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A WEIGHTED HARDY-TYPE INEQUALITY
FOR 0 < p <1 WITH SHARP CONSTANT

NOUREDDINE AZzOUZ, VICTOR I. BURENKOV AND ABDELKADER SENOUCI

(Communicated by I. Peric)

Abstract. Hardy-type inequalities with sharp costants for 0 < p < 1 for power weight functions
were established in [10], [5]. In this work, we give an extension of these inequalities for general
weight functions, prove the existence of extremal functions and write them out explicitly.

1. Introduction

It is well known that for L, -spaces with 0 < p <1 the Hardy inequality is not sat-
isfied for arbitrary non-negative measurable functions, but is satisfied for non-negative
non-increasing functions. Moreover in [3], pp. 90-91, the sharp constant in the Hardy
type inequality for non-negative non-increasing functions was found (see [4] for more
details). Namely the following statement was proved there.

THEOREM 1. Let 0 < p <1 and —% <o<1-— 1%' Then for all functions f

non-negative and non-increasing on (0,)

o—1 x
x /Of(y)dy

1
and the constant (1 — 11—7 — a) P is sharp.

(1) Wl

LP (va)

Moreover, equality in [3] holds if, and only if, for some @ > 0, A >0, f(x) =
AX (o (x) for x € (0,00), x #a and 0 < f(a) <A, where x, , is the characteristic
function of the interval (0,a).

REMARK 1. The assumption o > —% is natural because if o < —% then for
all functlons [ # 0 non-negative and non-increasing on (0,)||x* f(x)[| 1, (0,.c) = - If

>1— 5 then for any A > 0 the inequality

o—1 X
x Af@@

does not hold on the set of all functions non-negative and non-increasing on (0, o).

<A F Wl 0
Lp(0,00

Mathematics subject classification (2010): 35J20, 35J25.
Keywords and phrases: Hardy operator, weighted L, -spaces with 0 < p <1.

The research of V. I. Burenkov was partially supported by the grant of the Russian Scientific Foundation (project
14-11-00443). The authors are thankful to the anonymous reviewer for careful reading the paper and valuable comments.

© t1€I"€N' Zagreb 787

Paper MIA-18-58


http://dx.doi.org/10.7153/mia-18-58

788 N. Azzouz, V. 1. BURENKOV AND A. SENOUCI

The last statement of Theorem 1 is not formulated in [3]. However, it can be easily
verified if one traces the proof of inequality (1) in [3]. It is explicitly stated and proved
in [1], Theorem 3.1.

The following much more general result was obtained in [9].

THEOREM 2. Let 0 < p < g <o, 0 < p <1 and u,vyw be non-negative mea-
surable functions on (0,0). Then for all function f non-negative and non-increasing

on (0,)
([ ([ romoras)wewas) <c ( [TIrtopve)’

C= §.1>10p (/(: v(x) dx) r (/Ow (/Omin{w} u(y) dy)qw(x) dx) ‘

and the constant C is sharp.

where

We also note the recent survey paper [6] dedicated to weighted integral inequalities
on the cone of monotone functions and books [8] and [7] containg a lot of information
about weighted inequalities of Hardy type.

Inequalities of type (1) were proved in [1], [2] for non-negative quasi-decreasing
functions, also with sharp constants.

In [10], [5] a Hardy type inequality for O < p < 1 was proved under weaker
assumptions on f but still of monotonicity type. The result was proved for the n-
dimensional variant of the Hardy operator, namely for the operator H defined for all
functions f € Li*¢(R") by

1

Vut" JB,

(Hf)(r) =

f(x)dx, 0<r<oo, (2)

where B, is the open ball centered at the origin of radius » and v,, is the volume of the
unit ball in R”.
Note that for n = 1 inequality (1) is equivalent to the inequality

1 _1
I H 00 < (2(1= =) ) ISl o 3
for all non-negative even functions on (—e,e0) non-increasing on (0,).

THEOREM 3. ([10],[5]) Let O < p <1, oo <n-— L and M > 0. Moreover, let
f be a function non-negative and Lebesgue measurable on R" such that for all r > 0

|| £ () x| 7 L,(8,) <o where p = 1%' If for almost all x € R"
I <M F O () (4)

then .
1P (H ) (1) |1y 0.00) < NIFEI ™7 (|1 ) (5)
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where .

N=pM P (n—epp—1) 7, ©)
and the constant N is sharp.

REMARK 2. If f(x) = g(]x|) where g is a non-negative non-increasing function,

then inequality (4) is satisfied with M = ( PV, 1) 7 hence for such functions inequality
(5) holds with the sharp constant

N:(w@—%—a»’l )

which for n =1 coincides with the constant in inequality (3). The aim of this paper is to
obtain conditions ensuring the validity of an analogue of inequality (5) for the weighted
Lebesgue spaces L, ,(R") and L, ,(0,0) for the operator H defined by (2).

2. Main results

Let Q be a Lebesgue measurable set in R”, u be a non-negative Lebesgue mea-
surable function on € (weight function), and 0 < p < eo. We denote by L, ,(€2) the
space of all Lebesgue measurable functions f on  for which

ey = ([ 1707 wtx) ) <o

THEOREM 4. Let C; >0, 0< p < 1 and u, v be weight functions on R", (0,)
respectively. Suppose that

/ uﬁ(x)dxzoo for some r>0 (8)
and .
V() ::/ v(p)p "Pdp <o for all r>0. ©)

Consider the set of all Lebesgue measurable functions f on R" satisfying the inequality

_
70l < U T WIS, (10)
for almost all x € R". Then for all functions f in this set
V], oo <Gl oo (1
where
wx) =u(x)V(|x]), xeR",
and

_ 1—
G =v, 1pC1 P
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If, in addition,

/ ull_p(x)dx<oo forall 0<r <r,<eo (12)
B’z \B’l
and . .
/ exp<_cf/ um(y)dy) V()P dr < oo, (13)
0 B1\Byy

then the constant Cy is sharp and there exists a function f € L, ,,(R") not equivalent
to 0, satisfying inequality (10) and such that there is equality in inequality (11).

The proof of Theorem 4 is based on the following statements.

LEMMA 1. Assume that 0 < p <1, u is a weight function on R" and inequality
(10) is satisfied with some Cy > 0 for almost all x € R".

L. IffBruﬁ(x)dx < oo forall r >0, then f is equivalent to 0 on R".
1
2. 1If [, u™7 (x)dx = oo for some r >0 and

1
p:inf{r>0:/ ull’(x)dx:oo} >0,
then f is equivalent to 0 on B, .

Proof. Let r > 0 for Case 1 and 0 < r < p for Case 2. Holder’s inequality with

1 1 /_ 1 . .
the exponents  and ()’ = = implies that for |x| < r

1

1
gt < W lsio ([, 077 )dy)”

r

Hence by inequality (10)

==

1
st < Coll ey ([ 077 G)ay)

r

Letfor 0 <y<1

ro(7) :sup{r> O:/ uﬁ(x)dxg y”Cl_p}.

Note that
1

Wt (Wdx= lim [ uTP(x)dx < y'CyP.

intg
0 r—ro(y)~ JB,

()

|| H l( r()(])> || H l( r0(1)>
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which implies that f is equivalent to O on B’o(Y) forany 0 <y <1, hence f is equiv-

alent to 0 on By where ro = ro(1). Clearly ry < e in Case 1 and ry < p in Case 2.
Ifin Case 1 ry = orin Case 2 ry = p, we get the required statement. Assume that
ro < oo in Case 1 and ryp < p in Case 2. Note that

1
/ W7 (x)dx = C; 7.
By,
1
Indeed, by the definition of ro, [5, u™7 (x)dx < C;". L i Jg, 4™ p( )dx < C; ", then,
1
due to continuity in r of the function [ u™7 (x)dx on [0,) in Case 1 and on [0,p) in

1
Case 2, there exists € > 0 such that [ Jie uT7 (x)dx < C; . Hence, by the definition

of rg, ro = ro + € which is impossible.
Since f is equivalent to 0 on B, inequality (10) takes the form

1
FO < Cre™ () 208,85,

for almost all x € R" with |x| > rg. Therefore by Holder’s inequality for r > ry

1
L
112158 < CollF s (] g WP )ax)”

0

Let

1
rlzsup{r>r0:/ uﬁ(x)dngl_p}.
BBy,

Then similarly to the above f is equivalent to 0 on B, \B,, hence on B, . If r| =
in Case 1 and ry = p in Case 2, then f is equivalentto 0 on R", on B, respectively.

Otherwise 1
/ Wt (x)dx = C; 7.
By \Br,

Repeating this procedure we obtain that either f is equivalent to O on R” in Case 1 or
on By, in Case 2, or f is equivalent to 0 on B, for any k € N where r; are such that
ro<r;<..<rm<..<einCase land rop<r; <...<rg<...<p inCase 2, and

1
u™7 (x)dx=C; "
/B’k\B'k 1 !

Therefore
1 ; ;
/ ul—p(x)dx:/ ™5 (x)dx + 2/ W7 (¥)dx = (k+1)C] 7, keN,
Brk Bro rm\Brm 1
hence
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where ¢ = lim ry.

In Case 1 this is only possible if 0 = oo, hence f is equivalent to 0 on R”". In
Case 2 all rp < p, hence o < p. Also, by the definition of p, 6 > p. So 6 =p and
f is equivalentto O on B,. [

REMARK 3. The statement of Lemma 1 explains the assumption of inequality (8)
on u in Theorem 4. Recall that in the case of inequality (4) u(x) = |x["»~1 and

1
Jp, uT7 (x)dx = o as required in Theorem 4.

Given ry,r, > 0, let B, AB,, denote the symmetric difference of the balls B,
and B,,. Clearly B, AB,, =B, \B,, if r| > r; and B, AB,, = B,,\B,, if rj <r;.
For non-negative functions g measurable on R" we introduce the following nota-
tion
*
| edx=sgni—r) [ gxdx

r OBy, B, By,

Note that

) Is \B glx)dx, 0<r<r <
Xx)dx = xdx—/ xX)dx = 71 \Bry
/BrlABrz g( ) Brl g( ) Br2 g( ) { — fBrZ\Brl g(x)dx, 0 < ry g rn g oo,

By taking the spherical coordinates it follows that for any 0 < ry,ry < oo

* rl
d :/ / o)do \p" ldp,
/ o, S0 = [ () spoya)edp

where S, is the unit sphere in R”. If g is radial, i.e. g(x) =g(|x|), x € R", then

* rl
[ swdx=m, [ gp)p" dp.
B'l ABrz n

LEMMA 2. Let 0 < p <1, C; >0, u be a weight function on R" satisfying
conditions (8) and (12), and

p \x\ABl

1 P 1
f(x) = KuT7 () exp (C—l / ulv(y)dy) , x€R, (14)
B

where K > 0. Then f € L, ,(B;) forall r >0 and

1

f@) =Cu " @Ol fllLyum,), xR (15)

Moreover, if u is a positive radial function satisfying (8) and (12), then any radial
function f € L, ,(B,) for all r > 0 satisfying (15) has form (14).
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Proof. 1. Let f be given by formula (14). By taking the spherical coordinates we
get that for any » > 0

>
e}
o
-
*
<
I_
—
NS
~
QU
~<
N——
=
Ra¥
QU
=
N—
1

P
eyt =K ( [ a7 (e

r

= K(/Or (/SH IL(pa)a’cr) (Cf/lp </Sn 1 IL(tco)a’co) - 1dt>p”*1dp>$
— ke ([ (eo(ct [P w'ronao)ta)) ap)’

—xei' ([ (exp(Cf/BzABl wr)dy)) dp)’

= KC,! (exp(Cf BtABluﬁ(y)dy> _TIH(I)I+ exp(—Cf/l\Bruﬁ(y)dy» ’

CI’ *
:KC;lexp(—l/ Wt (y )dy)
P JB.AB,

(16)
due to conditions (8) and (12). Therefore for all x € R”
Cp 1
ex uT7 (v)d ) K-lc 7
p( p /BXABI 7 (v)dy 1||fHLpJ,(B‘X‘) (17)

and equality (14) implies equality (15).

2. Next assume that f € L, ,(B,) for all r > 0 and satisfies equality (15). Then
for all x € R" which we represent in the form x =ro, 0 € sl we get

.
flroy =clutrro) [ (| f(po)yulpw)dw)p™ 'dp.
0 Sn—1
Multiplying by u(rco) and integrating over S,_; yields

f(ro)’u(ro)do =CY (/s utr (ro)do) /0 ( s

n—1

f(pw)”u(pw)dw)p”’ldp
(13)

Sp—1
Let for r >0
F(r)= / / f pw)”u(pw)dw)P” ldp =If17, s,
and 1
U(r)= /S,H u-r(ro)do.

Then the function F is absolutely continuous on [0,a] for any a > 0 and for almost all
r >0 we have

F'(r) = ( /S ) f(rw)l’u(rw)dw)r”—1 (19)
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and equality (18) takes the form
F'(ry=Cclu(r)r'F(r). (20)

If f is equivalentto O on R”, then equality (14) is trivial (with K = 0). Assume that f
is not equivalent to 0 on R". Then ry = inf{r > 0: F(r) > 0} < eo. Hence, for r > ry
F(r) > 0 and for almost all r >0

F'(r)

(nF(r)' = 5

Therefore, by using the Newton-Leibnitz formula for the derivative of the absolutely
continuous function InF for the interval [ro+ 1,7], we get

=ClU(ryr.

F(r) = F(ro+ Dexp(C] [ Up)p™ dp). @1
)

By passing to the limit as r — r§ we get that F(ro) > 0 which is impossible if ry >0
(because, by the definition of ry, F(ry) =0). So rp =0 and equalities (18)—(21) imply
that for almost all » > 0

/S fro)u(ro)de = F(r)r' " = CUC)F ()

= Kp(/s uﬁ(m)dc) exp(C{’/lrU(p)pn—ldp>
n—1

k([ wrioo)en(c] [ urriay).
n—1 r 1

where
K=CF(1 )P =Cillflle, )

Assume now that the functions u and f are radial: u(x) = u(|x|), f(x) = f(|]x]).
Then by (21) we get that for almost all » > 0

o F(r)P () = KPnv, %()exp(cf /B

which implies equality (14). [

*

um7 ()dy)

OBy

EXAMPLE 1. In the case u(x) = |x|* with u > n(p — 1) equality (14) takes the

form »
e C’nv, -1 e
7 =Kibd TP exp(=LE (m 1) T )
p l—p

here i = Kexp (- I3 (1 25) ).
where K; = Kexp 7 e
In the case of inequality (4) u(x) = |x|"?~) and equality (14) takes the form

CI’

flx) = K\x\<* )

If, as in Remark 2, C; = (pv;l)ﬁ then f(x) =
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LEMMA 3. Let 0 < p <1 and u be a weight function on R" satisfying the con-
dition (8). If a measurable function f is such that for some Ci; > 0 condition (10) is
satisfied for almost all x € R", then for all r > 0

1Ay, < Gllf L, us)) (22)
where
Cs=pC, "

If u also satisfies condition (12), then the constant C3 in (22) is sharp and equality
is attained for any function f defined by equality (14).

Moreover, if u is a positive radial function satisfying (8) and (12), then any positive
radial function f € Ly, (By) for all r > 0 for which there is equality in (22) has the
form (14).

Proof. 1. Since 1 — p > 0 by inequality (10)

1-p

P <l ([ o ue) ) Tt

||
which implies that

1

i< ([ 1ol a) a)” P

||

for almost all x € R". All such x we represent in the form x = po, o € §,_;. By
taking the spherical coordinates and multiplying both sides by p"~! we get

fpo)lp" ' < 7( /0” (/ Ifto)Puto)do ) ar) " o) Pulpop™

for almostall p >0 and 6 € S,,_;.
By integrating over S,,_; we get that for almost all p > 0

(| 1rpo)iac)p"!

< c{—P(/Op </Sn_1 fao)Puto)do)d) v (/S1
= pC, 7P [(/Op </SH |f(ta))1’u(tw)dw>t”‘ldt>%]

By integrating over (0,r) we get

[ ([ irteoyac)ertap <pei e ([( [

which implies inequality (22).

f(po)|Pu(po)dc ) p!

p

(o) \Pu(tw)dw)t"—ldt) ’

n—1
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2. Let f be defined by equality (14). By taking the spherical coordinates we
get that for any r > 0

ooy =& f, a5 wen(SE [ ur0)ay)as
_K/ /14IL pa)dc) exp(c /1 </Sn l%(tw)dw) " 1a’t)p"*la’p
e [ (],
(5

LP(t(x))d(x))t"1a’t>>;dp
= kpc;” [ (ex /BPABI 0Ny ) dp

C 1 c? 1
=K C_p(ex( / utr d)—hmex (——1/ uT™7(y)d
e, ppMBl 0)dy) = lim exp( = =" [\ u ()y>
_ ey
— kpCyexp(=- [ urr()ay) (23)
P JB,AB;
due to condition (8). Comparing (23) and (16) we see that there is equality in (22).

3. Finally assume that u is a positive radial function satisfying (8) and (12),
(x]), x € R", feL,,(B,) for all r> 0 is a positive radial function,

u
f(x) = f(|x]), x€R", and there is equality in (22) for all 7 > 0. Then for any r > 0

nvn/()rf(p)p”‘ldp =G (nvn/()rf(p)”u(p)p”‘ldp)%~

Differentiating this equality we get that for almost all » >0

)7 et = ([ o atpprtap)” Fi e
which implies that
Fitryr ! = chm,a(r) ™! [ f(p)ri(p)p™ dp.

It
/f n ldp

’ _-1 1
F'(r) = Clnvu ™2 (r)r" = F(r)
Similarly to the argument of Step 2 of the proof of Lemma 2 this implies that for all » >0

then it follows that

L

-
F=F)esa(ctm | 577 1)
1
hence for almost all » > 0

F(r) = Fr)r = = F (O Clexp(Clns, [ 77 (p)p"dp ) ™7 (1)
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and

F(r) =Kt 7 (r >exp(%f [ o),

where
K :C1||fHLp,u(Bl)7

and the statement follows. [

Proof of Theorem 4. Since

==

11700 = () v )7 ar)
(/Ooov(r) Vf,’% / f(x)dx ’ dr>%

vi(/o ) =5 /|f )| dx dr),

==

N

by Lemma 3 we obtain

10 < 2 ([ (S [ 1P utayax )ar) ’,

Fubini’s theorem yields

51,00 < 2( [ 1rar ) ([T ar) ax)’

Vn

and inequality (11) follows.

2. Assume that condition (12) is also satisfied. Let for all x € R"

=t wen(L [ o)

and for @ > 0 for all x € R"
8alx) = 8(x) %, ().
Then by Lemma 2 the function g, satisfies inequality (10), and for x € B, there is
equality in (15).
Moreover, by (23) with K =1

1H8l] oy = [ 0u") Nl N+ [ ) Pl 5, vl
_ —p.—1\P “ P % —np
(e )] exp(cl [, s )iy v
1

+exp(Cf/BaABlul 7 (y)d ) } (24)



798 N. Azzouz, V. 1. BURENKOV AND A. SENOUCI

Also

*

1 1
14 b P uT>p
leall?  aoy =181, 5, = [T @exp(ct [ o 7 (7)dy )V (xl)dx

Bq
_/ / % rG)dG)rﬂ le:xp(Cf/lr</S ul%l’(pa))dw>p"‘1dp>v(r)dr

n—1
’

:Clp/o (exp(Cf/j(/Sni1 %(pw)dw>pn71dp>>rv(r)dr

=C;? lim ’ (exp(Cf/B* uﬁ(y)dy>>rV(r)dr. (25)

e—0t Je

Let us put

Then we have

* e 1
I(e,a) = exp(C] /B 0 (0)dy)V(a) —exp (—C] /B T (0)dy)Ve)
—/ exp(Cf/ uﬁ(y)dy>v/(r)dr
€ BrABl
* 1
< exp(Cf/ utr (y)dy)V(a)r
Bu/\B)
+ [ exp (Cf/ T (y)dy) v(r)r"Pdr < e (26)
0 N3

by condition (13). Therefore in (25) the limit as € — O exists and is finite. Hence,
8a € Lpw(R™).
Moreover, equality (26) implies that also the limit

I [
Jim exp(=Cf | uT(0)dy)V(e)

exists and is finite. This limit cannot be positive, otherwise condition (13) will not be
satisfied. Hence, it is equali to 0. By passing in (26) to the limit as € — 0" we get that

B a * e B
”ga”Z,‘w(R") = Clp[/o exp(c{’/BABluH) (y)dy>v(r)r Py
* 1
+exp<c{’ / u W(y)dy)V(a)]. 27)
N

By comparing (24) and (27) we see that for f = g, in inequality (11) there is
equality forany @ > 0. O

REMARK 4. If in Theorem 4 we take u(x) = |x|"(!=7) and v(r) = r®” with
ap—np+1<0, then we obtain inequality (5) in Theorem 3.
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