— P(x

2{/ S coth(mn ”|ﬁ)|x| f()dx} @)
R

o 1[4 HlHTnW0 T n
1
Jmlm;uﬁ |l inznl | Hln,mHJo 0)(g—1) q
X e o coth < ) 5 dx
RO |Ixl1& el &0 (T2 mj) -
/07 1
(w5 (0,n)]4 Innlly ([Tn))?
1
P

[Ixll& /| ineally ™ (T2 )t

ﬂHlﬂT"H/} ig+60)(p—1)

_ 1 0 p

{/ i <n|mn|ﬁ> Il () dx} o3
R

Then by Lebesgue term by term integration theorem (cf. [25]), we have

1

nllneallg (0+50)(p 1
- Intn 0 V4
h{% [ e coth@l 6|ﬁ>| o200 f() N
w R I8/ [ enly oI
1
nllineallg (i0450)(p—1) 1
IntT 0+60)(p—1) ¢p
{/, Ye W& co th(n| :|ﬁ> [l s /f (x )dx}
: |1x[1& HlnrnH PO n
= {/Rio wS(O-ax)|x|gc(i0+66)_i0fp(x)dx} ' . (24)
+

Hence, (20) follows.
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By the reverse Holder’s inequality with weight, we still can obtain

|l g

- 1
Ye Ml coth (L nm|ﬁ)an
n 12114
1 bso
> [@5(0,x)]7 [[x]|o
1
n 1 a
717Hln15H/3 nHln’L’nHﬁ HIHT"HJO 0)(g-1) q
e e 3 e s I
n [l [xll@

then by Lebesgue term by term integration theorem and the same way, we have (21). [

LEMMA 5. With the assumptions of Lemma 4, we have the following inequality
equivalent to (20) and (21):

nl[Inznl|g
_ IntT
= 2/. ¢ W coth (M) anf (x)dx

n JRY %118,

1
> {/loam<ayw|x|§“+5“>“fvc@dX}p
R+

1

Jo . . q
x {Zwa(o“m) Hnﬂ‘lIlnrn|73<’°“’"’°az} ; (25)

j=1
Proof. By the reverse Holder’s inequality (cf. [23]), it follows

B —(jp-o) [l nenl]
=% [inenlly / 6_17 P ; coth <7n|ln‘m|ﬁ ) f(x)dx
nmwmmmzw%R? BB

1 o)
lws o,m)]H ( Hn, )7 ([ nl|" " ”anl

1

Jo . . g
I {2 5(0,n) [Tn " |lnnl I%(jo_o)_joa,’i} :
n

j=1

Then by (20), we have (25).
On the other hand, assuming that (25) is valid, for n € N/, we set

Inznl (2o 0 _ nllmeallg p-1
by = Itn nH v /i e W& co <7n|1m:|ﬁ)f(x)dx .
[(1)5(6,71)]1’ IH.,'Ozlnj RY HXH

Then it follows

Jo . .
It = Zas(om) [Tny" Il ",
n Jj=
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If J; = oo, then (20) is trivially valid; if J; = 0, then by (24), (20) keeps the form of
equality (= 0). Suppose that 0 < J; < eo. By (25), we have

Jo . .
0< Za)g((fg,n)l_Ilnjq_lHlnTnH%(jo R
n /:

> { [ sl wax
R+

Jo . . q
x {Ews(c,n)nnjq1|1nT"|%("°G)J°aZ} .

n j=1

It follows that

1

Jo . .
5= {Zw,s(o,n)r[nﬁ1|1nrn|;§<f°"“°az}

n j=1

> { L sl wyax
R+

and then (20) follows. Hence, (25) and (20) are equivalent.
By the reverse Holder’s inequality and the same way, we can obtain

1
12 { [ @l wa
+

Then by (21), we have (25). On the other hand, assuming that (25) is valid, we set

e (o S il N
I = lop(t (¢ " et T )] KD

n

Then it follows
B = | @s(c.x)||x[5 0070 fr ().

io
3
By (25) and the same way, we can obtain

s = { [y B (R 5 e
+

1
q

Jo . . q
> {2 w5(0,n) []n; [ Inn] I%(jo_c)_ma,’ﬁ} ;
c |

j=1

and then (21) is equivalent to (25).

Hence (20), (21) and (25) are equivalent. [J
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LEMMA 6. If jo € N\{1},1 <G < jo, k(G) := [y eV coth(v)v°~'dv, then we
have

k) = |(2- 55-)L(8) ~ 1| T(3) € R, (26)

261

- ~ ro(L ~ .

B1(6.1) = Kal6) =~ B k(5)(n e D), @

a0 103N

where, {(0) =Yk % (0 > 1) is the Riemann zeta function (cf. [13]).
Moreover; if 0 < B < 1, then we have

K1 (G)(1— 05(]]x]|2)) < @, (G,x) < K1(G)(x € RY), (28)
where,
K, (6) = 71%(‘%) k(6) R 29
1(6) T [310*11"(%0)175 (G) € + ( )
s 1) . 1
N — llig o —v G- _
05 (|[x]1) := k(&)/o e "coth(y)v° "dv=0 <|x|g) € (0,1). (30)

Proof. By Lebesgue term by term integration theorem, we obtain

oo v -V eV —3v
k(&):/e e+ev _/ +e v lay
eV —e l—e 2
_/ 3v ie 2w G145, 2/ QUL k3,51 g,
k=0
- z L_ir@) = ié— (@)
= (k+1 (2k+3)" = (2k+1)
o 1 1 &1 . 1 . .
= [Z(Zk—g—z—azk—g)—l}r(ﬁ)z[(Z—F)C(G)—HF(G)
k=1 k=1
By (10), since 6 = +1, we find
|| nnl|g
. ~ B 0 %02 Intn
w;,(6,n) = [[InTn||g | e ML GHE coth (T”z—x“ié>
Ry MO[Z2, (57)%]@
1
X — ~ = T 5 dxl---dxio
Miot36[30 (55 )e)alio+80)
nl[Inznl| g ! !
- g n||Intn B
oo (L) _ g€ Mux coth (W) o
= °=~|[Intn(|g Ldu

A4m+56u$(m+55)
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rio(L o Intn
= %/ e~V coth(v)vo'dv(v = u)
oo~ 1T(2)n° Jo Mo
Hence, we have (26) and (27).
Moreover, by Lemma 1 and (10), we obtain
nlinoyllg 55
~ - Int Sd
665(0,)6)</ o e e coth<n| ;"ﬁ) Hx”“g 2
{yeRyi> 4} [Ixlle / [iney( [~ TE, v

g il "
= |xll%° / j e W COth( 513) (ui = InTyy;)
{neRPui> 31} [ellE /a0

_ nllullg
< Il [ e Tk th(nwm) | du

R’ [ellE /) Jfulf2~°
1
M[Z/O (u.f )ﬁ]ﬁ . u 1 o B
— ) nM| ;(;l(ﬁj)ﬁ}ﬁ MO0 ||x|| %% du
— " e HXHa Coth H H5 /076
R X . . Jo—0
| ¢ (S ()P) P
1 )
T S AW
= lim 7]()” HOC / e Mo coth 5 0
Moo ﬂ"“r(g) 0 |1x]/& Mio—6¢ F
(g) ” 5 ~ Mt%
= 7ﬁ~/ eivCOth(V)vgildV:Kz(c)(v: n—é)
it me Jo 1115

By Lemma 1, (13) and (26), we find

|l ooyl 5o
~ - Int o4
m(G,x)>/ i e ME co (m Y|l3> HxHag y
Lkt e/ eyl o T, vy
nljull
_ _ y 4
= |Ixl15°° / e NG (:oth<n| |5ﬁ) u = (ui =InTy;)
(ueRDu>1) [Ixlle /" Jullfe~
1 .
sy MPTR(g) pr e nmieb \ 18 e
= [l fim B [ e R cotn | 1
M—eo B0~ F(F) 1 [|x]1& Mio—5 5"
]"Jo(l) - - ;
1760 L€ Teoth(pyldv(y = l ‘Jsﬁ)
pr F(F) 11 o |1x[|%
]"Jo(l)
B 5 5
= ——= k)1 = 65(lx5)] >0,
B0

1 15 n!/ﬁ B
0< 65(I1%) = 73 /O W0 0= coth(v)v~ldv,
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Since e“’coth(v)va‘1~—> 0(v — 0%, or v — o), there exists a positive constant L,
such that e~ coth(v)v°~! < L(v € (0,0)), and then
1/B
L 5 L 1
05 (|1x[12) < —= /qua dv=——qi/F
O'(H Ha)\k(G) o k(G)HngnJO
Hence we have (28), (29) and (30). [

4. Two kinds of equivalent reverse forms

ig+60)—i = int80)—i
We set @5(x) := [[ol[i 7, s(x) = (1~ B ([Ix[))] 777 (x €

RY), and P (n) = [T2, ¢~ Inznl [0 70 (n € N).

THEOREM 1. If p<0 (0<g<1),0<B <1, joeN\{1}, f(x)=rf(x1, -, x)
2 03 al’l = a(n1,~-~,nj0) 2 0?

1 1
0<|fllpos = {/R'_O D5 (x) fP(x)dx}r < oo,0 < ||al|gw = {Z‘P(n)a,‘g}q < oo,
+ n
then we have the following equivalent reverse inequalities with the best possible con-
stant factor K(0):

nl[Inzn|| g

n||Inzn||
I = E/Rioe I8 coth (Tﬁﬁ anf(x)dx>K(G)Hprg)SHqu,\P, (3D
n —+ o
) 1
I ! i Int N’
J o= {2% /ioe & coth (M) fx)dx
n |[Inznllg RY |1l lo:
> K(0)||fll s, (32)
1
nllinTnl|g 9 q
1 - 5 nHlnT’lH/B
H:= {/R,-O T Tado (26 e coth (75 | dx
2 ][x]18 z Il
> K(0)|lallg, (33)

where, k(o) =[(2— 26%1)4'(6) —1]T'(0o),

FjO 1 % ig( 1 é
K(G):[ '_1(15)}'0 ] l f_l(a)io 1 k@-
Bio F(F) oo~ (2)y | 1M

Proof. By Lemma 4, Lemma 5 and Lemma 6, we have equivalent reverse inequal-
ities (31), (32) and (33). By the reverse Holder’s inequality, we still can obtain

1

Jjo . . a
1> J{Znnﬂ‘ﬂlnrn|%(’°_0)_’°az} : (34)

n j=1
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plip+60)—io 1
1> ([, B0 ) . G9)
+

- &)y .
For 0 < e <qg(o—1), weset a,, f(x) as: a, := HlnrnH;G ) jol]’j’.‘)zln;l, ne N/,

_ 0, 0<|x|8 <1,
f(x) = 750'77871'0 5
|| o |xlle =1

Then for 6 =0 — g (> 1), in view of (14), (15) and (28), we find

1 —Jjo—¢€
q,—{/ |x|i°65dX}p A
s b T i o i
! (xR 8>1) Ty

:l{ rio(L) }’1) l“jo(%) L ool a
€ ) j ’

1/1]p.25 lal

o0 1T (3 J/PBio=1r(#)
nllinznl g
~ - nl|Inn|lg\ . ~
- / T coth<7 ] (x)dx
Ri’; |1x[18

=/ [elo % @5(G,x)dx
{rxeRY;|Ix15>1}
_ i Ky (6)To(L
<K@ [ ol = SO ),
{xeRY|1x1g =1} goo~1T(2)
If there exists a constant K > K (o), such that (31) is valid when replacing K(0)
by K, then in particular, we have

_ l"io(i . ~ »
Ki(G)——2— > &l > eK||f]|p.w;lallq¥

odo—1T(
I o !
r‘io 1 P T/o(+
- { '7(“)1-0} SR 5o
E) jo ﬁjo—lr‘(-%))

~—

QIS
N

and then K(0) > K(e — 0T). Hence K = K(0) is the best possible constant factor of
3D).

By the equivalency, we can prove that the constant factor K(o) in (32) ((33)) is
the best possible. Otherwise, we would reach a contradiction by (34) ((35)) that the
constant factor K(o) in (31) is not the best possible. [

THEOREM 2. If0<p<1 (¢<0),0<B <1, joeN\{1}, f(x)=rf(x1, -, x)
2 03 al’l = a(nl,'~',nj0) 2 0?

0< Il y = 1y o) (W)} < 0,0 < [lalor = {X W)} i <=,
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then we have the following equivalent reverse inequalities with the best possible con-
stant factor K(0):

nl[inTnllg
- n|[Inzn|
1=% [ e T m(Téﬁ anf ()dx > K(0)[|f1],,,llallg:ws  (36)
n o
) j 1 nllinon| N
I, -t n|lInzn||g !
J = — / e WM& co h<7> x)dx
{§|1nm|;;—w Ko W )
> K(o)|If1], 6, (37)
1
_ S\\1—¢ __ llinnllg Int q q
Hy = {/ (1= o (llle) (Ze WE  co (L . :'ﬁ>an> dx}
RY  lxde™ " [1xll
> K(o)llallqw- (38)

Proof. By Lemma 4, Lemma 5 and Lemma 6, we have equivalent reverse inequal-
ities (36), (37) and (38). By the reverse Holder’s inequality, we still can obtain

1
Jjo . . a
1> J{Znnﬂ‘ﬂlnrn|%(’°_0)_’°az} : (39)
n j=1

i —i 1
13 { [, (1= 8a (Il )15+ ()} 2 . (40)
+

For 0 < & < |g|(c— 1), we set @,, f(x) as Theorem 1. Then for 6 = o — £
(> 1), in view of (14), (15) and (28), we find

S

171, 5,4l

1
1 Jo—€
~{ o 1Ol an | ZW ,,
(xR |x(8 1) |Ix[18 T n;
1
q

vt » Jo(L
- E{Lé),)_gol(l)} F—(ﬂ)-i-SO(l) ,

o 5B ()

ﬂHlnrgHﬁ nHlnTnH/i e
/1 e T coth <75) @, f(x)dx
? [|x[|2

in— d¢e

= ®5(0,x)dx
/ER,OMMH Al @ (3.)

_ ose, K@)
Ki@) [ ol = =2
{xeRs||x[5>1} eaio1T( 0)

N
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If there exists a constant K > K (o), such that (36) is valid when replacing K (o)
by K, then in particular, we have

_. To(ly ~ ~
Ki(6)——% > eI > K||f]| = ||@
1(0)061.0711“(%) el > eK||f||, g, lallqw
1
o(L P ]"jo(l) q
_ l_ol(ra)lo —e0,(1) — ,_‘f —+e0(1) p
o0~ ( ) o' BPIT(g)

and then K(0) > K (¢ —07). Hence K = K(0) is the best possible constant factor of
(36).

By the equivalency, we can prove that the constant factor K(o) in (37) ((38)) is
the best possible. Otherwise, we would reach a contradiction by (39) ((40)) that the
constant factor K(o) in (36) is not the best possible. [

REMARK 3. Putting 7=e in (31) (p < 0), we have the following inequality:

nl[nen|g

S e o8 oo (L2 ) 0wt > K@y lellr. @1

/RO %115

Hence, (31) is an extension and a refinement of (4 1), which is a more accurate inequality
of (41). In particular, for 6 = —1, we have the following inequality with the non-
homogeneous kernel:

5 /R ¢ MIHlalmenls coty (112l g | Inenl ) anf (e)dx > K1 Flpo., allgse-
i 42)
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