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ON WEIGHTED GENERALIZATION OF
THE HERMITE-HADAMARD INEQUALITY

ROZARIJA JAKSIC, LIILJANKA KVESIC¢ AND JOSIP PECARIC

(Communicated by Ivan Peric¢)

Abstract. The results obtained in this paper are a correction of the main results obtained in
[14], for which we also give an alternative proof and improvement. We also study some new
monotonic conditions under which various generalizations of the Hermite-Hadamard inequality
are valid. Furthermore, we give an improvement of the obtained results.

1. Introduction

Let f be a convex function on [a,b] C R. The following inequality

) <ty [ S

is known in the literature as the integral Hermite-Hadamard inequality [10].
In [5] Fejér (see also [12, p. 138]) obtained the following weighted generalization
of the Hermite-Hadamard inequality

1(22) [ewar< [ rwstoa < OO Fogae

where f is a convex function on the interval [a,b], and g is positive function on the
same interval such that

glati)=glb—1), 0<1<5(a+h)
i.e. y=g(x) is a symmetric curve with respect to the straight line which contains the
point (3(a+5),0) and is normal to the x-axis.

It is well known that the Hermite-Hadamard inequality plays an important role in
nonlinear analysis. Over the last decade, this classical inequality has been improved
and generalized in a number of ways; there has been a large number of research papers
written on this subject, see [3], [4], [6], and [8] and the references therein.

G. Zabandan and A. Kiligcman [ 14] gave a different weighted version of the Hermite-
Hadamard inequality:
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THEOREM 1.1. Let f: [a,b] — R be a differentiable convex function and let
g: la,b] — [0,0] be a continuous function.

(i) If g is decreasing on |a,b] ,then

1 b fla)+f(b)
W/“ J(x)g(x)dx < — s (1.3)
(ii) If g is increasing on [a,b], then
a+b 1 b
F(57) < e | r@sas. (1.4)

Unfortunately, inequalities (1.3) and (1.4) are not valid under the given assump-
tions. Functions f(x) = b —x and g(x) = b — x satisfy the conditions of Theorem 1.1
(1). However, for those functions the inequality (1.3) is reversed.

Analogously, functions f(x) = b —x and g(x) = x — a satisfy the conditions of
Theorem 1.1.(ii), but for them the inequality (1.4) is also reversed.

The aim of this paper is to correct the conditions under which the inequalities (1.3)
and (1.4) are valid and to give new monotonic conditions under which some generaliza-
tions of the Hermite-Hadamard inequality hold. We will also give a generalization of
the obtained results for positive linear functionals. Furthermore, we will give improve-
ments of the obtained results.

2. Results

DEFINITION 2.1. We say that a function f: [a,b] — R is increasing (decreasing)
in mean with respect to a weight function g: [a,b] — (0,c0) if the arithmetic mean
A(f;a,x) is an increasing (decreasing) function, where

A(frax) = W [ rogwar

THEOREM 2.2. Let f: [a,b] — R be a differentiable function and let g: [a,b] —
f'x)
8(x)

function g, then the inequality (1.3) is valid. If

is increasing in mean with respect to the

f'®)

(0,00) be an integrable function. If

is decreasing in mean with

respect to the function g, then the inequality in (1.3) is reversed.
Proof. Let’s denote

HW = [ s 5 (1@ +50) [
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/
We assume that the function — is increasing in mean. We will show that H'(x) < 0.
8
We have

H'0) = W) — 35/ [ g0t =3 (@) + 70 g)
= 3 [sww - r@n-rw [Cswal @

a

On the other side we have

! s ()j:(,t)d / x)— fla)y
A(f?&x)_l 8(1) 17 ’] :[f(> £ )}

[Fg(t)dr Ja g(0)dt
_ f’(x) fjg(t)df —(f(x) ;f(a))g(x) >0 2.2)
(f;g(t)dt>

/
because — is increasing in mean with respect to the weight function g.
8

Therefore, according to (2.1) and (2.2) we obtain that H'(x) < 0. Hence, H(b) <
H(a) =0, so the proof is complete. [

COROLLARY 2.3. Let f: [a,b] — R be adifferentiable function andlet g [a,b] —
(0,00) be an integrable function.

/
(i) If the function L is increasing, then the inequality (1.3) holds.
8

/
(ii) If the function — is decreasing, then the inequality (1.3) is reversed.
8

/
Proof. 1t is well known that if the function — is increasing, then it is increasing

8
in mean with respect to the weight function g. [

COROLLARY 2.4. Let f: [a,b] — R be adifferentiable function andlet g [a,b] —
(0,00) be an integrable function.

(i) If the function f is convex, and f and g are monotonic in opposite directions,
then the inequality (1.3) holds.

(ii) If the function f is concave, and f and g are monotonic in the same direction,
then the inequality (1.3) is reversed.

Proof. 1f the function f is convex, then f’ is increasing. Let us assume that f is
an increasing function, ie. f’ is positive. In this case function g is decreasing, so the
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/
function — is increasing. According to Corollary 2.3 (i), the inequality (1.3) is valid.

8
The case where the function f is decreasing and g is increasing is proved analogously.
If f is a concave function, then f’ is decreasing. If f is increasing, then f’ is

positive. Given that g is a positive function and monotonic in the same direction as f
/

(which in this case is an increasing function), we see that — is decreasing. Now from

g
Corollary 2.3 (ii) we have that the inequality (1.3) is reversed. The case where both
functions f and g are decreasing is proved analogously. [J

LEMMA 2.5. Let g: [a,b] — (0,00) be an integrable function. If g is decreasing,

then we have
f:xg(x)dx . a+b

JLgx)dx 2

If g is increasing, then the inequality sign in (2.3) is reversed.

2.3)

Proof. Since the function f(x) = x is increasing and concave, Lemma 2.5 easily
follows from Corollary 2.4. [J

THEOREM 2.6. (i) Let f be a convex function. If f and g are monotonic in
the same direction, then the inequality (1.4) holds.

(ii) Let f be a concave function. If f and g are monotonic in the opposite direction,
then the inequality sign in (1.4) is reversed.

Proof. Let f be a convex function. From Jensen’s inequality we have

b fbxg(x)dx]
_ x)g(x)dx > f| 42|,
e o S l 75

Now the inequality (1.4) follows directly from Lemma 2.5.
If f is a concave function, then the inequality (2.4) is reversed. We can use Lemma
2.5 again to obtain the reversed inequality in (1.4). [J

! (2.4)

A classic result due to Cebyé.ev is stated in the following theorem found in [12, p.
197].

THEOREM 2.7. ([12,p. 197]) Ler f,g: [a,b] — R and p: [a,b] — R be inte-
grable functions. If f and g are monotonic in the same direction, then

[ o [ o r0sas> [ postas [ pogas, @9

provided that the integrals exist. If f and g are monotonic in the opposite direction,
then the reverse of the inequality in (2.5) is valid. In both cases, equality in (2.5) holds
iff either g or f is constant almost everywhere.
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REMARK 2.8. Corollary 2.4 and Theorem 2.6 can also be proved by using Ceby-
Sev’s inequality (2.5). Let f: [a,b] — R be an integrable convex function and g: [a,b]
— R, an integrable function. Let’s take p =1 in (2.5). If f and g are monotonic in
the same direction, then we have

b b b
(b-a) [ fx)gax> [ fidx [ gxjax 2.6)
Since g > 0, we can rearrange (2.6) and get:
I f( )

Inequality (1.4) now follows directly from the first part of the Hermite-Hadamard in-
equality (1.1). If f and g are monotonic in the opposite direction and if f is concave,
then the inequality signs in (2.7) and (1.1) are reversed. The reversal of inequality (1.4)
is now obtained in the same way as described above.

If f and g are monotonic in the opposite direction, after rearranging the Cebysev

inequality we have
J F(x)g(x
o S5 / () 2.8)

Inequality (1.3) now follows dlrectly from the second part of the Hermite-Hadamard
inequality (1.1). If f and g are monotonic in the same direction and if f is concave,
then the inequality (2.7) is valid and the inequality signs in (1.1) are reversed. The
reversal of inequality (1.3) is now obtained in the same way as described above.

REMARK 2.9. There exist several results which show that éebyéev inequalities
are valid under weaker conditions (see [12, p. 198]), so it is clear from the previous
remark that Corollary 2.4 and Theorem 2.6 will also hold under the same conditions:

(1) The condition that the functions f and g are monotonic in the same (opposite)
direction can be replaced by the condition that they are similarly (oppositely)
ordered.

Note that the functions f,g: I — R are said to be similarly ordered if

(f(x) = f()(g(x) —g(y)) =0, forevery x,y € 1
holds, and they are said to be oppositely ordered in the reversed inequality holds.

(ii)) The condition that the functions f and g are monotonic in the same (opposite)
direction can also be replaced by the condition that they are monotonic in mean,

i.e. that functions
Alfap) = [ posad ) [ po

Blgiaxp) = [ psdr) [ pioy

and
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are monotone.

When we take p =1 as we did in the previous remark, we obtain that Corol-

lary 2.4 and Theorem 2.6 hold for a convex integrable function f and positive

integrable function g for which the functions A(f;a,x) = [ f(t)dt/(x — a) and
B(g;a,x) = [ g(t)dt/(x—a) are monotonic.

(i1i1) Steffensen ([13]) noted that Cebyéev’s inequality is valid when f is an increasing
function on [a,b] and g satisfies the condition

J, p(t)g(t)dt f p(t)g(t)dt
I p(t)dt S 18 p(t)dr

Again, when we take p = 1, we easily obtain that Corollary 2.4 and Theorem 2.6
L g(r)dt
are valid for f convex and increasing on [a,b] and g > 0 such that M <
xX—a
b
t)dt
f“bg¢ for every x € [a,b].
—a

The inequality (1.3) can be improved. In order to do that, we first need to state a
result which is a special case of [11, p. 717, Theorem 1] obtained for n =2.

LEMMA 2.10. Let f be a convex function on Dy, x,y € Dy and p,q € [0,1] such
that p4+q=1. Then

min{p,q} [ (1) +/0) ~ 2/ (F32)] < pr0) +af )~ Flpx-+ ) 29)
<max{p,q} 100+ £0) -2/ (32)].

THEOREM 2.11. Let f: [a,b] — R be a convex function and let g [a,b] — [0,00)
be a continuous function. If the functions f and g are monotonic in the opposite
direction, then

b a
A CO T A

a+b

a+b>

— [g(x)dx and 8 = f(a) + £(6) 2/

X —

If f is conccave and the functions f and g are monotonic in the same direction, then
the inequality (2.10) is reversed.

Proof. We will only prove the convex case since the concave case follows in a

—a b—
similar way. Let f be a convex function and x € [a,b]. Since z a7 5 a €[0,1] and
—a'b—
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b—a+b—a_1 from (2.9) it follows that
b— _
==
<b_xfa)+x_af(b)—min{ }[ 2f<“+b)}
“b—ua b—a
_ bf(a)—af(d)  f(b)— —a b—
- b—a + b—a { }f
_ bf(a)—af(b) | f(b)—fla) 1 a+b
=T b—a T p-a T (2 b a’_ D‘Sf 21D

We can multiply (2.11) by function g because it is positive and then integrate the ob-
tained inequalities over [a,b]. After dividing by [ f g(x)dx > 0 we get:

1 b bf(a)—af(b) f(b)—f(a) [2xg(x)dx
e . e < R A AR
G-

Now let us suppose that functions f and g are monotonic in the opposite direction. If

f(b) — f(a)
b

f is increasing, then > 0 holds. In this case function g is decreasing, so

if we take f(x) =x which is convex and increasing in (1.3), we directly obtain

[2xg(dx _atb

< 2.13
[{gxdx — 2 21

f(b)—f(a)

>0.
b—a

Inequality (2.10) now directly follows from (2.13) and
f(b) — f(a)
b

—a
ing, so the inequality (2.13) is reversed and (2.10) directly follows. [J

If f is decreasing, then > 0 holds. In that case function g is increas-

1
ﬂ’ < 3 holds for

every x € [a,b]. If we multiply those inequalities by g(x) > 0, integrate them over

REMARK 2.12. It is easy to see that O

1
[a,b] and then divide the obtained inequalities by [’ g(x)dx we easily get 0 < 3
G
b—a
(1.3) because for a convex function f we have f(a)+ f(b) —2f <
1 G
follows that (5 — =) >0,
ollows that 5 —>— )&

. We see that Theorem 2.11 really gives an improvement of the inequality
a+b

)20,soit
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3. Further generalizations

In this section we will give new monotonic conditions under which some general-
izations of the Hermite-Hadamard inequality hold and we will give a generalization of
the results obtained in the previous section for positive linear functionals.

First we will state two generalizations of the Hermite-Hadamard inequality.

THEOREM 3.1. ([12, p. 143]) Let p,q be given positive numbers and a; < a <
b < by. Then the inequalities

N

f<pa+qb>< 1/T+yf(x)dx pfla)+qf(b) G.1)

pta /) " 2yJry p+a
holdfor T = (pa+qb)/(p+q), y >0, and all continuous convex functions f: ay,b] —
R iff
b—a
y < ——min{p,q}. (3.2)
o a {p.a}
The second result that we state is a weighted generalization of the previous result

and it was proved by Brenner and Alzer in [2], but in fact it is a Féjer type variant of
3.1).

THEOREM 3.2. ([2]) Let p,q be positive real numbers and g: a,b] — R{ and
integrable and symmetric function with respect to the line x = (pa+qb)/(p+q)=T
bh—
in the sense that g(T —t) = g(T +1t) forall t € |0, Tamin{p7q}] Af fifa,b) =R
pTq
is a convex function, then

b\ [T+ T+ p) T+
f (p;i;] ) /T_yyg(X>dx< /T _yyf(x)g(x)dx< % /T _yyg(x)dx (3.3)

forall y € R such that (3.2) holds.

In our first two results we give new conditions, different from the ones that Féjer
gave, under which the inequalities in (3.3) from Theorem 3.2 are valid.

THEOREM 3.3. Let p,q be positive real numbers and g: [a,b] — Rg integrable
Sunction. If f: [a,b] — R is a convex function, then for all y € R such that 0 <y <

b—a .
—— min{p,q} we have
T a {p.a}

pa-+qgb\ [Ty T+y
f(BE) [ swars< [ rwstoas G4

if the functions f and g are monotonic in the same direction. If f is concave and
f and g are monotonic in the opposite direction, then the inequality sign in (3.4) is
reversed.
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Proof. Let f be a convex function. From Jensen’s inequality we have:

Jixgx)dxy _ [7 f(x)g(x)dx
f < (3.5)
( I g(x)dx ) I g(x)dx
If conditions a < T < b and a < T +y < b are satisfied, we can make supstitutions
a=T—yand b= T+y in (3.5) and get:
T+y
<fr ) xg(x)dx >< Jry f(x)g(x)dx 3.6)

J125 g(x)dx J127 g(x)dx

b
Since 0 <y < Tamm{p q}, conditions a < T—y < b and a < T+y < b are
P+q

satisfied. On the other side, function A(x) = x is concave and increasing, so if g is
decreasing from Lemma 2.5 we have

T

f+yyx8( )dx<T—y+T+y_T_pa+qb 3.7)
fT-H’ (x)dx = 2 p+q ’
In this case function f is also decreasing, so when we apply it to (3.7) we get a reversed
inequality sign. After combining the obtained inequality with (3.6) we get (3.4). If f
and g are both increasing then the inequality sign in (3.7) is reversed, but after applying
f to that inequality it stays the same and (3.4) again follows from (3.6).

If f is concave, then the inequality (3.6) is reversed and the rest of the proof
follows in a similar way. [

THEOREM 3.4. Let p,q be positive real numbers and g: |a,b] — Ra’ integrable
Sunction. If f: [a,b] — R is a convex function, then for all y € R such that 0 <y <

b—a
——min{p,q} we have
r+q

)
=
=
&
N

1 /”y ST —y)+f(T+y) _ pfla)+q/(b) (3.8)
T

fT-H’ (x)dx yf( 2 = p+q

if the functions f and g are monotonic in the opposite direction. Inequality (3.8) is
reversed if f is concave and [ and g are monotonic in the same direction.

Proof. Let f be a convex function, f and g monotonic in the opposite direction
and let i: [a,b] — R be such that m < h(x) <M, m < M, for every x € [a,b]. From
the Lah-Ribari¢ inequality we have:

J? F(h(x)g()dx _ M—h h=m
J2 g(x)dx S
_ Mfm) —mf(M) | f(M) — flm) o (3.9)
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- 1
where h = ——— f:h(x)g(x)dx. Conditions a <T—y<band a<T+y<b are

I 8(x)dx

b
satisfied for for all y € (0, p——f—j] min{ p,q}} , S0 we can make supstitutions m = a =
T—y,M=b=T+y and h(x) =x in (3.9) and get:
T
Jr F@)8dx _ (T 4+3) (T —y) = (T=y)F(T +)
fT+y (x)dx 2y

(AT ) —F(T ) Jr 5 ).
%y 75 g(x)dx

(3.10)

ST +y)—f(T—y)
2y
decreasing, so inequality (3.7) is valid and from (3.10) we get

If f is increasing, then > 0 holds. In that case function g is

[ 108 ()dx _ f(T +y)+ (T ~y)

i : 3.11)
< (L s+ =2 re)) - LA UC)
[T +y)—f(T—y)

due to convexity of f. If f is decreasing, then > < 0 holds. In

that case function g is increasing, so inequality (3.7) is revers)étd and we get (3.8) in the
same way as above.

If the function f is concave and f and g are monotonic in the same direction,
then the inequality in (3.10) is reversed, and the rest of the proof follows in the same
way as in the convex case. [

REMARK 3.5. By making substitutions ¢ <~ 7 —y and b < T +y in (1.2) it can
be easily shown that (1.2) and (3.3) are equivalent (see [12, p. 144]). Therefore, it
is obvious that the inequalities (3.4) and (3.8) respectively will be valid if any of the
conditions under which (1.4) and (1.3) are valid holds.

Now, let E be a nonempty set and let L be a linear class of real-valued functions
f: E — R containing constants, that is, having the properties:

Ll: f,ge L= (af+bg)cL forall a,b € R;
L2: 1€L,ie.,if f(r) =1 foreveryr € E, then f € L.

In other words, L is a subspace of the vector space RZ over R containing 1.
We also consider positive linear functionals A: L — R, that is, we assume that:

Al: A(af+bg)=aA(f)+bA(g) for f,g €L and a,b € R;
A2: feL, f(t) >0 forevery t € E = A(f) > 0 (A is positive).
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If additionally the condition A(1) =1 is satisfied, we say that A is a positive normalized
linear functional.

Throughout this paper without further noticing when using [m, M] we assume that
—co<m< M < oo,

Jessen [7] gave the following generalization of Jensen’s inequality for convex
functions (see also [12, p. 47]):

THEOREM 3.6. ([7]) Let L satisfy properties L1,L2 on a nonempty set E, and
assume that f is a continous convex function on an interval I C R. If A is a positive
linear functional with A(1) = 1, then for all g € L suchthat f(g) € L we have A(g) €1
and

f(A(g)) <A(f(3))- (3.12)

The following result is proved in [1] by Beesack and Pecari¢ (see also [12, p. 98]):

THEOREM 3.7. ([1]) Let f be convex on I =[m,M|. Let L satisfy conditions
L1,L2 on E and let A be any positive linear functional on L with A(1) = 1. Then for
every g € L such that f(g) € L (so that m < g(t) < M forall t € E ), we have

M—A(g)

A(f(8)) < —— == f(m) +

T 28T (M), (3.13)

We state a generalization of the Hermite-Hadamard inequality found in [12].

THEOREM 3.8. ([12]) Let f be a continuous convex function on an interval I D
[m,M]. Suppose that g: E — R satisfies m < g(t) < M for every t € E, g € L and
f(g) € L. Let A: L — R be a positive linear functional with A(1) =1, and let p = p,,
q = qg be nonnegative real numbers (with p+q > 0) for which

_ pm+qgM

Ag) tg

(3.14)

Then

meHﬂM><AU@»<£EQQiﬂ@Q, (3.15)

r+q rP+q
The following result is a generalization of Theorem 2.2 for positive linear func-
tionals and it gives monotonic conditions under which the second inequality in (3.15)
from Theorem 3.8 is valid.

THEOREM 3.9. Let f be a continuous convex function on an interval 1 D [m,M].
Suppose that g: E — R satisfies m < g(t) < M foreveryt €E, g€ L and f(g) € L.
Let A: L — R be a positive linear functional with A(1) =1, and let p = p,, q = q, be
nonnegative real numbers. If the function f is increasing and A(g) < (pm+gM)/(p+
q) is valid, then the following inequality holds:

pf(m)+qf (M)

Afle)) < PR

(3.16)
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Inequality (3.16) also holds if f is decreasing and A(g) = (pm~+qM)/(p+q). If f is
an increasing concave function and A(g) = (pm+qgM)/(p+q), or if f is a decreas-
ing concave function and A(g) < (pm+qM)/(p+ q), the inequality sign in (3.16) is
reversed.

Proof. Let f be a convex function. When we rearrange the Lah-Ribari¢ inequality
(3.13), we have

M—A A(g) —
Afe)) < XA iy  ABI gy
~ Mf(m)—mf(M)  f(M)—f(m)
= - + A (g) (3.17)
If f is increasing, then W >0 holds, so if A(g) < @, from (3.17)
we easily get (3.16). If f is decreasing, then w < 0 holds, so if A(g) >

pm—+gM

p+q
If f is a concave function, then the inequality sign in (3.17) is reversed. The rest

of the proof follows in a similar way. [J

, from (3.17) we again easily get (3.16).

Our next result is a generalization of Theorem 2.6 for positive linear function-
als and it gives monotonic conditions under which the first inequality in (3.15) from
Theorem 3.8 is valid.

THEOREM 3.10. Let f be a continuous convex function on an interval I O [m,M].
Suppose that g: E — R satisfies m < g(t) < M foreveryt €E, g€ L and f(g) € L.
Let A: L — R be a positive linear functional with A(1) =1, and let p = p,, q = q, be
nonnegative real numbers. If the function f is increasing and A(g) > (pm+gM)/(p+
q) is valid, then we have

pm+qM
F(PEEE) <adr(g)). (3.18)
") <)
Inequality (3.18) also holds if f is decreasing and A(g) < (pm+qM)/(p+q). If f is
an increasing concave function and A(g) < (pm+gM)/(p+q), or if f is a decreas-
ing concave function and A(g) = (pm+qM)/(p+ q), the inequality sign in (3.18) is
reversed.

Proof. We will only prove the case when f is convex. Jessen’s inequality (3.12)
states that A(f(g)) = f(A(g)).
., pm +qM

If f is increasing, when we apply it to A(g) > g we get f(A(g)) =
pPT4q

M
f <w> , which in combination with Jessen’s inequality gives us (3.18). If the

rP+q
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pm+gM
P+q

) , and (3.18) follows in the same way as described above.

function f is decreasing, when we apply itto A(g) < , we again get f(A(g)) >

¥ < pm—+gM
P4 . . .
If f is a concave function, Jessen’s inequality states A(f(g)) < f(A(g)) and the
rest of the proof follows in a similar way. [J

The following two results are simple consenquences of Theorem 3.9 and Theorem
3.10 obtained by choosing p=¢g=1.

COROLLARY 3.11. Let f be a continuous convex function on an interval [ D
[m,M]. Suppose that g: E — R satisfies m < g(t) <M for every t €E, g € L and
f(g) €L. Let A: L — R be a positive linear functional with A(1) = 1. If the function
[ isincreasing and A(g) < (m+ M) /2 is valid, then the following inequality holds.

m)+ f(M
AU@»<£L173—2 (3.19)
Inequality (3.19) also holds if f is decreasing and A(g) > (m+M)/2. If f is an
increasing concave function and A(g) > (m+M)/2, or if f is a decreasing concave
Sunction and A(g) < (m+M)/2, the inequality sign in (3.19) is reversed.

COROLLARY 3.12. Let f be a continuous convex function on an interval I D
[m,M]. Suppose that g: E — R satisfies m < g(t) <M for every t €E, g € L and
f(g) € L. Let A: L — R be a positive linear functional with A(1) = 1. If the function
f is increasing and A(g) = (m+M)/2 is valid, then we have

(") <atrs). (320)

Inequality (3.20) also holds if f is decreasing and A(g) < (m+M)/2. If f is an
increasing concave function and A(g) < (m+M)/2, or if f is a decreasing concave
Sunction and A(g) = (m+M)/2, the inequality sign in (3.20) is reversed.

4. Improvements

In order to give an improvement of Theorem 3.9 first we will need to equip our
linear class of functions with an additional property denoted by:

L3: f,g € L= min{f,g} € LAmax{f,g} € L (lattice property)

M. Klari¢i¢ Bakula, J. Pecari¢ and J. Peri€ in their paper [9] gave the following
refinement of the converse Jensen inequality:

THEOREM 4.1. ([9]) Let L satisfy L1, L2, L3 on a nonempty set E and let A be a
positive normalized linear functional. If f is a convex function on [m,M] then for all
g € L such that f(g) € L we have A(g) € [m,M| and

M—A(g)

A(F() € 7

f(m)+ —=2——f (M) —A(g)dy, 4.1)
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where v
_ 1 g — =571 -~ m—+M
—51 Mo O = f(m)+ f(M)— f( ) 4.2)
Let f,g,h: [a,b] — R be integrable functions such that g(x) >0 and a < h(x) < b
1
and let us define A(f) = bif:g(x)f(x)dx. It is clear that A(1) =1, so A is
Ja 8(x)dx
normalized positive linear functional. Now from (4.1) we have
1 b b—h h—a 1
_ h(x))dx < b ———)0r, (43
T s S0 < @+ =)= (5 5 T Ys @)
where
— 1 b - 1 b b
h= bi/ g(x)h(x)dx, H=——— h(x)— at ‘g(x)dx (4.4)
Ja 8(x)dx Ja Jod 8(x)dx Ja 2
and

&= fla)+ 1(b) 2 (“22).

Now we can prove a refinement of Theorem 3.4.

(4.5)

THEOREM 4.2. Let p,q be positive real numbers and g: |a,b] — Rg integrable
function. If f: [a,b] — R is a convex function and f and g are monotonic in the

b—a .
opposite direction, then for all y € R such that 0 <y < Ta min{p,q} we have
pP+q

Jr 3 f@gWdx (T +y)+f(T—y) <1 (”;>

15 gdx 2 2 %
pfl@+afb) (1 G
where G = fT+y oh fT+y\ —T|g(x)dx and & is defined by (4.5).

Inequality ( 4.6) is reversed if f is concave and [ and g are monotonic in the same
direction.

Proof. Let f be a convex function, f and g monotonic in the opposite direction
and let A: [a,b] — R be such that a < h(x) < b for every x € [a,b]. From (4.3) we
have:
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where i and H are defined by (4.4). Conditions a < <banda<T+y<b are
b
satisfied for for all y € <07 Ta min{p,q}|, so we can make supstitutions z(x) = x,
q

a=T—yand b=T+y in (4.7) and get:

J1 5 F080dE (T +y)f(T =) = (T =) f(T +3)

S

J1 gx)dx 2y
T -
FT+y) = f(T—y) Jr)xgdx 1 G
TS g (2 2)% @9
y Jr25 8(x)dx Y
where G = ————— fT+y |x —T|g(x)dx
fT—y g( )
T — f(T —
If f is increasing, then i +y)2yf( ) > 0 holds. In that case function g is
decreasing, so from Lemma 2.5 we have
1 T+y
fT+y s /T xg(x)dx < T. (4.9)
-y

Now by combining these inequalities with (4.8) we obtain

J1) fX)g@dx _ f(T+y)+F(T—y) (- §>5

J12) g(x)dx = 2 2 2y
1/b—T T—a 1 G
§<b—af(a>+b—af(b)>_<§_5>6f
_pfla)+qf(b) (1
T ptqg <2 2y>6f 10

ST +y) = f(T—y)
2y
that case function g is increasing, so inequality (4.9) is reversed and we get (4.6) in the
same way as above.
If the function f is concave and f and g are monotonic in the same direction,
then the inequality in (4.8) is reversed, and the rest of the proof follows in the same way
as in the convex case. [

due to convexity of f. If f is decreasing, then < 0 holds. In

Our following result is a simple consenquence of the previous theorem obtained
by choosing g = 1 and it provides a refinement of the second inequality in (3.1).

COROLLARY 4.3. Let p,q be positive real numbers. If f: [a,b] — R is a convex

b
Sunction, then for all y € R such that 0 <y < Ta min{p,q} we have
pT4q

1 T+ T T— 1 b 1
5/ e < LIENHIT =) L <M_Zaf

< 4.11
T—y 2 4 p+q ( )
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b
where 0y = f(a)+ f(b) — 2f<%) . Inequality (4.11) is reversed if f is concave.
Our next result is a refinement of Theorem 3.9.

THEOREM 4.4. Let f be a continuous convex function on an interval 1 D [m,M].
Suppose that g: E — R satisfies m < g(t) < M foreveryt € E, g€ L and f(g) € L.
Let A: L— R be a positive linear functional with A(1) =1, and let p = p,, g = q, be
nonnegative real numbers. If the function f is increasing and A(g) < (pm+gM)/(p+
q) is valid, then we have

o pfm)+afM) .
A(f(g)) < g A(3)éy, (4.12)
where § and Oy are defined by (4.2).

Inequality (4.12) also holds if f is decreasing and A(g) = (pm+qM)/(p+q).
If f is an increasing concave function and A(g) = (pm+gM)/(p+q), orif f is a
decreasing concave function and A(g) < (pm+qM)/(p+ q), the inequality sign in
(4.12) is reversed.

Proof. Let f be a convex function. When we rearrange the inequality (4.1) we get

Al < A8y A8 0y g

= MR JE ) - a@s @1

f(M) — f(m) > 0 holds, so if A(g)
M—m Pt

w < 0 holds, so if A(g) >

m+
<P q

M
If f is increasing, then , from (4.13)
q

we easily get (4.12). If f is decreasing, then
pm+qM

p+q
If f is a concave function, then the inequality sign in (4.13) is reversed. The rest

of the proof follows in a similar way. [J

, from (4.13) we again easily get (4.12).

If we choose p = g =1 in the previous theorem, we easily obtain the following
result.

COROLLARY 4.5. Let f be a continuous convex function on an interval I D
[m,M]. Suppose that g: E — R satisfies m < g(t) <M for every t €E, g € L and
f(g) € L. Let A: L — R be a positive linear functional with A(1) = 1. If the function
f isincreasing and A(g) < (m+ M) /2 is valid, then we have

Sy s

A(f(g)) < 5

where g and 8y are defined by (4.2).
Inequality (4.14) also holds if f is decreasing and A(g) = (m+M)/2. If f is an

increasing concave function and A(g) = (m+M)/2, or if f is a decreasing concave
Sunction and A(g) < (m+M)/2, the inequality sign in (4.14) is reversed.

(4.14)
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