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ON THE ¢-BETA FUNCTION INEQUALITIES

AHMED SALEM

(Communicated by N. Elezovic)

Abstract. In this paper, we provide some inequalities for the g-beta function with ¢ > 0 by
means of calculus and g-CebySev-Griiss type integral inequalities. When letting ¢ — 1, some
of our results approach to results obtained by some authors and the others are shown to be new.

1. Introduction

In the recent past, numerous papers were published presenting remarkable inequal-
ities involving the g-gamma function (see [1, 3,7, 8,9, 12, 13, 14, 15] and the extensive
list of references given therein). But only few inequalities for the g-beta function and
its relatives have been found by Fitouhi and Brahim [4]). Their results were established
via some ¢-integral inequalities obtained by Gauchman [6]. It is the aim of this article
to provide to the list of the g-beta-function inequalities. At the first, the monotonic-
ity properties of some functions involving the g-gamma function are used to establish
inequalities for the g-beta function with g > 0. At the last, the results obtained by
Yang [17] on the weighted g-Ceby3ev-Griiss type integral inequalities are exploited to
provide some ¢g-beta function inequalities.

2. Basic notations and definitions in g-calculus

For the convenience of the readers, this section is provided as a summary of the
mathematical notations and definitions used in this paper. All of these definitions can
be found in [5, 11].

For all a € C, the basic number, factorial function and shifted factorial are defined,
respectively, as

1_ a
la], = 1_‘2, ! = [nlgn—1],[1],, neN with [0,/=1 (1)
n—1
(@q)n=1|(1—aq"), neN, with (a;q)o=1. (2.2)
k=0
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When letting n — oo, we need the restriction 0 < g < 1.
For an arbitrary function f(x), the g-derivative is defined as

()= fltq)
(1—q)t

Clearly, if f(x) is differentiable, then (D, f)(r) approachesto f'(r) as ¢ — 1.
The g-Jackson integral in a generic interval [a,b] is defined as

[ = [ s [ oy 24)

[ 70y =att -0 3. o stad) 25)

provided the sum is convergent.
The exponential function ¢° has different g-analogues, here we recall its g-analo-
gue

(Daf)(t) = »oqF L (2.3)

where

n(nfl)

(=1 =9)z:9)- (2.6)

-3

The g-beta function is defined for 0 < g < 1 as

M (69)s Ty () .
By(x,y) —/0 t l(tqy;q)wdqt = ﬁ7 x>0,y¢€7Z, (2.7)

where T’ is the g-gamma function defined as

o n+l
Iy(x) = H m 0<g<l, (2.8)
and x(’( 1) < 1 —qf(n‘kl)
Ty(x)=(g—-1)" Hm, q>1. (2.9)
k=0t—4

Furthermore, it has the g-integral representation

1

Tyx) = /Om " E (—tq)d,t, 0<g<l (2.10)

The logarithmic derivative y,(x) of the g-gamma function is known as the g-psi or
q-digamma function, that is, it is given by

d
= —(logT =14 2.11
Wf{(x) dx( og Q(x)) rq(x) ( )
which appeared in the work of Krattenthaler and Srivastava [10] when they studied
the summations for basic hypergeometric series. Some of its properties presented and
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proved in them work, see also [15]. From (2.8), for 0 < g < 1 and for all real variable
x>0, we get

oo qu
l//q()c):—log(l—q)—i—loquz(l p—d (2.12)
From the previous definitions, for all positive x,y and g > 1, we get
(-=1)(x—2)
Lyx)=q 2 T, 1(x). (2.13)
By(x,y) = q" B,1(x,). (2.14)
2x—3
Vq(x) = —5—logg + y;1(x) (2.15)

3. Inequalities via calculus

In this section, we use the monotonicity properties for some functions related to
the g-gamma function to establish some g-beta function inequalities with g > 0. Now,
we shall prove the following results:

THEOREM 3.1. Let x,y and q be positive real numbers. Then we have

C T B 20 i (- DO- 10 (1)
——— —By(x,y) >0 if x—-1)r—-1)=> .
g [lq !
and
gU—90-DH(g-1)

(g Dg
Furthermore, we have

SB(ey) <0 i (x—DH-1)<0.  (3.2)

QX(lav)H (g—1)

Bq(xa)’) 2 (g) [x]q

, forall x>0 and y<(>)1 (3.3)

and
) qy(1*X)H(f1*1)
blg 7

where H(-) denotes the Heaviside step function.

By(x,y) = (< forall y>0 and x<(>)1 (3.4)
Proof. Let the function of two variables
Jq(x,y) =1ogly(x+1) +logly(y+1) —logly(x+y) + (x— 1)(y = 1)H(g — 1) logq
Partial differentiation with respect to x gives
d
3 fa(6y) = Yolr+1) — (v +y) + (v = 1)H(g — 1) logg

which can be represented by (2.12), when 0 < g < 1, as

J & ¢ Dlogg K(y—1)
Fafate) = 2= (1-407)
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It is obvious that 1 — g0~ is greater than zero if y > 1 and less than zero if y < 1 and
so the function x — f,(x,y) is increasing on (0,00) if y < 1 and decreasing on (0,o0) if
y > 1. Since f,(1,y) =0 forall y >0, then f,(x,y) <0 if x,y € (0,1] or x,y € [1,00)
and fy(x,y) >0if x< 1 and y>1orx>1and y<1. When g > 1, one can easily
prove that fy(x,y) = f,-1(x,y) and so, we conclude that f;(x,y) <0 if x,y € (0,1] or
x,y € [1,00) and fy(x,y) >0 if x<1 and y>1 orx>1 and y <1 forall g>0.
These are equivalent to (3.1) and (3.2). Also, we get

){grg)fq(x,y) =loglyl, +(1—y)H(qg—1)logg, y>0

and from the monotonicity of f,(x,y), we arrive at (3.3) and since g-beta function is
symmetric for x and y, then we obtain (3.4). [

COROLLARY 3.2. Let x and q be positive real numbers. Then we have

2(n—1)

= ’1(’171)/(—}’1 _
(e ), g 20D weN. (35)

Iy(nx) >q

Proof. From the inequality (3.1), we have

Ty(x+y) > ¢t DD ML (O (), (k= 1D=1) >0

When x =y >0, we get
Ty(20) > @ VHEDPR2 ), x>0, (3.6)

Also, we get

[,(3x) = [,(2x+x) > g& VE=DHE=D oy 1, T, (20T, (x), x>0
which can be read by using the inequality (3.6) as

T, (3x) > g D 2DH@ D0y KB (x), x>0
Iterating this process (n— 1) times gives
n—1

— n(nfl)x—n — _
T, () > q" D(*rent)HG Ve o [Tk, neN
k=1

which is equivalent to the desired result. [J

COROLLARY 3.3. Let x and q be positive real numbers. Then we have

(3.7)
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In particular, when x = %, we have

1
1 g3 g
r(3) <t e o

Proof. Inserting the well-known g-duplication formula

1 _ 1
L), <x+ E) = (2] T4 (2x)T 2 <§>
into the inequality (3.6) yields (3.7). O

REMARK 3.4. It is worth mentioning that the inequalities (3.1), (3.2) and (3.5)
were obtained by Fitouhi and Brahim [4] when 0 < g < 1 by means of using g-analogue
of the éebyEeV’s integral inequality. Here, we extend their results for all ¢ > 0 and
introduce another proof by using the monotonicity properties for the function f;(x,y).
Also, we think that the inequalities (3.3) and (3.4) are shown to be new.

THEOREM 3.5. Let 0 <x,y <1 and g > 0. Then
gU—»0-DH(g-1)

g [Vg

[1 =y [1 =y gy~ (- D0O-DH-1)
[xlq Vgl + 1gly + g

—By(x,y) > (3.9)

Proof. Let the function

Fy(x,y) = logly(x+y+1) —logly(x+2) —logl,(y+2)
+log(1+¢) — (x—1)(y —1)H(q —1)logqg

When 0 < g < 1, partial differentiation gives

d
an(xy)’) = Wq(x+Y+ 1)— ‘//q()H'Z)

Since y,(x) is increasing on (0,0), then %Fq(x,y) <0 forall 0 <x,y<1. Itisnot
difficult to show that %Fq(x, y) = %F‘IT 1(x,y) which yie.lds that %Fq (x,y) <0 fo.r all
g >0 and 0 < x,y <1 and so the function x — F,(x,y) is decreasing on (0,1]. Since
Fy(1,y) =0, then F,1(x,y) >0 for all ¢ >0 and 0 <x,y < 1 which leads to the
required. [

REMARK 3.6. On letting g — 1, we get

i —B(x7y) > (l _x)(l _y)

> L TOVUTY 0 gyl 3.10
xy xy(x+1D(y+1) 4 ( )

which is the same result obtained by Alzer [2] for the classical beta function.
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4. Inequalities via q-éebyéev-Grﬁss integral inequalities

Yang [17] established weighted q—éebyéeV-Grﬁss type inequalities by using the
weighted g-integral Montgomery identity. He assumed that o : [a,b] — [0,c0) satis-
fying [?w(t)dt =1 and W(t) = [ @(u)dgu for t € [a,b], W(1) =0 for t < a and
W(t) =1 for t > b. He gave the weighted g-integral Peano kernel P, (u,7) defined by

W (t), a<t
Pw(uat):{ U<

W(t)—1, t (1)

u
b

NN

For some suitable functions , f, g : [a,b] — R, set

T(w,f,g) /w f(tq)g(tq) qt—</ ot tth) </ ot qz) (4.2)

and define ||-[| as [|2[| = sup,c[yp) [2(2)| for h € [a,b]. He proved five inequalities for
the absolute value of T'(®, f,g), we will list his results in the following theorem.

THEOREM 4.1. ([17]) Ler f,g:[a,b] = R and o : [a,b] — [0,c0) satisfying
fabw(t)dqt =1, then, for 0 < g < 1, we have

b
T00.f.8)| < PSPyl | () ug)dy @3
1 rb
T0nf8)| < 5 [ @@e@a)lIDuf )+ | ()] IDyg |V (g)de (4.

b
706 £.8)1 < 3G IDgsl + gD [ oG ug)d @5

b
IT(w, f,g)| < Hg(ZQ)IHquH/u o (u)H (ug)dqu (4.6)
b
IT(w, f,g)| < Hf(ICI)llqugll/a o (u)H (ug)dqu (4.7)
where
b
u) = / Po(t,)ldgt,  u€ a,b]. (4.8)

In this section we exploit the results from (4.3) to (4.7) to establish inequalities for
the g-beta function. On letting ¢ — 1, our results give new inequalities for the classical
beta function. In order to do this, we assume that @(¢) = 1 which yields fol o(t)dgt =1
and W(r) = [ o(u)dyu =1 € [0,1], leading to

t, 0<t<u
Py(u,t) = { h<tel (4.9)
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and

! u ! 2 — (1+q)u+q
= P, ,tdt:/tdt+/ 1—t)d,t = 4.10
W= [ Polwn)ldg = [ rdge+ [(1-1d, o (4.10)

From the previous assumption, we can compute the values of the g-integrals

/ o(u)H (uq)d, 24 (4.11)
H(uq)d,u = )
V= T+
and
1
::/ o(u)H? (uq)du
0
3 4 4 5
q
- - 4.12
(1+q)? <1+q+q2+q3+q4 +d 1+q+q2> (12
THEOREM 4.2. Let x,y > 2 and q > 0. Then, we have
(I=x)(y—1)H(q—1)
g — By(x,y) < ¢TI — 1]y~ 1]48(3) (4.13)
[x]q[v]g
(100~ 1)H(g—1) 1
q (I—xy)H(g—1)p, .
—By(x,y) < 54" hg(x,y) (4.14)
[x]q[v]g ! 2 !
gU—»0-DH(g-1) Bo(ry) < g wH(g-1) (q" e 14 [y 1}) @) @1s)
—By(x,y) S ——— (@ x—1g+y—1]g) a(g .
[x]q[v]g ! 2 ! !
(I=x)(y—1)H(q—1)
1 ~Byx,y) < g HE D [ 1a(g) (4.16)
[x]q[v]g
(I=x)(y—1)H(q—1)
1 ~ By(x.y) < gDy 1)a(g) (4.17)
[x]q[v]g
where o(q) and B(q) are defined as in (4.11) and (4.12), respectively, § = q if 0 <
g<land §=q ' if g>1 and hy(x,y) is defined as
2—x
q [x—11q< 2q(1+q) l+q )
hq(x,y) = - +1
D= bl \ b b +2, bl
q[y—11q< 2q  (+q) 1 )
- +—. (4.18)
I+g \[x+2]g [+1]g  [g

Proof. Assume the functions

(t:q)

f(t)y=q¢" ' and g(r)= @ q)m

) te[0,1], x,y>1 (4.19)
On g-differentiating give

D)0 =g 1 and (D)) =y 1]y LD
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It is obvious that the function 7 — #*~9 § = 1,2 is increasing on [0,1] if x > § and
decreasing on [0, 1] if x < 6 which reveals that ||f(zq)||=1if x > 1 and || f(tg)|| = oo
if x<1and |Dyf|| = q' *[x— 1], if x =2 and ||Dyf| = if x< 2.

To determine ||g(rq)| and ||D,g||, we have

log Ay (1) Z {log(1—1tq""") —log(1 —tq"™)}

n=0
where A, (1) = (1q;q)w/(t1¢"';q)= . Differentiation gives
WO =) 5 0= <0 y=2
! e (L=tg (1 =g ) 1<y<2

which means that A,(r) is decreasing on [0,1] if y > 2 and increasing on [0,1] if
1 <y<2. Since A,(0) =1 and A,(1) = (1 —¢q)* T,(y — 1), then we have

L, y=1

g(tq)|| = sup Ayi1(t) = - (4.20)
te[071]7hyJr (1—gq) 11"q(y—1), 0<y<l1

and

1Dggll = [y = 1] sup 4,(1) =
r€[0,1]

{[y_1]117 y=2 (4'21)

(1—qP 7 T,(n), 1<y<2

By virtue of (4.10), we can compute

/01 @ (u)[|g(uq)[ | Daf || + 1 f (uq)|[| Dygl[1H (ugq)dqu

27xx_ ugq;q)-
2—xx
= %(25]3 (3,5) = (1 +9)By(2,y) + B4(1,y))
Lab=le(_2¢  (+q) 1
1+q <H+ﬂq b+ +Eﬂ>
_q2 x[x—l}q 2q(1+q) ltq
 (I+q)blg ([ +1gly+2]q [y+1]’1+1>

1+¢ [P

qu—l}q 2q (14+q) 1
([x+z1q TSI [x]q>

which is equivalent to ,(x,y) defined as in (4.18). From the assumptions (4.2) and
(4.19) and the definition of g-beta function (2.7), we get

1
elg[Vg

T((D,f,g) = Bq(x7y) -
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Notice that T(w, f,g) < 0 by Theorem 3.1. and so we have to take

|T(a),f,g)| = _Bq(x»y)~ (422)

[l [Vg

Inserting the previous results into Theorem 4.1 gives the proof when 0 < g < 1. We
note that if By(x,y) > 1/([x]4[y]q) —a(q) (say) when 0 < ¢ < 1, by (2.14) when g > 1,
we get

By(x,y) =¢" B, 1 (xy) 2 ¢ | e —alg ")
! ! bl 1)1
which gives the proofs when ¢ > 1. This ends the proof. [
It is not difficult to see that a:(1) =1/3, B(1) =7/60 and

(x—DO*+y+2) (-1 +x+2)
2y(y+ 1)(y+2) 2x(x+ 1) (x+2)

lim 74 (x,y) =
q%l

which can be used to establish some inequalities for the classical beta function. For this
proposal, we introduce the following theorem.

THEOREM 4.3. Let x,y > 2. Then, we have

S Bley) < gl DO-1) (423)
xiy —Bly) < (Zy_(; §y12)(+yy++z§) (2;(; Kxf)zc)fz?) (429
xiy —B(xy) < é (x+y—2) (4.25)
S B <361) (4.26)
xiy—B(w) < %(y—l) (4.27)

The results from (4.23) to (4.27) for beta function are shown to be new.
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