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VECTOR MAJORIZATION AND SCHUR-CONCAVITY OF SOME SUMS
GENERATED BY THE JENSEN AND JENSEN-MERCER FUNCTIONALS

MAREK NIEZGODA

(Communicated by I. Franjic)

Abstract. In this paper we study a vector majorization ordering for comparing two m -tuples of
vectors of a real linear space. This extends the classical approach of (scalar) majorization theory
for comparing m-tuples of scalars in R. We prove a Sherman type inequality for a vector-
valued <c-convex function f, where <¢ is a cone ordering. In consequence, we obtain a
Hardy-Littlewood-Pdlya-Karamata type inequality generated by m -tuples of vectors in a vector
space. As applications, we present majorization generalizations of the superadditivity properties
of the Jensen and Jensen-Mercer functionals generated by a convex function f. In addition, we
show that some sums generated by the Jensen and Jensen-Mercer functionals are Schur-concave
with respect to their weight vectors. We also give interpretations of the obtained results for
tridiagonal doubly stochastic matrices and doubly stochastic circular matrices.

1. Introduction

Let f: 1 — R be a function on an interval I C R, x = (x1,x2,...,x) € I and
p e 2, where

k
,@,9:{p=(p1,p2,...,pk)ERkipi>0, Pk>0} with szzp,‘.
=1

The Jensen functional is defined by
k 1 k
J(f:x,p) = Y, pif (i) — Pef FkEPixi (1
i=1 i=1

(see [8]). We adopt the convention that 0f (%) =0.
Equation (1) can be rewritten in the form

~

x0) = . - )7 (B3, @

where f(x) = (f(x1),f(x2),...,f(x)), e=(1,1,...,1) € R*, and (-,-) is the standard
inner product on R,
By Jensen’s inequality,

J(f,x,p) =0 fora convex function f.

Mathematics subject classification (2010): 52A40, 06F20, 26B25, 15A39.

Keywords and phrases: Convex function, Jensen functional, Jensen-Mercer functional, sub-/super-
additive function, vector majorization, cone ordering, Schur-convex/concave function, column stochastic
matrix, doubly stochastic matrix, doubly stochastic circular matrix, tridiagonal doubly stochastic matrix.
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THEOREM A. [8]If f:1— R is a convex function then the function p — J(f,X,p)
is superadditive for any x € I, i.e.,

J(f.x,p+q) = J(f,x,p)+J(f,x.q) forp,q€ F}. 3)
In consequence, the function p — J(f,X,p) is monotone for any x € 15, ie.,
J(f,x,p+4q) = J(f,x,p) for p.q€ 2.

It is not hard to verify that property (3) is equivalent to the subadditivity of the
function

p—><p7e>f<<p’x>), pe ;.

(p.€)
That is,
(P+4,x) (P, x) (q,%)
(ptq.e)f (m) < <p,e>f<<p7e>) +<q,e>f<<q7e>> for p,q € 2.

Consider a function f: [a,b] — R and a k-tuple x = (x1,x2,...,x) € [a,b]F,
where [a,b] C R is an interval. Let p = (p1,p2,...,px) € @,?. The Jensen-Mercer
functional is defined by

o)

i=1

k
M(f,x,p) = P(f(a) + (b)) = 3. pif (x;) — Pif (a +h— %
i=1

(see [9]). Clearly,

MU ) = (70)  7(0) p.6) (0. ) — (p.0) (2B

(p.€)

where f(x) = (£(x1), f(x2),...,f(x)) and e = (1,1,...,1) € RE.
Mercer’s inequality [12, 13] says that

M(f,x,p) >0 fora convex function f.

THEOREM B. [9] If f: I = [a,b] — R is a convex function then the function
p — M(f,x,p) is superadditive for any x € I*, i.e.,

M(f.x,p+q) > M(f,x,p) +M(f,x,q) for p,q€ Z). @)

In consequence, the function p — M(f,x,p) is monotone for any x € I*, i.e.,

M(f.x,p+q) >M(f,x,p) forp,qe P,.

It is easy to check that inequality (4) is equivalent to the subadditivity of the func-
tion

p— (p.e)f (%) , PE P,
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where y = (a+b)e —x, i.e.,

raor(5202) imer(32) vmer(82) eracr

To motivate our studies, for a given vector ¢ € 29, consider two sum decomposi-
tions

c=pi1+p2+...+pmw and c=q+qQ+...+q,

where p1,p2,....pm € 2 and qi1,q2,...,q, € 2} . It follows from Theorem A that

J(f,x,€) = J(f,x,p1) +J(f,x,p2) + ..+ (f, X, Pm)

and
J(f7X7C) 2J(f7X7QI)+J(f7X7QZ)+~-~+J(f»X»(ln)~

It is of interest to know when the following inequality (5) holds:

J(f.x,p1) +J(f,x,02) + ... +J(f,X,Pm)
> J(f,x,q1) +J(f, X, q2) + ... +J(f,X,q). 4)

This can be helpful for constructing refined Jensen type inequalities.
Likewise, in accordance to Theorem B, one has

M(f,x,¢) = M(f,x,p1) +M(f,x,p2) +...+M(f,X,pm)

and
M(f,X,C) > M(f»X»(ll)‘f'M(faX»(h)‘f' "'+M(f7x7qn)~

In this context it would be nice to know when the inequality (6) is met:

M(f,x,p1)+M(f,x,p2)+ ...+ M(f,X,pm)
>M(f,x,q1) +M(f,x,q2) +...+M(f,X,qy). (6)

And this can be utilized in deriving refined Jensen-Mercer type inequalities.

One of our aims is to provide a condition on the vector tuples (pi,p2,...,Pm)
and (qi,qp,...,q,) for the inequalities (5)—(6) to hold. So, for the Jensen and Jensen-
Mercer functionals, we are interested in inequalities of the Hardy-Littlewood-Pélya-
Karamata type generated by tuples of vectors. A wider class of Sherman type inequali-
ties will be also considered.

To this end, in Section 2 we investigate a vector majorization relation for com-
paring tuples of vectors (x1,Xp,...,Xy) and (y1,¥2,--.,¥x). This extends the classical
approach of (scalar) majorization theory for comparing n-tuples of scalars in R [10].

In Sections 3 and 4 we demonstrate majorization generalizations of Theorems A
and B for the Jensen and Jensen-Mercer functionals, respectively. As applications,
we interpret the obtained results for tridiagonal doubly stochastic matrices and doubly
stochastic circular matrices.
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2. Vector majorization

Unless stated otherwise, throughout this section ¥ and % are real linear spaces
and € C ¥ is a convex cone.

Recall that a nonempty subset ¢ of # is said to be a convex cone if (i) a,b € ¢
implies a+ b€ % ,and (ii) ac ¥ and 0 <r € R imply rac€ %

If € C W is aconvex cone then the relation < on # defined by: for a,b € #,

b<yga iff a—be%,

is called the cone ordering (induced by %).
An m x n real matrix A = (a;;) is said to be column stochastic if a;; > 0 for

i=1,2,...,m, j=1,2,...,n, and all column sums of A are equalto 1,i.e., ¥ a;j =1
i=1
for j=1,2,...,n.
An n x n real matrix A = (a;;) is said to be doubly stochastic if a;; > 0 for
i=1,2,...,n, j=1,2,...,n, and all row and column sums of A are equal to 1, i.e.,
n

n
ajj=1fori=1,2,...,n,and ¥ q;j=1for j=1,2,...,n.
j=1 i=1

In other words, an m x n matrix A is column stochastic iff A > 0 (entrywise)
and eA = e, where e = (1,...,1) is the vector of ones of an appropriate dimension.
Likewise, an n x n matrix A is doubly stochastic iff A > 0 (entrywise) and eA = e =
eAT.

Given an m x n real matrix A = (g;;) and (X1,X2,...,X,,) € ¥" and (y1,¥2,..-,¥n)
€ ¥, we write

(YhYZw-an):(X17X2»~-~7Xm)A (7)

in the usual sense
yi=a1jXitaxixp+...+amjXm for j=1,2,...,n. (8)

We say that n-tuple Y = (y1,¥2,.-.,¥n) € ¥" is pre-majorized by m-tuple X =
(X1,X2,...,Xy) € Y™, written as Y <, X, if there exists an m x n column stochastic
matrix A = (g;;) such that

(YI7Y27---aYn):(X17X2a~~~,xm)A- (9)

(See [5] for a similar concept of matrix majorization induced by row stochastic matrix
A)

We say that n-tuple (y1,¥2,-..,¥n) € #" is majorized by n-tuple (x1,Xz,...,X,) €
7", written as Y < X, if there exists an n x n doubly stochastic matrix A = (g;;) such
that

(¥Y1,¥2,---,¥n) = (X1,X2,...,X)A. (10)

It is known [10, p. 33] that if ¥ = R then < reduces to the usual (scalar) ma-
jorization ordering for n-tuples in R” defined equivalently as follows (see [10, p. 8]).
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A vector y = (y1,y2,...,¥n) € R" is said to be majorized by a vector X = (x1,x7,
.,Xn) € R?, written as y < x, if

[ [
Ey[i] < ZX[I-] for [ = 1,2,...,1’1
i=1 i=1

with equality for [ =n. Here x|; and y|; are the ith largest entry of x and y, respec-
tively.
A function f: . — # is said to be <4 -convex on a convex set & C ¥, if

flox+(1—a)y)<¢ af(x)+(1—0a)f(y) forx,ye .7, ac|0,1].

A function f: . — # issaid to be <y -concaveif —f is < -convex (cf. [3, pp. 72—
73)).

In the forthcoming theorem we present a Sherman type inequality (12) for tuples
of vectors (cf. [17], see also [1, 4, 16]). Here we extend the classical (scalar) result to
the vector case. However, the idea of the proof remains the same [16].

THEOREM 2.1. Let f: .9 — W be a <g-convex function defined on a con-
vex set S C V. Let X = (x1,X2,...,Xp) € ", Y= (y1,¥2,...,¥n) € I", a=
(ai,as,...,am) €RY and b= (by,by,...,b,) €R.

If
Y =XA and a=bAT (11)

for some m x n column stochastic matrix A = (a;;), then
n m
2 bif(y)) <o Y aif (xi)- (12)
j=1 i=1
If f is < -concave, then the inequality (12) is reversed.

Proof. In light of (11) we have
(YI»Y2»~-~7Yn) = (X17X27'”7Xm)A~

Thanks to (8) we can see that y ; = Za,,x, with Zau—l j=12,...,n,and a;; > 0.

Hence, by the < -convexity of f

m m
—f (ZaUX,) <g Zaijf(xi) for ] =1,2,...,n
i=1 i=1

Therefore

Eb,f ;) <% Zb za,,f X;),
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which means

i bjf(yj) < i i bjaijf(xi)-

= i=1j=1
n
However, a=bAT” by (11). So, we get a; = ¥, bja;j, i=1,2,....m
=

In consequence, we conclude that

> bif(y)) <¢ Y, (2 bjaij> fxi) =Y aif (xi).
=1 i—1 \J=1 i-1

This completes the proof of inequality (12). [

Itis worth emphasing that the above requirement (11) leads to the notion of weighted
majorization for pairs (X,a) and (Y,b) (see [4]).
We now illustrate Sherman type inequality (12) by providing an example.

EXAMPLE 2.2. Here we extend a result in [2].

Let ¥ = # = Hj be the real linear space of k x k Hermitan matrices, with
the Loewner cone 4 = L* of all positive semidefinite matrices in Hy, and with the
Loewner ordering < induced by L.

Let f be a real operator convex function defined on an interval [0,00) C R. As
usual, we extend the action of f on L* via the standard action of f on the (nonnegative)
eigenvalues of the matrices in L¥. Thus f:.# — H; with .% =Lk,

We consider the matrices A and AT of sizes m x (m+ 1) and (m+1) x m, re-
spectively, where

1 11 11
50...05 750...00
11 1 11
377---00 0535...00
ol..ool Do
A= z " and AT =
: 11
000...5 3
00..404% 100...01
111 111 11
00...55% ﬁ%ﬁ...ﬁ%
Foranypositivevectorb:(bhbz,...,b,mbmﬂ)eRﬁ“,weintroducea:bAT,
Clearly, a = (ay,ay,...,a,), where
bi_1+b;i b )
g = 2O Om o m b= by
2 m
Then for positive semidefinite matrices X;,Xs,...,X,, € L¥,
u X;+X; X]+X2+...+X
Z (j 21+1)+bm+1f< 1 2 m)
1 m

j:
m

\2( SRl b':':)f(xz-) (13)



VECTOR MAJORIZATION AND SCHUR-CONCAVITY 775

This inequality is an extension of that given in [2, Theorem 1.2].
In fact, to show (13) take X = (x,X2,...,Xp) and Y =XA = (y1,¥2,-- -, Y, Yim+1) -
Then we have

X;j+Xjr1 .
y]: %7 J= 1727...,}’}’17 Xm+1 = X1,
X +Xo+...4+X,
Y1l =—/———

m
Now, inequality (13) is a direct corollary to (12) by Theorem 2.1.

As a consequence of Theorem 2.1 we have the following Hardy-Littlewood-Pélya-
Karamata type result for n-tuples of vectors.

THEOREM 2.3. Let f: .9 — W be a <y -convex function defined on a convex
set S CV . Let X=(X1,X2,...,%,) € " and Y = (y1,¥y2,...,¥n) € L ".
Then
n n
Y <X implies Y f(yi) <¢ 2, [(xi). (14)
i=1 i=1

Proof. We put m=n and b=-e = (1,...,1) € R” in Theorem 2.1. Because
Y < X, we see that Y = XA with some doubly stochastic matrix A (cf. (10)). By
setting a = bAT” asin (11), we obtain a = eA” = e. Now, the required inequality (14)
isdueto (12). [0

REMARK 2.4. In the case ¥ = # =R and € = [0,0), Theorem 2.3 becomes
the classical Majorization Theorem (see [10, pp. 92-93]).

EXAMPLE 2.5. Consider the simplest majorization relation

(f,)f,...,x) =< (X17X27'”7Xn)7

in the sense
(§7§7""i) = (Xlaxza'“)Xn)Aa

where X = w and A is the n x n matrix of the form

Then we obtain the Jensen type inequality

)

f<Xl+X2+~~~+Xn) <o f(x)+f(x2) +...+ f(xn)

n n

as a particular case of (14) in Theorem 2.3.
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A function F : #" — % withaconvex set .# C ¥ is said to be <¢ -Schur-convex
on " if for X,)Ye .#",

Y < X implies F(Y) <¢ F(X).

A function F : #" — % with a convex set .# C ¥ is said to be <¢ -Schur-concave
on ", if —F is <y -Schur-convexon "
Notice that Theorem 2.3 says that the function

F(X1,...,X zf for (x1,X,...,X,) € I"

is <4 -Schur-convex on .#", whenever f is <g¢-convexon .7 .
A function F : " — W with aset & C ¥ is said to be permutation-invariant
on S"ifforXe " and Pc &2,

F(XP) = F(X),

where &2, denotes the set of all n x n permutation matrices.
A function F : .#" — ¥ with a convex set .¢ C ¥ is said to be <y -convex on
J"ifforXe s, Ye IS and o € [0,1],

Fl(aX+(1-a)Y) <y aF(X)+ (1 —a)F(Y).

A function F : " — W with a convex set . C ¥ is said to be <y -concaveon 7",
if —F is <¢-convexon 9",

THEOREM 2.6. Let F : 9" — W be a permutation-invariant <¢ -convex func-
tion on I" with a convex set & C V. Let X = (X1,X2,...,X,) € " and Y =
(Y1,¥2,---,¥n) €I

Then

Y <X implies F(y1,¥2,..-,¥n) <¢ F(x1,X2,...,Xp). (15)

Proof. We assume Y < X, thatis, Y = XA for some doubly stochastic matrix A.
By virtue of Birkhoff’s Theorem [10, p. 30],
n!
A= Z AP;

i=1

n!
for some n X n permutation matrices P; with Y A;=1and 4, >0, i=1,2,...,n!
i=1
For this reason, we deduce that

F(yl7y27"'7yn):F((X17X27"'7XH)A) F( X1,X2,.. ZAP

=F <Z7Li(X1,X2,---,Xn)Pi> <¢ EliF((Xl,Xz,m,Xn)Pi)

i=1 i=1
n!

=Y LiF(X1,X2,...,X,) = F(X1,X2,...,Xp).
i-1
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The above inequality is a consequence of the <¢ -convexity of F. The equality before
the last one follows from the permutation-invariance of . [

3. Applications for the Jensen functional

Throughout this section # = R¥, .7 = @,? and 7 is a linear space with a convex
cone ¢ C # inducing preordering <¢ on # .
Proof of the next result will be simplified if we first prove a lemma.

LEMMA 3.1. Let f:1— W be a <y -convex function on an interval I = [a,b] C
R. Let P= (p1,p2,....p1) € I, where . = 2.

Then for any fixed x € I¥,
(3 b
pla [
i=1 i, X
< z pi,€) = v
If f is < -concave, then the inequality (16) is reversed.
Proof. The following identity holds:
(3 pix)
pi7X [
i=1 _ ] (Pi,X)
=X (17)
< 2 pi7e> N
i=1
where
a,-:l<p’7’e> fori=1,2,...1. (18)
z <pjv >

j—

!

Since f:1— # is <g-convexon I,and Y o; =1 with o >0 for i=1,2,...,1,
i=1

from (17)—(18) one has

1
<z p,',X> /
f l:ll — f <Zal pl X

Now, it is not hard to see that (19) implies (16). [
The next result is a Sherman like inequality (21) for the function (22).
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THEOREM 3.2. Let f : 1 — W be a <¢-convex function on an interval 1 =
[a7b} C R Let P: (p17p27~~~»pm) S jm; Q = (ql7q27"'7qn) S jn, a— (Lll,a27
am) €RY and b= (by,by,...,b,) € R, where I = 3219.

If
Q=PA and a=bAT (20)
for some m x n column stochastic matrix A = (a;;), then for any fixed x € I*,
: <q "X> C <pi7x>
b-q-,ef( / )gp a; p,-,ef( . (1)
jzzi J< J > <q/',e> ZI < > <pi,e>

If f is < -concave, then the inequality (21) is reversed.

Proof. For any fixed x € I*, the number 233 lies in 7. Namely, x € I* implies
xi€l,ie,a<x;<b,fori=1,2,...,k. Hence ae < x < be. Here < stands for the

componentwise ordering on R¥. In this way, we have

(p,ae) _ (p,x) _(p,be)
e e S (pe

and further
(p,x)

a< <b.
(pe)
Thus we find that Egizg €1, as wanted.
So, the function
P, X
1H<p7e>f<§p e;) pe A, (22)

is well-defined. Consequently, both sides of the inequality (21) are well-defined.

We shall show that the function (22) is < -convex on the convex set .¢ = 5”,9.
To see this, we utilize Lemma 3.1 for [ =2. Namely, fix any p,q € ﬁ,? and € (0,1).
Then op, (1 —a)q € @,?. We use (16) for the vectors op and (1 — o)q in place of p;
and p,. We obtain

)

<o (ap,e)f (<ap’x>) +{(1-0)q.€)f (L - O‘>q”‘>)

(ap,e) <(1 - a)q,e)
- a<p7e>f(2§:z§> +(1—a><q7e>f<22::§). 3)

In the case ¢ =0 or @ = 1 inequality (23) holds trivially.
Now, it follows from Theorem 2.1 applied to the <y -convex function (22) that
the inequality (21) is satisfied. [

As a special case of the previous theorem, we have a Hardy-Littlewood-P6lya-
Karamata type result as follows. The right-hand side of inequality (24) can be viewed as
the f-divergence [7] of (P,x) = ((p1,X),...,(Px,X)) and (P,e) = ({(p1,e),...,(pn,€)),
respectively. Similarly for the left-hand side of inequality (24).
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THEOREM 3.3. Let f:1— W be a <4 -convex function on a closed interval 1 C
R. Let P=(p1,p2,....Py) € " and Q= (q1,q2,...,qn) € I ", where I = 2.
Then for any fixed x € I*,

Q <P implies é@i&ﬁ(ézi’g) <v jﬁmm)f(éi?ﬁi) . (24)

If f is < -concave, then the inequality (24) is reversed.

Proof. We set m=n and b=e = (1,...,1) € R". By virtue of the vector ma-
jorization (q1,qp,---,9qs) < (P1,P2,---,Pu), We infer that (qq,qo,...,q,) = (p1,P2,
...,pn)A for some doubly stochastic matrix A.

We define a =bA” . Then a =eA” =e.

Finally, by applying Theorem 3.2, Eq. (21), we establish the inequality (24), as
desired. [

It is obvious that the statement (24) asserts that for any fixed x € I*, the function

n

F(p1,p2,---,Pn) = ;(pi,@f (%) , Pi€S,

is <4 -Schur-convex on .#".
For a # -valued function f : I — %, the Jensen functional is defined as follows.
Let p= (p1,p2,.-..,pk) € RL, x = (x1,x2,...,%) € I*. Then we set

J(Fx.p) = [p. (9] = (prc) f (%) 7 25)

where f(x) = (f(x1),f(x2),...,f(x)), e=(1,1,...,1) € R*, and (-,-) is the standard
inner product on R¥, and [p, f(x)] = i pif(xi) e .
i=1

We are now in a position to interpret the previous results in terms of the Jensen
functional.

COROLLARY 3.4. Let f:1— W be a <¢-convex function on a closed interval
ICR. Let P=(p1,p2,---,Pm) €L ", Q=(q1,92,...,q,) €I ", a=(aj,az,...,an)
€R" and b = (by,bs,...,b,) €RL, where I = ).

If

Q=PA and a=bAT (26)

for some m x n column stochastic matrix A = (a;;), then for any fixed x € I*,

M=

bJJ(f?Xaql) 2(5 Eaij(faxapi)~ (27)
1 i=1

~.
Il

If f is < -concave, then the inequality (27) is reversed.
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Proof. From (25) we have

3 byt xa) = 30 (lajs )~ (el (123

j=1 j=1 <qJ;e

= lé bjq;, f(x 1 i bj{q;,e f(é?lj::;) (28)

j=1

Likewise,

Zaif(f,X,Pi) = iai <[Pi:f(x)} —(pi,e) f ((pi',X>

[i aipi, f(x ] Eazpl, <<pi’>). (29)

By (26) via the standard algebra it can be shown that

n m
Z quj = Z aipi.
j=1 i=1

So, by comparing (28) and (29) and taking into account Theorem 3.2, we conclude that
inequality (27) is valid. This completes the proof. [

By setting a and b to be the all ones vector e, with the aid of a doubly stochastic
matrix A, one obtains the following result from Corollary 3.4.

COROLLARY 3.5. Let f:1— W be a <¢-convex function on a closed interval
ICR. Let P=(p1,p2,---Pn) € X" and Q = (q1,q2,...,q,) € I", where I =
2.

Then for any fixed x € I¥,

Q <P implies i](ﬁ&qi) > if(f»X»Pi)- (30)
i=1 i=1

If f is < -concave, then the inequality (30) is reversed.

Proof. 1t suffices to apply Corollary 3.4 with m=n and b=e=(1,...,1) € R".
Indeed, from Q < P we get Q = PA for some doubly stochastic matrix A (cf. (10)).
By setting a =bAT” as in (26) we obtain a = eA” = e. So, the required inequality (30)
follows from (27). [

Notice that the above result (30)) says that for any fixed x € I¥, the function

n

J(PlaPanaPn) = Z‘](f7xapi>7 picl,
i=1

is <4 -Schur-concave on & ".
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EXAMPLE 3.6. Let f:I— # be a <4 -convex function on a closed interval I C
R. In our consideration we use the following symmetric, tridiagonal, doubly stochastic

matrix A = AT of size n xn generated by the scalars cy,c¢3,...,c,—1. Thatis,
l—Cl C1 0 0 0 0
C1 1—01—62 (6] 0 0 0
0 ) 1—02—C3 0 0 0
0 0 l—cp3—cp2 Cp—2 0
0 0 .. Cn l—cpo—ch1 Cuoi
0 0 0 Cn—1 l—Cn,1

For any positive vector b = (by,bs,...,b,) € R and P = (p1,p2,...,px) € 7", we
define a = (aj,ay,...,a,) by a=bAT, and Q = (q1,q2,...,q,) € .#" by Q=PA,
where ¥ = 2.

Thus we derive
ai:ci—lbi—l+(1_Ci—l_ci)bi+cibi+la izlaza"'7n7 bOZCOZO7 bn+lzcn:O7

q =ci—1pi-1+ (1 —cici—ci)pi+ciPiv1, i=12,...,n, po=0, puy1=0.

For this reason, for any fixed x € I*, the following inequality (31) can be established
from (21):

S

bi(cji—ipj-1+(1—cj1—cj)pj+cjpj+1,€)
1

~.

<<Cj1pj1 +(1—cj_1—c))pj+cjpjs, >>
(cj-1pj1+ (1 —cjo1—cj)pj+cjpji1,e)
(p

= l’X
<g E[Ci—lbi—1+(1 —c,-_l—c,-)b,-+c,-bi+1]<p,-,e>f<<p e>) . 31)
i=1 1y

Furthermore, it follows from (27) that

M=

biJ(f,x,ci-1pj-1+ (1 —cj1—c;)pj+c;pj+1)
1

~.
Il

Zz

Ms

[cic1bi—1 + (1 —cim1 —ci)bi+cibi1 I (f, X, pi).

Il
—_

This result can be compared to [2, Theorem 1.2].
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4. Applications for the Jensen-Mercer functional

As previously, we assume that 7 = R¥, . = 3218 and 7 is a linear space with a
convex cone 6 C # inducing preordering <4 on # .

Let f:1— # be a # -valued function with a (closed) interval I = [a,b] C R,
and p = (p1,p2,...,0k) € I, X = (x1,%2,...,%) € I*. The Jensen-Mercer functional
is defined by

(a+b)<pve> — <p7X>> ,

M) = .0+ 76))] .1 el (E20E

where f(x) = (f(x1),f(x2),...,f(x)), e=(1,1,...,1) € R*, and (-,-) is the standard
inner product on R¥ and

k
P, f(x)] = pif(x) €,
i=1

(f(a)+ f(b))e = (f(a) + f(b), f(a) + f(b),.... fla) + f(b)) € #*,

k

[p. (f(a)+ f(b))e] = X, pi(f(a)+ f(b) € ¥

i=1

It is obvious that

M(f.x.p) = [p.f(y)] — <p,e>f<§g’z;) :

where y = (a+b)e —x and f(y) = (f(a)+ f(b))e — f(x).

In Theorem 4.1 we demonstrate a Sherman like inequality (34) related to the func-
tion
(p,(a+b)e—x)

p— <p,e>f< e

) . pe . (32)

THEOREM 4.1. Let f:1— W be a <4 -convex function on aninterval I = [a,b].

Let P=(p1,p2;---,Pm) €™, Q=(q1,Q2;--.,q) € I", a=(a1,az,...,am) ERY
and b = (by,by,...,b,) €R}, where J = 3219.

If
Q=PA and a=bAT (33)

for some m x n column stochastic matrix A = (a;;), then for any fixed x € I*,

(et hex)) & a+be—x)
,-Ef’f“‘”e”( lare) )g’f,zl’“’”e”( g ) 69

If f is < -concave, then the inequality (34) is reversed.
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Proof. Ttis easily seen that the vector y = (a+b)e —x lies in I¥. So, the function
(32)) is well-defined. Therefore both the sides of the inequality (34) are well-defined,
too.

Applying Theorem 3.2 for the vector y € I¥, we have

uiwr (42 Fomer(32)

(q),e

whence we obtain the desired inequality (34). [

THEOREM 4.2. Let f:1— W be a <4 -convex function on an interval I = [a,b].
Let P=(p1,p2,...,pn) € " and Q= (qi1,92;-..,qs) € I ", where I = 2.
Then for any fixed x € I¥,

Ca o (lalatb)e— g (pi,(a+ b)e —x)
Q < P lmplles i:21<qlae>f ( <qi,e> ) 4 “ pH ( <pi7e> ) N
(33)

Proof. Since Q = PA for some doubly stochastic matrix A, we have e = eAl .
By setting m = n and a =b = e, we obtain a = bA” . Now, the required result (35)
can be deduced from Theorem 4.1. [

It is worth noting that (35) guarantees <¢ -Schur-convexity on .#" of the function
n
pi,(a+b)e—x)
F(p17p27"'apn Pz, <— ) plelﬁ
ZI <pi7 e>
In the forthcoming corollaries we provide inequalities involving the Jensen-Mercer

functional.

COROLLARY 4.3. Let f: 1 — W be a <¢-convex function on an interval I =

[a7b}-LetP:(plvpLprm)Ejm; Q:((I17(I27~~~7Qn)ejn, a:(alaa27~~‘7am)
€R" and b = (by,bs,...,b,) €RL, where I = ).

I
Q=PA and a=DbA" (36)

for some m x n column stochastic matrix A = (a;;), then for any fixed X € I*,

2 M(f,x,q;) >¢ ZaM £,x,pi). (37

i=1

If f is < -concave, then the inequality (37) is reversed.

Proof. We take y = (a+b)e —x and f(y) = (f(a) + f(b))e — f(x). It follows

from (34) that
Sowor(82)« Samer(82) oo
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Moreover, we have

Y bm(rxa) = b (] (qf’f <q”e>f< q,;’ ;)>

j=1 j=1

Fomro]-(Some)r(3). o

Spson- S o ]-mer ()

pla

S 4ip: a (piy)
|J-§Ialp”f ] <Z iPi, € > <<pi,e>>. (40)

By making use of (36) it can be shown that

n m
Y biq; =Y aipi-
=1 i=1

Now, combining (38), (39) and (40) leads to (37), as claimed. [J

COROLLARY 4.4. Let f: 1 — W be a <¢-convex function on an interval I =
[a,b]. Let P=(p1,p2,....Ps) € F " and Q=(q1,qa,...,qn) € I ", where I = P}.
Then for any fixed x € I¥,

Q < P implies ZM(f,X,ql‘) =g ZM(faX’Pi)- (41)
i=1 i=1

Proof. 1t is sufficient to appeal to Corollary 4.3 with a =b = e, because Q = PA
and a = bAT for some doubly stochastic matrix A. This yields (41), which was to be
proven. [l

It may be noted here that statement (41) ensures <¢ -Schur-concavity on .#" of

the function
n

M(p17p27~~~7pn) = ZM(f»X»pi)» Pi S j
i=1

EXAMPLE 4.5. The circular matrix (circulant) induced by a real sequence (c1, ¢,
¢n) is the 1 x n matrix whose first column is (cy,ca,...,c,)! and the other columns
are obtained by succesive cyclic permutations of the first column, i.e.,

C1 Cp Cp—1...C3C2
2 C1 Cnp ...C40C3

3 ¢ ¢ “-cs5c4 2)

Cpn—1 Cp—2 Cp—-3 ... C1 Cp
Cp Cp—1 Chp—2 ... C2 C1
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(cf. [14]). If in addition the circular matrix (42) has nonnegative entries summing to
one in each column and row, then A is called a doubly stochastic circular matrix (see
[10, pp. 62-64]).

In this context, for a <¢-convex function f:1 —#, .5 =P°, m=n, P=
(P1,p2,---Pn) €I", b= (b1,b2,...,b,) R ,and x € I*, Theorem 4.1 gives

< (q;,(a+b)e—x) )”a' _ (pi,(a+b)e —x)
2 bilaelf ( are) ><%E‘<p”e>f (") @

where (q1,q2,...,9,) = Q = PA and (aj,as,...,a,) =a = bAT. Hence it can be
deduced that for i, j = 1,2,...,n,

qj = Cn—j12P1 + Cn—j3P2 + CnjraP3 + ... T CuPj—1 T CIPj + C2Pjr1 + -
+Cn—jPn—1+ Cn—j+1Pn,

a; = ciby+ci_1ba+ci_abs+...
+enbiv1 +cn1biya+cp2biz+ ...+ ciaby 1+ Civ1ba,

where ¢,+; =c¢;.
For instance, for

o1 1 ...... 1

a_ar_ L 1001 1
n—1 ..

11 1...10

and
Q=pPi+...+Pj-1 P+ P, =120,

ai=by+...+bi_1+bip1+...+b,, i=12,....n,

inequality (43) can be rewritten as

<(p1+...+pj1+pj+1+...+pn)7y>)

bi{(p1+...+pj—1+Pjr1+...+p 7ef<
~ j( J J+ n) > <(p1+...+pj_1+pj+1+---+Pn)ae>

J

<S¢ Y (bi+...+bii+bigy +...+bn)<pi7e>f<égf’Z§> ,
i=1 iy

where y = (a+ b)e — x. This inequality is related to those in [2, Theorem 1.4] and [14,
Corollary 3.4].

Acknowledgement. The author is grateful to an anonymous referee for giving valu-
able comments that improved the previous version of the manuscript.
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