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SHARP CONSTANT FOR L? — L~ TYPE SOBOLEV’S INEQUALITY

HONGWEI Lou

(Communicated by I. Peri¢)

Abstract. Sharp constants for L” — L type Sobolev’s inequalities |[y||. < C||A*y|, and [[y]« <
C|IV(Aky)||, are studied. The problems are solved by using Green’s function and rearrangement
theory.

1. Introduction

Let p > 1 be a real number and m be a positive integer. In this paper, we always
denote by g = Ll the conjugate number of p. Let W(—1,1;m, p) be the Sobolev
p—

space defined by

W(_l7 l;m7p) = {y

yy ™ e 1P (-1,1), ) (E1) =0 (0<2j<m-1)}. (LD

In [6], Y. Oshime, Y. Kametaka and H. Yamagishi considered the following problem:

PROBLEM (O). Find the best constant C(m, p) such that the following Sobolev’s
inequality holds:

1 1
swp )| <Clmp)( [ p@IPdx)’s Va0 EW-LLmp).  (12)
xe[-1,1] -1

They solved the problem for the even case m =2k (k =1,2,...). Y. Oshime
[4] considered high dimensional case for m = 1 and got the corresponding result for
Problem (O). Later, the best constant for the case m = 3 was obtained by Y. Oshime
and K. Watanabe [7]. For m = 1 and high dimensional case, early in 1976, G. Talenti
studied in [8] the best constant for

([ pwray)” <c( [ wwras)’ (13)

'E’p and 1 < p <n.

with r= -
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In this paper, we will consider analogue problems in R"” for n > 1 by using
Green’s function and rearrangement theory. Problem (O) will be solved as a part of
our results.

Let B, be the unit ball in R”. We consider the following Poisson equation

{aue =S xeon »
I/L|aBn =0.
For p > 1 and f € L”(B,), the weak solution of (1.4) will be denoted as (—A)~!f.
For oo = (0, 002, . .., 0 ) with nonnegative integers o, 0%, ..., 0, , we denote
n o aa1+a2+...+a,,
o= o, 0%=—5—gF——. 1.5
lod kg’l k 8x?18x(212...8xna” (1-5)
Define
. -1
W (Bysm,p) := {y 9%y € LP(By), Aylop, =0, 0< faf <m, 0<j < mT} (1.6)
and
1
(/ |A’<y(x)\1’dx)", if m = 2k,
¥llmp = B 1 (1.7)

(/B: |V(Aky(x))‘pdx> E, ifm=2k+1.

We mention that W (B,; 1, p) is just the Sobolev space WO1 P (By).
Fix X € B,, by Sobolev’s embedding theorem, we can consider the following
problems:

PROBLEM (Cx). Let p > max(1,Z). Find the sharp constant Cx (m,p,n) such
that the following L” — L™ Sobolev’s inequality holds:

Y < Cx(m,p,n)|[yllmp, Vv €W(Bym,p). (1.8)

PROBLEM (C). Let p > max(1, ). Find the sharp constant C(m, p,n) such that
the following LP — L™ Sobolev’s inequality holds:

XEby

Using Green’s function, we can give a solution for Problem (Cy). Using Talenti’s
rearrangement theorem, we can easily show that

C(mapvn):CO(mapan)' (110)

Then, we can solve Problem (C) completely.
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2. Green’s function and solution to Problem (Cy)

It is well known that (—A\)~!f can be expressed by Green’s function
(—A)_lfz/ G(x,s;n)f(s)ds, X € By,
By

where the Green’s function is

1—sx—|x—s| .
e ifn=1,
Is] lx——5 |
1 Is|? e
G(x,s5n) = ¢ 2z N ey ifn=2, xseB,
. 2—n

R G0

(n—2)no, s ifn >3,

and @, denotes the volume of the unitball B,,. In (2.2), we naturally read |0| ‘x —

1.

Let G;(+,-;n) = G(+,-;n). Define

Gir1(x,s:n) = | Gi(x,75n)Gj(7,5;n)dT, xX,sEB,, j=12,....

By,
We have
Gj(x,s:n) = Gj(s,x;n) >0, X,sE€B,, j=12,...

and

Gitj(x,s:n) = | Gi(x,75n)Gj(7,8:n)dT, X,sE€B,, i,j=12,....

: 5, .

For notation simplicity, we set
Go(x,s;n) = 8(x—3s),

where 6(-) is the Dirac distribution. We give our results for Problem (Cy ).

0
o

669

2.1)

2.2)

2.3)

2.4)

(2.5)

(2.6)

PROPOSITION 2.1. Letn>1, k> 1, m= 2k, max(1, ;) < p <+oo and X € B,,.

Then the inequality (1.8) holds with
Cx (2k,p,n) = [|Gk(X, 1)l La(s,)-
Moreover, for y € W(By;2k, p), the equality
y(X)| = Cx (2K, p,n)[¥ll2k.p
holds if and only if
(2% (x) = aGi (X, xn),  x€B,

for some o € R.

2.7)

(2.8)

(2.9)
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Proof. For y € W(B,;2k,p), we have
y(x)= / Gr(x,s:n) (=) y(s) ds. (2.10)
By

If n < 2, it holds that G(x,-;n) € L?(B,)) for any @ > 1. Therefore Gy(x,;n) €
W2=29(B,) c L9(B,). Then Gi(x,-n) € LY(B,), Gi(x,-;n)7" ' € LP(By,).
If n >3, then G(x,n) € L9(B,) for any 1 < 6 < -5. Thus, Gi(x,n) €
W?2=29(B,). Noting that
1 n—-2 2k—-2

q n n

)

we get that Gi(x,-;n) € LY(B,) by Sobolev’s embedding theorem. Consequently,
Gi(x,n) ' € LP(B,).
Thus

y(X) = . Ge(X,5:n) (= L) y(s) ds < | Ge(X,im) [l agg,) IV o,y (2:1D)

and the equality holds if and only if (2.9) holds. [J

PROPOSITION 2.2. Let n > 1, k>0, m=2k+1, max(l, zy) < p < +oo and
X € B,,. Then (1.8) holds with

Cx(2k+1,p,n) = (/ VXZ(x,X)’pdx>$7 2.12)

n

where Z(-,X) is the weak solution of

{ -V, <‘sz(x7X)‘p_2VxZ(x,X)> = Gi(x,X;n), x € By, 2.13)
Z(x,X)|xeon, = 0.
Moreover, for y € W(B,;2k+ 1,p), the equality

Y(X)| = Cx (2k+ L, p,n) [y ll2k41.p (2.14)
holds if and only if

(=AY y(x) = az(x,X), x€B, (2.15)

for some o € R.

Proof. Let Z(-,X) be the weak solution of (2.13).
If k=0, then p > n and W, ”(B,) is embedded in C(B,). Moreover, Z(-,X) is
the unique solution of the following variational problem:
1
Minimize — / VZ(x)‘pdx—Z(X ) over WOLP (By).
B

If k > 1, then ék(-,X;n) € L1(By), Z(-,X) is the unique solution of the following
variational problem:
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1 P

Minimize —/ VZ(x)‘ dx—/ Z(x)Gi(x,X;n)dx over W()17p(Bn).
p n Bn

Thus, VZ(-,X) € LP(B,). For y € W(B,;2k + 1, p), there is

X = | Gi(X,5:n)(—205)Fy(s) ds

e

— / n V_Yz(s,x)‘p_zvxz(s,x)-%((—AO’“)}(S)) ds

<(,

and the equality holds if and only if

V,Z(s.X) ‘HVSZ(S,X)) (= Fy(s)ds

1
b\l
Viz(s.X)| ds) " Iylaesn,p (2.16)

VX<(—AX)ky(x)> = aV,Z(x,X), x€B, (2.17)

for some o € R.

Since Z(-,X),(—=A)ky() € WOI"p(Bn), we get (2.15) by (2.17) and Sobolev’s in-
equality.

On the other hand, if (2.15) holds for some o € R, then (2.14) follows from (2.16)
and (2.17). O

When p =2, using (2.5), we can simplify the above results.

COROLLARY 2.3. Letn>1, m>21, 2m>n, p=2 and X € B,. Then (1.8)
holds with
Cx(m,2,n) = /Gu(X,X:n). (2.18)
Moreover, for y € W(B,;m,2), the equality
y(X)[ = Cx (m,2,n)|[yl[m2 (2.19)

holds if and only if
y(x) = aGp(x,X:n),  xeB, (2.20)

for some o € R.
3. Rearrangement and solution to Problem (C)

We can use Propositions 2.1-2.2 to calculate Cx(m,p,n) easily in a numerical
way. It is also reasonable to guess that

C(m7p7n)E}IPEE}3XCX(m7p7n):CO(m7p7n)' (3.D

Though (3.1) can be got easily in some special cases, it is not so easy to get directly from
(2.6) and (2.12) in a general way. For one dimensional case, in [6], the authors proved
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that C(2k,p, 1) is attained for symmetric functions. Their proof crucially depends on
that Green’s functions Gy (z,s; 1) can be expressed by Bernoulli polynomials. In [7], the
authors proved that C(3, p, 1) is also attained for symmetric functions by two methods.
One is based on some kind of symmetrization of functions, and the another is based
on Green’s functions. These results shows that (3.1) holds for n =1 with m = 1,3 or
m =2k (k=1,2,...). However, methods used in [6] and [7] seem not easy to extend
to other cases.

Thanks to the rearrangement theory, we can use Talenti’s inequality to get (3.1).

Now, let us recall some basic results in rearrangement theory. For simplicity, we
consider functions in B, .

Let f be areal valued measurable function in B,,. The distribution function ()
of f is defined by

tr(or) = meas {x € B,| | f(x)| > a}, Va > 0. (3.2)

The spherical symmetric rearrangement of f is a spherical non-negative function f*
with the same distribution function as f.
It is easy to see that

1Ay = 11 Lo (Ba)s 1 < p <o (3.3)
There is Hardy-Littlewood’s inequality.

LEMMA 3.1. Let f € LP(B,) and g € LY(B,,). Then,
[ fWg()dx< | f7(x)g" (x)dx. (3.4)

One can find a proof of the above lemma in [1]. It is also well known that the
following Pélya-Szegd’s inequality holds.

LEMMA 3.2. Let 1 <p<+eand f € Wol’p(B,,). Then

IVF e, < IVFlLes,)- (3.5)

For a proof of Lemma 3.2, see [8] for example, see also [1]. Moreover, we have
the following very important Talenti’s inequality.

LEMMA 3.3. Assume p > 1. Let f € LP(B,) and f* be the spherical symmetric
rearrangement of f. Let u= (—/\)"'f and v = (—/\)"'f*. Then

u*(x) <v(x), a.e.x € By. (3.6)

The above lemma is a special case of Theorem 1 in [9]. According to Talenti [9],
such a result was proved first by R. O’Neil in private communication. In fact, Theorem
1 of [9] contains results more general than Lemma 3.3. Though the result for n = 1
was not stated in [9], it is valid and can be proven easily in a direct way.
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COROLLARY 3.4. Assume p > 1. Let ug € LP(B,) and vy = u;, be the spherical
symmetric rearrangement of ug. Let

uppr = (=) tuj, v =(=0)", j=0,1,2,.... (3.7)
Then
ui (x) < ve(x), ae.x€EB,,k=1,2,.... (3.8)

Proof. 1f k=1, the result is just what given by Lemma 3.3.
Now, let k > 2. By Lemma 3.3, we have

uj (x) <vi(x), a.e.x € B,. (3.9)

Let
Us = (—A) " luf. (3.10)

By the weak maximum principle for elliptic equations, we have
Us(x) < va(x), a.e.x € B,. (3.11)
Thus, using Lemma 3.3 again, we get
w3 (x) < Uz(x) < valx), a.e.x € By. (3.12)

Then, by induction, (3.8) follows. [

Now, we turn to solve Problem (C).

By Lemmas 3.1-3.3 and Corollary 3.4, we can easily see that for Problem (C), the
equality in (1.9) holds for some spherical symmetric function. Moreover, we will prove
later that (3.1) holds.

Let us state the following lemma first. For notation simplicity, we denote by
{v > o} the set {x € Bu|v(x) > o}, etc.

LEMMA 3.5. Let X € By, X #0 and v(-) = G(-,X;n). Then

v (x) < G(x,05n), a.e.x € By. (3.13)

Proof. Denote by p(-) and v(-) the distribution functions of v(-) and G(-,0;n)
respectively. When n =1, we get (3.13) since

vi(x) = (1-X»G(x,0:1). (3.14)
Now, let n > 2. We have
sup v(x) = +oo. (3.15)
XEBy,

To get (3.13), we need only to prove that

ulo) < v(o), Yo >0. (3.16)
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It is easy to see that

Vv(x) # 0, Vx#£X. (3.17)
Consider the level set {v > o} . Then the unit outer normal n to the boundary {v = o}
at a point x is — Vv(x) Noting that
IVv(x)]©
—Av(x) =8(x—X), (3.18)
it is easy to get that
d
/ |Vv(x)|dG:—/ v dc:/ S(x—X)dx=1. (3.19)
v=0} {v=a} On v=a)
On the other hand, we have from co-area formula (see [1], for example)
d +Nd ! d 3.20
o) = X = T O. .
uie) /{v>a} /a /{v=7:} [Vv(x)] (3:20)
Thus !
!/
—u(o :/ do. (3.21)
D= oy 0]

Combing with (3.19), we get

_(a) > (/{v:a} d0>2 (3.22)

and the equality holds if and only if
[Vv(x)| =C, on {v=a}. (3.23)

By isoperimetric inequality, we have

1 n;l
do > nay,(— / d 3.24
~/{v=a} o=n <wn {v=a} x> ( )

and the equality holds if and only if {v > a} is a ball.
When X # 0, for any o > 0, it is easy to verify that neither (3.23) nor (3.24)
holds. Thus,

—u'(e) > (o p(@)'")” = o (o) . (3.25)
Combining with 1 (0) = w,, we get
e e ifn=2,
”(a)<{wn<1+n(n—z)awn>2"", ifn>3, Va > 0. (3.26)

That is, (3.16) holds since the right hand term in (3.26) is just v(c). We get the
proof. [

Similarly but a little more difficult, we have
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LEMMA 3.6. Assume p >n. For Y € By, let Z(-,Y) be the weak solution of

{ v, <’VXZ(x,Y)’p_2VxZ(x7Y)> =5(x—Y), x€B, 3.27)
Z(x,Y)|xean, =0
Let X € By, X #0 and v(-) =Z(-,X). Then

v (x) < Z(x,0), Vx € B,. (3.28)

Proof. The proof is based on properties of p-harmonic functions (see [5], for
example).
Choose y € (0,1 — 7). By Sobolev’s embedding theorem, WO1 ’(B,) can be em-

bedded to CY(B,,). Thus,
|, 003G Y)dx| = 100)| < N0 lle) < Clollypog, Yo EWo"(B)

for some constant C > 0. This means that §(- —Y) € W~14(B,)). Thus, (3.27) admits a
unique weak solution Z(-,X) € Wy"”(B,). We have Z(-,X) € C*(B,). Moreover, since
Z(-,X) is p-harmonic in B, \ {X}, it holds that Z(-,X) € C""B(B,\ {X}) for some
B €(0,1) (see [2], for example). By the weak maximum principle, one can easily see
that
Z(x,X)>0,  Vx€B,. (3.29)

Further, we can prove that Z(-,X) attains its maximum My only at the point X . Other-
wise, if Z(-,X) attains its maximum at some point xy # X , since Z(-,X) is p-harmonic
in B, \ {X}, the strong maximum principle implies Z(-,X) = Z(xp,X) in B, \ {X}.
This leads to a contradiction.

By Sard’s theorem, for almost all (one dimensional) & € (0,Mx), the set {v= o}
contains no critical point of v. Then a similar discussion to the proof of Lemma 3.5
shows that the distribution function p(-) of v(-) satisfies

—u'(e) > (nwn%,u(a)%y, a.e. o € (0,My) (3.30)
and the equality holds if and only if {v > o/} is a ball and
[Vv(x)| =C, on {v=a}. (3.31)
We claim that for any o € (0,Mx),

n—1

1
{a € (0,a0)| — ' () > (nw,{’u(a) n )q} has positive measure.  (3.32)

Otherwise, suppose that (3.32) fails for some oy € (0,Mx). Then, by continuity, for
any o € (0,00), {v> o} isaball and (3.31) holds. Then, using (3.31) and the strong
maximum principle, it must hold that

Vv(x) #0, Vxe{0<v<oa}. (3.33)
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Thus v is analytic in {0 <v < 0} (see [5], for example). Furthermore, we can see
that {v = a} is a sphere for any a € (0, 04).
Now, we want to prove that balls {v > &t} (o4, are concentric. To this aim,
let o € (0,06) and choose two points xp,so on the sphere {v = o}. Consider
dx(t) Vv(x(t))

= Vo) x(0) =xo (3.34)

and ds(t) _ V(s(r)
st v(s(t
a s 0= 0

)
Then x(-) and s(-) are well defined on [0,a) for some a > 0. Moreover, we have

dv(x(r)) _ dv(s(t))

o pramk —1. (3.36)
Therefore,
v(x(t)) = v(s(t)), Vit €[0,a) (3.37)
and consequently, by (3.31),
[Vv(x(2))] = [Vv(s(2))], Vi € [0,a). (3.38)

Let P(t) be the center of {v > v(x(r))}. By (3.37) and the fact of {v =} being a
sphere, we have
[x(t) = P(0) = Is(e) = P(1) . (3:39)

Then, it follows from (3.33) and (3.38) that there is an ¢(¢) > 0 such that
[x(1)— P = ) [V((0))],  Is() — P(0)] = EOIVv(s(r))l, Ve e [0,a). (3.40)

One can see that Vv(x(r)) is perpendicular to the tangent plane to the surface
{v=v(x())}. Thus, Vv(x(¢)) is an inner normal to {v =v(x(r))} at x(¢). Similarly,
Vv(s()) is an inner normal to {v=v(x(r))} at s(#). Combining this fact with (3.40),
we have

x(t) —P(t) = —L()Vv(x(t)), s()—P()=—L()Vv(s(t)), Vit €[0,a). (3.41)

e [x(r) = (1)
x(r)— st
PO=A04 Bty =Wt

Therefore, P(z) is continuous on [0,a) and continuously differentiable on (0,a). By
(3.34), (3.35) and (3.39), we have

Vi € [0,a). (3.42)

= <s(t) —P(t),—W —P’(t)>, t€(0,a). (3.43)
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On the other hand,
Vv(x(1)) B
(01 -P0~ e ) =0
L p, Y0 .
_< (1) —P(2), Vst ())|2>, t €(0,a). (3.44)
We get

(P'(1),x(t) —s(t))=0,  1€(0,a). (3.45)
When so runs over {v = a}, s(t) runs over {v=v(x(r))}. Thus,
(P'( )—2)=0, Vze{v=v(x(t))},1€(0,a). (3.46)

Therefore
P'(t)=0, vt € (0,a). (3.47)

This means that the balls {v > n} are concentric for n € (v(x(a)), ). Consequently,
we get that all balls {v > o} (0 < a < 0g) are concentric. Moreover, since {v >0} =
B, and v is continuous near dB,, we see that the common center of {v > a} should
be the original point. Thus,

v(x) = CZ(x,0), Vxe{v=op} (3.43)

for some constant C. By (3.27), for ¢(x) = v(x),CZ(x,0), it holds that

p—2 .
{ —V,- ()V(p(x)‘ qu(x)) =0, in{0<v<op}, (3.49)
(p(x)|x€{v:0} =0, (p(x)|x€{v:a0} =0y
Therefore,
v(x) =CZ(x,0),  Vxe{0<v<op}. (3.50)
We claim that
v(x) = CZ(x,0), Vx#£X. (3.51)

Otherwise, let o € [0, Myx) be the biggest & such that
v(x) =CZ(x,0), Vxe{v=a}. (3.52)

Then
Vv(x) #0, Vxe{v=oa} (3.53)

and consequently v is analytic in a neighborhood Q of {v = o }. This implies
v(x) = CZ(x,0), Vx e Q. (3.54)

Contradicts to that ¢ is the biggest o satisfying (3.52). Therefore (3.51) holds. We
get a contradiction since we assume X # 0.
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Thus, (3.32) holds. Let v be the distribution function of Z(-,0). Then, v satisfies
—V(a) = (Nw,,h(a)"ﬂ? v(0) = . (3.55)
Combining (3.32) with v(0) = w,, we have
AMa) <v(a), Vo € (0,Mx]. (3.56)

This implies (3.28). O

Now, we can get a solution to Problem (C).

THEOREM 3.7. Let n>1, m=1, n < p < +oo. Then (1.9) holds with

N,

C(Lpan) = (n0,) 7 [(p=m)(g=1)] . (357

Moreover, for y € W(By; 1, p), the equality

max |y(x)| = C(L, p,n) [yl (3.58)
holds if and only if
v =a(1-[xreD) e B, (3.59)

for some o € R.

Proof. By Proposition 2.2, we know that

Cx(1,p,n) = (/n

where Z(-,X) is the weak solution of

1
p q _
vz X)| dx) " = V20 X) |8, - (3.60)

-2
{ Ve ([Vezw )| Viz ) = 8- x), x € By, 6D
Z(x,X)|veam, =0
By Lemma 3.6, if X # 0, v(-) = Z(-,X) satisfies
Vi (x) < Z(x,0), Vx € By. (3.62)
This implies
Vi (X) < Z(X,0). (3.63)

On the other hand, by Lemma 3.2,

IVVi e, < IVVIlLrs,)- (3.64)
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Thus
v(X v*(0
Cx(1,pn) = vaﬁu?(Bn) o (L:(Bn) <Co(1,pyn). (3.65)
Therefore
C(1,p,n) =Co(L,p,n) (3.66)
and the equality (3.58) holds if and only if
y(x) = aZ(x,0), X € By, (3.67)

for some o € R. Finally, we get the proof by a direct calculation:

Z(x,O):p—_1<1—\x|(1”")(‘1’1)>, x€B,. O  (3.68)

(n—p)(nen)*™"

THEOREM 3.8. Let n>1, k> 1, m =2k and max(1, 5) < p < +eo. Then (1.9)
holds with

C(2k,p,n) = ||Gi(-,0;n) || La(B,)- (3.69)
Moreover, for y € W(By;2k, p), the equality
max |y(x)| = C(2k, p,n)||yll2kp (3.70)
XEBy
holds if and only if
(—A)y(x) = aGI 7 (x,0;n),  x€B, (3.71)

for some o € R.

Proof. Let X € B,, X # 0 and
u(x) = Ge(x,X;n), v(x)=G(x,X;n) X € By,. (3.72)
By Lemma 3.5, we have
v (x) < G(x,0;n), X € By,. (3.73)
Generally, we can prove that
u*(x) < Gi(x,05n), X E By (3.74)
In fact, if k=1, then (3.74) is just (3.73). If k > 2, by Corollary 3.4,

u*(x) S/B Gi_1(x,s;n)v" (s)ds

< [ Gr-1(x,5;n)G(5,0;n)ds = Gi(x,0;n), X € By. (3.73)
By
Therefore, by Proposition 2.1,
Cx (2k,p,n) = ||ullza(s,) = 14" [|29(8,) < [Gk(,0:n) | La(B,) = Co(2k, p,n).  (3.76)

And (3.69)—(3.71) follows immediately from Proposition 2.1. [
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THEOREM 3.9. Letn>1,k>1, m=2k+1 and max(l72k"ﬁ) < p < oo, Then

(1.9) holds with
1
VY(x)’pdx> ‘

C(2k+1,p,n) = (/

where Y (-) is the weak solution of

n

{ -V (’VY(x)’p_QVY(x)> = Gy (x,0;n), x € By,
Y(x)|g8, =0.

Moreover, for y € W(By;2k + 1,p), the equality

=C(2k+1
f}é%f'y(x)' (2k+1,p,n)|Iyll2k+1.,p

holds if and only if
(=) y(x) = ay (x), X € By,

for some o € R.

Proof. Let X € B, X # 0 and Z(-,X) be defined by (2.13). Let

v(x) = Z(x.X), 9(x) = [(=2) " (@), y(x) = [(=2) "V (x), x € By

By Corollary 3.4,
$(x) < ; Gr_1(x,s;n)v"(s)ds, X € By,
Thus, by Lemmas 3.1 and 3.5,
y(x) = ; G(x,s;n)9(s)ds < ; G(0,s;n)9"(s)ds

< / ds [ G(0,5;n)Gr_1(s,T;n)v"(s)dT
n Bn
= [ Gi(0,s;n)v"(s)ds, XEB,.
B)'l
Therefore, by Lemma 3.2,

X
Cx(2k+1,p,n) = IVVlier s,

Jg, Gi(0,55n)v* (5)ds

IVV¥] o8,

< C0(2k+ l,p,l’l).

The remains follows easily from Proposition 2.2. [

When p =2, we can simplify the above results.

(3.77)

(3.78)

(3.79)

(3.80)

(3.81)

(3.82)

(3.83)

(3.84)
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COROLLARY 3.10. Letn>1, m> 1, 2m >n and p = 2. Then (1.9) holds with
C(m,2,n) = \/Gp(0,0;n). (3.85)

Moreover, for y € W(B,;m,2), the equality

max |y(x)| = C(m,2,n)||yllm2 (3.86)
holds if and only if
y(x) = 00Gp(x,0;n),  x€B, (3.87)

for some o € R.

4. Further discussions

In this section, we give some discussions on the calculation of Gy (x,s;n).
Since Gy (-,0;n) is spherical symmetric, we have

Gr(x,05n) = gi(|x|;n), Vx€B,,k>1, 4.1
where
L ifn=1,
gi(rn)={ 5=Inl, iftn=2, re(0,1], (4.2)
7(}1721)”% (P —1), ifn >3,
1
gk+1(rsn) :/ h(r,s)gi(s;n)ds, re(0,1], k=1,2,..., (4.3)
0
lfm;x(r,s)7 itn=1,
h(rs) = sln maxl(r,s) ) ifn=2, rsec (0,1]. 4.4)
ﬁsn’l ((max(r,s))%n — 1), ifn>3,
If we set

(D) 16, s;m)AX D xse B, A >0, (4.5)

M s

F(x,s,A;n) =
k

Il
—

then for A small enough, F(x,s,A;n) is well defined and
—AXF(x,s,k;n):5(x—s)—le(x,s,7L;n), x,s €B,, A >0. (4.6)
For n =1, we can get easily from (4.6) that

shA(x+1)

Flos i) = —Soa

/h/l 1) (t—s)dt—I " shA(r—1)-8(t—s)dt



)

4.7)

(4.8)

(4.9)
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sh A (x+1) hA(x—s) -
hA (x+1) .
bqulx;l shA(1—ys), ifx <s,
B S}}Llf{‘;l)shl(l—x), ifx>s,
- hA(x+1 .
thﬂa)shl( s), ifx <s.
Let by be the Bernoulli numbers and By(x) be the Bernoulli polynomials, that is
te o k
eI
and by = Bi(0). The following is a table of Bernoulli numbers and Bernoulli polyno-
mials.
k| b By(x)
0 1 1
1 1
1 -3 X — 3
2 é —x+x2 +é
3 0 %x— 32443
4 —% —2x% - x* %
5 0 —gx—|—§x —%x4—|—x5
6 ﬁ —lx2+§x4—3x5+x6+$
71 0 =T+ 00— I8 —|—x7
8 —% %xz 7x4+14 O —4xT 428 — &
9 0 —f—0x+2x 21 X +6x" — zx +x°
10 65—6 —%x2—|—5x —7x0 —|—15 8 5)69—|—xlo—|—65—6
We have
shAd(x+1)
————=shA(1—
Zsnaz A=)
1 42{61 (s—x) —416 (s—x) 4lel(s+x+2) _42{671(.\'+x+2)
:WK e —1 et 1 )_( A1 o]
(4r* & s+x+2\ (41)%*
5a(57) B () e
Ve {Z 72 ) (2 Z g (2k)!
o 42k 17L2k D) s—x s+x+2
pu(57) - Ba(5)
g ( %\ 2%k 1



SHARP CONSTANT FOR L? — L TYPE SOBOLEV’S INEQUALITY 683

Therefore,

Gi(x,5;1) = (_1()2:;2!]{_1 [sz<s+z+2)—32k<‘s;x|)], k=1,2,.... (4.10)

We can find the above equality in Theorem 3.1 of [3]. It is interesting and easy to prove
by (4.8) that By (x) satisfies the following equalities:

Bi(1—x) = (—1)!Bp(x), k=0,1,2,..., (4.11)
1 1
Bk(z —x) = FBk(—Zx) — Bi(—x)
1
:(—l)k(FBk(Zx)—Bk(x)>, k=0,1,2,..., (412
Bi(—x) = (—=D)fBi(x) + (= 1)fe*"t, k=1,2,.... (4.13)
* Bii1(x) — brr
B = kA TRl =0,1,2,.... 4.14
‘/0 k(S)dS k+1 ) k 07 IEd) ( )
Therefore
o (—1kat x+2 x|
Gl 0:1) = —o [sz< 4 )—sz<7)}
O (B —atm (B, k-2 @15)
- (2]{)' 2k ) 2k 4 ’ — sy, .
(1) 12214 — 1)by
G(0,0;1) = , k=12,..., 4.16
x — 1)k X X
/0 Gi(s,0;1)ds = % {B2k+1 <|—2|>—22k+132k+1 <|4_|>+(22k+1_1)b2k+1} sgnx,

k=1,2,.... 4.17)

Using the above results, we have

Cx(2k,p,1) = %[/i ’sz<w>_32k<\x—x\>’qu} . @.18)

_—

4 4
Cx(m,2,1) = 22"”\/(2;)! [Bzm (X;r 1) - bzm} (4.19)
_ e \/ (2;)! [%Bm(x) _B,, (%() _ bzm} . (420)

Concerning Problem (O), we have

COROLLARY 4.1. Let k> 1, m=2k and 1 < p < 4oo. Then

1 1
max ()| < C( [ 1 |y<2k>(x>|de)' . V() EW(=1,1:2kp) (421
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k) () - m@e e
—%21;[/|sz< 4’<sz<z>rdxﬁ
0 =efma() o) xecin e

for some o € R.
COROLLARY 4.2. Let k> 1, m=2k+1 and 1 < p < +oo. Then

1 L
max | [y(x)] < ([ W)’ Vi) W12+ Lp) @29)
xe(—1, —1

with

92k 1 by 2%t X kil q %
= 7(2](4— 01 <2/O ‘sz+l (E) — 27" Bogy1 <Z> +(2 - 1)b2k+1’ dx) (4.26)

and the equality holds if and only if

Y (x) = a{(—l) {sz+1<|)2€|> — 2% By (%) + (2% - 1)b2k+1] }qil sgnx,
xe(—1,1)

for some o € R.

COROLLARY 4.3. Let m > 1. Then forany y € W(—1,1;m,2),

(_l)m—122m—1(4m _ 1)b2m /1 (m) 5 %
nax, Y] < \/ oS ([ b"@Pax)’. @2

The equality holds if and only if

00 = a[Ba (BD) —ams, (B e @28)

for some o € R.
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