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POINTWISE STRONG APPROXIMATION
OF ALMOST PERIODIC FUNCTIONS IN !

WELODZIMIERZ LENSKI AND BOGDAN SZAL

(Communicated by L. Leindler)

Abstract. We consider the Fourier series of S! almost periodic functions and construct the ma-
trix means of partial sums of such series by the class GM (28) . In two approximation theorems
using these means we give the estimates of pointwise strong deviation of such means from the
functions in terms of moduli of continuity defined by the Gabisoniya points, and the best approx-
imation of functions by entire functions.

1. Introduction

Let S? (1 < p <o) be the class of all almost periodic functions in the sense of
Stepanov with the norm

sup { L [ | £(1) P dr}''" when 1< p<eo
u

Ifllsr = sup | f(u)| when p=co.

Suppose that the Fourier series of f € S” has the form

oo

Sfx)=Y Ay(f)e**, where Av(f):Lli_l}l% OLf(t)e_ilvtdt,

V=—o0

with the partial sums

Suf (@)=Y Ay(f)e™

1Av|<ve
and that 0 :20 < A,v < A’\F‘rl if VE N == {1,2,3...}, limlv = oo, A,_v = _A’V, |Av| +
V—ro0

|[A_y| > 0. Let Qg p , with some fixed positive « , be the set of functions of class S”
bounded on R = (—eo,0) whose Fourier exponents satisfy the condition

A=Ay >a (veN).

Mathematics subject classification (2010): 42A247.
Keywords and phrases: Almost periodic functions, rate of strong approximation, summability of
Fourier series.

© IV, Zagreb 735

Paper MIA-18-54


http://dx.doi.org/10.7153/mia-18-54

736 W. LENSKI AND B. SZAL
Incase f € Qq,p

S ()= [ L e+ £ =0} 00 (0,

where (e
2sin U22) i U
W (1) = 2 2 0<A<n, |t|>0).
)L"n() ﬂ:(n_x)tZ ( n | | )
Let A := (ayx) be an infinite matrix of real nonnegative numbers such that
Y apx=1,wheren=0,12,.... (1)
k=0

Let us consider the strong mean

1/q
HY, f (x {Zank}Sn }"} (g>0). )

As measures of approximation by the quantity (2), we use the best approximation of f
by entire functions g5 of exponential type o bounded on the real axis, shortly g5 € Bs
and the moduli of continuity of f defined by the formulas

Es(f)sr = igi_fo_gUHSI’a

of (8)gp = sup [f (- +1) = f ()lse

le|<6

1/p
fo { / |(Px pd’} ,

/()] | (k1) LN s
Gyf (6), ) = ]ZE) (m s lx (7)] d’) ;s>

where @y (1) := f(x+1)+ f(x—1) —2f (x), respectively.
Recently, L. Leindler [6] defined a new class of sequences named as sequences of
rest bounded variation, briefly denoted by RBV'S, i.e.

and

RBVS = {a = (an) €C: Y, |ay—ar1| < K (a)|am| forallm e N}7 (3)
k=m

where here and throughout the paper K (a) always indicates a constant depending only
ona.

Denote by MS the class of nonnegative and nonincreasing sequences. The class
of general monotone coefficients, GM , will be defined as follows ( see [13]):

2m—1
GM = {a:: (an) €C: Y, |ax — ag1| < K (a) |ay| forallm e N}. 4)
k=m
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It is obvious that
MS C RBVS C GM.

In [7, 13, 14, 15] was defined the class of — general monotone sequences (see also
[5]) as follows:

DEFINITION 1. Let f:= (f3,) be a nonnegative sequence. The sequence of com-
plex numbers «a := (a,) is said to be 3— general monotone, or a € GM (), if the

relation
2m—1

2 la—ar1] <K (a) B (5)

holds for all m.

In the paper [15] Tikhonov considered, among others, the following examples of
the sequences 3, :

(1) 1Bn = lan|,

[
@) 28,= ¥ ' forsome ¢ > 1.
k=[n/c]
It is clear that GM (1) = GM and (see [15, Remark 2.1])

GM(lﬁ +2ﬁ) = GM(zﬁ)

Moreover, we assume that the sequence (K (0,)),,_ is bounded, that is, that there
exists a constant K such that

0<K(a) <K

holds for all n, where K (o) denote the sequence of constants appearing in the in-
equalities (3)-(5) for the sequences o, 1= (a,, k) 60"
Now we can give the conditions to be used later on. We assume that for all n

2m—1 [em]

Z s —ansin| <K Y a”’“ 6)

k=[m/c]

holds if o, = (an,k)::o belongs to GM (,3), for n=1,2,...
We have shown in [9] the following theorem:

THEOREM 1. If f € Qq ), (p>1), p=q, @ >0, (ank),_, € GM (2B) for all
n, (1) and lim,, ... a, o = 0 hold, then

it = { Soworr(27) 1

Jorn=0,1,2,..., where y= () is a sequence with 7y, = O‘Tk.
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In this paper we consider the class GM (,8) in pointwise estimate of the quantity
HZ A f for f € S'. Our theorems have generalized the following result of P. Pych-
Taberska (see [12, Theorem 5]):

THEOREM 2. If f € Q¢ . and q > 2, then

1/q
1 3 [ ( n ) ]q [1f ] 5=
< of | — +—,
' { +1k26 k+1) ¢ (n—f—l)l/q
Jor n=0,1,2,..., where y= (V) is a sequence with Y, = O‘Tk, anj = # when k<n
and ay, ;. = 0 otherwise.

q
}1ﬁ ALy

For the function f € S (p > 1) such pointwise study was prepared for publication
in [4].

We shall write I} < I, if there exists a positive constant K, sometimes depended
on some parameters, such that I} < KI,.

2. Statement of the results

Let us consider a function wy of modulus of continuity type on the interval [0, +<o),
i.e. a nondecreasing continuous function having the following properties: wy (0) = 0,
wy (61 + &) < wy (61) +wy (62) for any 61,6, > 0 with x such that the set

1/p
Qo ps (Wy) = {feQa’p: [ / |0y (£) — @ ( tiy)|pdt} < wy (7)

and Gyf(8),, <wy(6) , where y,6 >O}

is nonempty.
We start with proposition

PROPOSITION 1. If f € Qg 12 (W), &> 0 and 0 < g <2, then

2n e
{nj—l ) S%kf(x)—f(aolq} L s (n—il> + Banp2 s

k=n
forn=0,1,2,...

Our main results are following

THEOREM 3. If f € Qg 12 (W), >0, 0<q<2, (ank),_, € GM (2) for all
n, (1) and lim,, ... a, o = 0 hold, then

1/q

k=0

HY, f(x)< Za [w( " VYE w () r
n,A,y nk | Wx k+1 21+[] sl

Sforsome ¢ >1 and n=0,1,2, ..., where y= () is a sequence with Y, = O‘Tk.
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THEOREM 4. If f € Quio(wy), >0, 0<g <2, (amk)w € MS for all n,

k=0
(1) and lim, .. a, o = 0 hold, then

- . q) /4
HZA yf(x) < {Zamk [Wx(m)+EaTk (f)sl] }

Jorn=0,1,2,..., where y= () is a sequence with 7y, = O‘Tk.

REMARK 1. Since, by the Jackson type theorem

Es(f)sr < Of (é)

1[5 [ l00-oazpial|

1G.£(8)s, |, < 0f B)s0

sp
the analysis of the proof of Proposition 1 shows that, the estimate from Theorem 3
implies the estimate from Theorem 1 with p > 2 and 0 < ¢ < 2. Thus, taking a, ; =
ﬁ when k < 7 and a,; = 0 otherwise, in the case p € [2,00] we obtain the better
estimate than this one from Theorem 2 with g =2 [12].

Sp

and

< wf(Y)SP?

3. Proofs of the results

3.1. Proof of Proposition 1
In the proof we will use the following function ®@,f (0,v) = % M 3, (u)du

with 6 = §, = % and its estimate from [8, Lemma 1, p. 218]

Do f (81, &) S wi (&) +wi (&) @)

for f € Qg 12 (wy) and any §;,8 > 0.
We can also note that by monotonicity in g € (0,2]

1 2n q 1/q 1 2n ) 1/2
{nﬂkgn Sup )~ 19 } <{n+1k§n Sue /)~ (1) } .

Moreover, for n = 0 our estimate is evident. Therefore, we give the estimate of the
quantity H? , ,f (x) with ¢ =2 and n >0, only.
Denote by S} f the sums of the form

Sgf(@)= 3, Av(f)e™

v <%
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ak a(k+1)

such that the interval ) does not contain any A,. Applying Lemma 1.10.2

of [10] we easily verify that

Skf / q)x \Pk
where Wy (1) =¥ & aury (1), i€
T

o(2k+1)t
4sin & 4 sin 7T

ont?

Wi(r) =

(see also [2], p.41). Evidently, if the interval (O‘k a(k; 1)> contains a Fourier exponent
Ay, then

Saka(X) = SZ_Hf(x) — (Av (f) eilvx +A_, (f) e—i)va> '

Analyzing the proof of Proposition 1.2.2 from [1, p. 8] we can write

ALy (f)| = |Aiv (f_gau/2)’

.1 L o
= |fim 7 (/0 = gapa(0) e
< hm sup — / ’ — 8/t ))efilvt dt
H°°T>L
S | fim sup 7 /}f — 8ap 2(t)|dt
H°°T>L
U+T
S |fim sup sup 7. | £(£) = goy a(1) | dt
—°T>LUcR L JU

Hf_gaﬂﬂHW S Hf_ga#/2Hsl =Equp (s

for some gqy/2 € Byy 2, With ok/2 < apr/2 < Ay, where ||-||yy is the Weyl norm.
Therefore, the deviation

1
2

1 2n 2
{ngn Sap f ()= f () }

can be estimated from above by

1 2
{n—i—lkz‘

| o ¥isar
1 2n
<
= {n—l—l Z

5y 1/2 Lo i 12
} +{n—+12(Eak/2(f)Sl)}

k=n

) Wi x (1) dr

5y 1/2
} +Egnj2 (gt s
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where k equals O or 1. Applying the Minkowski inequality we obtain
| 2 )y 1/2
n+1 ,Zn

/o 2y 1/2

:{ (/ / ) 1) Wiy (t)dt }

/o

1/2

{th } i S e}

So, for the first term we have

/0 T (1) We (1)t

1 2n 2 1/2 9K2 21 1 Dtk i 12
< —
n+1k§1|11(k)| < "+1kz:1<1 n+1> 11 (k)|
1/2
ZKeZ 2n 1 K+ i
< 1— !
{”+1kn< n+1) |11(k)]
1/2
ZK'eZ oo 1 k+K’ )
< 1— !
{”“ZE)( n+1) 111 (k)|
1/2
ZK'eZ hd 1 k+x 7T/O( )
- b . (1)
{”“k:z()( n+1) /O @u (1) Wit (1) dt
1/2
2KG2  rmjo rm/e - X o
= {n+1[) /0 O (1) @r (v) 2 (1— n—l—l) Wi () Wik (V) dudy
k=0
ZK'eZ 7[/06 u I 1 fxe 1/2
< n—|—1/0 0 (px(u)¢x(v)2<l—n+l> Witk () Wi (v) dudy
k=0
= K2 i 2/7:/11 « @y (1) @x (v) sin 4 sin
n+l\am/ Jo  Jo 22

sin

1/2
= 1\ om(k+1) . aw(2k+1)
Xy (l—n+1> sin 2 sin 2 dudv
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Taking y = % , 2= % and r=1-— ? in the relation (see [3] and [11])

Y2k+1) . 2(2k+1)
zr sin? T sin=—

singsin$ (1—r) {(1 +r)? +2r(c0sy+c0sz)}

[(l—r) +4rsin2y¥} {(l—r) +4rsin Tz}

and using the inequality sin @ > y% (y+z< ), we obtain

- ( 1 )", au(2k+1) . ow(2k+1)
2 1-— sin sin
= n+1 4 4
1 uv

n+1 [(1—r)2+(u+")2} [(1_”)2“”4)2].

<

Hence, taking u — v = ¢, by the Gabisoniya idea [3]

1 2n )
L (k
n+1,§n‘1()

/o

i |px (1) o (v)| dudy
(n+ )72+ (u+ V)Q} [(n 1) 2 v)z}

N

we | (u) @u (v) | dudy
(”“)2/0 ! e+ 1) 2 [+ 1) e )]

_ 1 n/e \%()( 1)| dudt
_(n+1)2/0 /0 (1) Hn+1 +t2}

> Z/?/f @y (1) @y (u—1)| dudt

(1’ 5 S S )P a4R) [ 1) e

[z(nt+1)/a] i (n+1)> L e
< —/ <qudu/. O (u—1)|dr
X Xraain L., oW n,ﬁ| (u=1)

[71?(}’1+l)/0€] i (n+1) % % n+l
< T [ leldn [ T g wlay
i=0 §(1+12)(1+12) i i

/o] i 2
(n+1)
; I+2)(1+7)

i+l

x (/ <px<u>|du>2+ (/ "oy >dv>2

n+1 n+1 ntl
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[w(nt1)/0] | i :
< ¥ (55 /“\x<u>|du
i=0 I+i nt1

[wnt)/o] i n+1 fari—att ?
X s <1+l/++ e (V)] dv

=0 (L+)) e
. h(g/a}(,ﬁ:/nﬂ o )|du>2
R S <”+ L, (v)|dv>2
o (1+)) = I4i ) -
n it 2 n v+l 2
<L (1 a8 (1 e 0ra)
P [n(n;rzl(‘))/a] (’i:’:/f (px(u)|du>2: o (#)271]2

<G

For the second term, using the Lenski method [8], we obtain

| 2 1/2
2
{nﬂgnzz(k) }
| e (/o
< {nil )y Z/ﬂ (00 (1) = D f (8,1)| W (1) dt
k=n|u=

u=1 [,H'E/OC

2}1/2

1 21| pluthr/o
+ X / D f (8, 1) Ve (¢) dt
n+1 il e

u=1 [,H'E/OC

| 12 - 12
_ ) 2 2
= {n+1k§;121(k)| } +{—”+1k§2122(k)| }

and
4 (u+)m/a _2
a®) < - / 02 (1) = @ ()|

orn ur/o
4 = (u+)7m/ex 1 O

< — — () — @ (t 4+ u)|du| dt
2 #2/“/ 100 - o+
4 1 o (u+r/o |

= X ) (t+u)|dt pd
2 uzl{/ﬂ/ 2 10:0) oo+
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P ~(ut1)e/a
= a5 b 2zl 1o s jas]

t=un/o
(n+1 n/a
+2 n/a |:t3/ |ox (5) — @ ( S+u)|ds] dl}du
% & (u+1)m/
/ 2{ u+1 Vol / 10 (5) — i (s + )| ds
1 um/o
- W/o 0.6) 015+l as b
1 (o u+Dm/a
+5—k/0 #2‘1{/1171/0( |:t3/ ‘(Px — 0 ( S+M)|ds] dt}d

Since f € Qg 12 (Wy), for any x

1
Chm Cz/ |@x () — @y (s +u)|ds < lim wx( ) < lHm —wy (&)

{—oo L= §
1
< lim —w, () =0,
fim 7 ()

and therefore

1 ak(x(x 7T/O(
I (k <—/ ——/ e (5) — @ (s + d]d
] < 5 [ 2% [ 106 - outswlas)

1 /% > (u+Dm/o 1
+5—k/0 wy (1) du 2 {/wr/a tzdt}

u=1
1% o
<5 o)t s (80 3, 2o
< wy (6) -

Next, we will estimate the term |I;(k)]|. So,

o (u+1)7/c ot (k+x) oz (k+x+1)
ba(k) = — / 2 (0i1) 4 (—COS PR ——

2 o(k+x) o(k+K+1)
o L=l ur/o 1t dt > 5

=(u+1
Xf Sk’ : <_ = at(k;m) cos a[(kJ;K+l) >‘|t (u+D)m/o

5 &
= on 2 o(k+x) o(k+x+1)
u=1 2 2

=um/o
(u+)m/o d D, f (8,1 cos Oct(k2+K) cos O([(kJ;K'+1)
+%E/M/a ( 2 ) o] elwi]) dt

)
= Iy (k) + a2 (k)
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Since f € Qg 12 (Wy), for any x (using (7))

Q. f (&,%0) Cos[%g(k—i- K)] cos [%g(k+ K+1)}
ES

+ alkixil)
2 2
w (&) +wx (£8) im wx (&) + 8w ()
C2% oo $%k

lim

C—nx)

. 1+¢
< wy () lim =0,
( )g_nx, 2

< lim
Z:—nx)

and therefore

D f (8, E(u+1)) (_cos [Z (u+1) (k+ )]
! [% (,Ll—l—l)]z o(k+x)
N cos[%(u+l)(k+1€+l)]>

2
o(k+x+1)
2

_Ouf (8 FH) (_cos [Fuk+x)] cos[%u(k—ﬂ(—kl)])]

[3”]2 oc(k2+1<) a(k+21<+1)
2 (I)xf(5k,7r/a)< cos [Z(k+x)] cos[g(k+x+1)]>
T T arn 2 B ktx k+x
ar  (n/al a(2+ ) w
4 cos[F(k+x+1)] cos[F(k+x)]
- _Fq)"f(‘s’“”/a)( k+x+1  k+xk '

Using (7), we get
1

1
[T221 ()] < 7 [@f (8 /)] < D (W (8¢) +wa (/).
Similarly
2 & (u+Dm/o iq)xf 0) N 20, 0 )1
1222(]():—2/ dt 2(/<)_ fgk)
or U=1 un/o 1 !
. (cos —w(k;'() ~ cos 70“(“2“1) ) &
a(k+K) ok+x+1)
2 2
and
8 S [ DR | (14 &) — @ (1)
b (k)] € ————— / di
1222 (k)| o2 (k+1)”ﬂ:1[ ur/a i

(u+D)m/o
s wm]
un/o 4
_ L oo /-(erl)n'/OC ‘(Px ([—|—6k)_(Px(t)‘dt
= az(k+l)7t5k,1:1 um/o o

6 e /<u+l>n/a e (8) + s (1)

+— dt
Ocz(k—Fl)ﬂ?u:l ur/o 3
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Summing up

@] <@+ iy (@ (5) 4 (2)).

whence
1/2 )y 1/2
R ) 1 2 T 1 n
I |l ——
{n+1k=2;,|2(k) } <<{n+1k=2;,<w <k+ ) k1" ( )) }
1/2
1 2 T 2 T
i <
<<{n+l%(“<k+l)) } \W"<n+1)

and thus the desired result follows. [

3.2. Proof of Theorem 3

For some ¢ > 1

ol 1 . 1/q
Hip oy (6 { ani S ()~ @)+ 2 ani S f ()= 1 ()| }
k=0 k=2l¢]
2l AR
< { O[S (x) = £ ()] }
k=0
oo 2m+1 1 q 1/‘1
+{2 ankSakf(x)—f(x)‘ }
=[c] k=2m
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Using Proposition 1 and denoting F, = wx (77) + Eqnj2 ()1, We get

2ld 1 k
L) < { v k/2+1 $

. 1/q
Saf ()= F () }

n,k
= k215,
{ [12%" 1 i ‘q v
RPA Apj— Sa f(x)—f(x)
o k21 ST

261 Va
< aniFyly o -
k=0

By partial summation, our Proposition 1 gives

w [omtl_2p k q
Hx) =Y [ > (ank—anir1) D, S%;f(x)—f(x)‘

m=[c] | k=2m 1=2m

[=2m

omtl_g q
Ty iy Y, ’S%zf(x)—f(x)‘ ]

. 2m+1_2
< Y [2’“ Y lan,k—an,k+1|F§2m/2
m=|c] k=2m

+2man72m+l _1F§2m/2:|

2m+172
2 |an,k_an,k+l +an,2’”+1—1 .
k=2m

oo

= 2 2mFolfzm/z

m=|c]

Since (6) holds, we have

Aps+1 — Anyr

s
< |an,r_an,.\'+l| < Z ’an,k _an,k+1|
k=r

om+l_o [c2™]
a
< Y amk—an| < Y TF (2<2"<r<s<2m 1),

k=2 k=[2" /]

whence
[c2™] s
Aps+1 << ay,r+ Z k (2 <2M<r<s< 2m+1 N 2)
k=[2m /]
and
2m 2m+l_2
21ﬂan,2m+171 - m Z an72m+171
r=2m

2m+l ) [62"1] a '

r=2m k=[2"/c|
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2m+l —1 [sz] a '
< Z An,r + 2" Z Z :
r=om k=[2" /]

Thus

o [sz] a 2m+1 1
m k
)< Y {2 ngm/z > 2 +Fq2m/2 > ank}
m=|c]

k=[2"/c] fe=2m

Finally, by elementary calculations we get

I om+[c] a, om+1
q mpa q
X< Y {2 Foomp )y e +F a2 )Y ank}

m= [C] J=2m—le] —om
2m+[]
< 2 azm/z 2 n.k
m=|c| k=2m—|c]
o om_1 2m+[]
— q
=X Foamp Y gt 2 Fzm/z Y ank
m=|c| J=2m—[c] m=|c] k=2m
oo om_1 oo 2m+
< Z Z an i F k/2+ Z Z a,,kF
m=|c] k=2m—lc| c| k=2m
o om_1 o 2m+[] 1
= Y ank ock/2+ D Y ankFly + Z Faz,,,a 2m+]
m=[c] g=om~Ic] m=[c] k=2m 2T =[]
0o [C] 2mfr+l 1 [] 12m+r+l 1
= 2 X X anfg,t Z Y X
m=[c|r=1 k=2m—r m=|c|] r=0 k=2mtr 21+

q
+ 2 F%manngr[c]

m=|c|

€ w -
< 2 2 ankF ak/2 T 2 2 WniFly + 3, aniFly
r=1 =l

r=0 g—plc]+r 21+[e] k=22lc] 21+

< ZamkF‘f -
k=0 zlic

Thus we obtain the desired result. [

3.3. Proof of Theorem 4

If (ank),_o € MS then (anx), _, € GM(2) and using Theorem 3 we obtain

, - . q) /4
Hypf () < {kz(,)an.,k [Wx(m)] }
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o (k4+1)201—1 q l/a
RS
k=0 =2l e
o - T 19 1/a oo (k+1)20—1 q Va
< Zank Wx(m)] + 2 2 anm | E g (f)sp]
k=0 - + k=0 p=k2ld
- - Y 1/q - g 1/q
< Zank WX(—) + ch a, rold [Eak (f)sp}
k=0 Lkt k=0
o - - q) Va
n X ED! 4
< { Bt [l ) + g (|
This ends our proof. [
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