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Abstract. In this paper we shall provide a unified treatment of Hilbert-type inequalities involving
the Hardy operator with a general homogeneous kernel. Furthermore, we establish some new
Hilbert-type inequalities involving the integral operator. We shall show that the constants in our
results are best possible.

1. Introduction

One of the earliest variants of the classical Hilbert’s inequality, that holds for all
non-negative functions 0 <

∫
R+

f p(x)dx < ∞ and 0 <
∫
R+

gq(x)dx < ∞ , is

∫
R2

+

f (x)g(y)
x+ y

dxdy <
π

sin
(

π
p

) (∫
R+

f p(x)dx

) 1
p
(∫

R+
gq(x)dx

) 1
q

, (1)

where p and q are conjugate exponents, that is, 1/p+1/q = 1, p > 1. The constant
π/sin(π/p) is the best possible in the sense that it can not be replaced with a smaller
constant (see [8]).

The Hilbert inequality is classical but very important in mathematical analysis and
its applications and it is still a field of interest of numerous mathematicians. During
decades, it was generalized in many different directions, such as different choices of
kernels, sets of integration etc. The resulting inequalities are usually called the Hilbert-
type inequalities. For more details about the Hilbert inequality the reader is referred to
[5, 7, 8, 10, 13, 15, 16, 17, 18].

The starting point in this article is a recent result of Adiyasuren and Batbold [2],
who derived a pair of Hilbert-type inequalities with a homogeneous kernel, involv-
ing the operator H : Lp(R+) → Lp(R+) , p > 1, defined by (H f )(x) = 1

x

∫ x
0 f (t)dt .

Namely, they obtained inequalities∫
R2

+

Kλ (x,y)xr− 1
q ys− 1

p (H f )(x)(H g)(y)dxdy < pqcλ (s)‖ f‖p‖g‖q (2)
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and [∫
R+

yps−1
(∫

R+
Kλ (x,y)xr− 1

q (H f )(x)dx

)p

dy

] 1
p

< qcλ (s)‖ f‖p, (3)

where 1
p + 1

q = 1, p > 1, r,s > 0, λ = r+ s , 0 < ‖ f‖p,‖g‖q < ∞ , and Kλ : R
2
+ → R+

is a homogeneous function of degree −λ satisfying 0 < cλ (s) =
∫ ∞
0 Kλ (1,t)ts−1dt <

∞ . Observe that the operator H is well defined due to the famous Hardy inequality
‖H f‖Lp(R+) < q‖ f‖Lp(R+) that holds for all measurable functions f satisfying 0 <
‖ f‖Lp(R+) < ∞ . In fact, this operator is known in the literature as the Hardy operator
(for more details see [11]).

Let pi be the real parameters satisfying
n

∑
i=1

1
pi

= 1, pi > 1, i = 1,2, . . . ,n. (4)

The parameters qi are defined as associated conjugates, that is,

1
pi

+
1
qi

= 1, i = 1,2, . . . ,n. (5)

Recall that the function K : R
n
+ → R is said to be homogeneous of degree −λ ,

λ > 0, if K(tx) = t−λ K(x) for all t > 0 and x = (x1,x2, . . . ,xn) ∈ R
n
+ . Furthermore, if

a = (a1,a2, . . . ,an) ∈ R
n , we define

ki(a) =
∫

R
n−1
+

K(ûi)
n

∏
j=1, j �=i

u
a j
j d̂iu, i = 1,2, . . . ,n, (6)

where ûi = (u1, . . . ,ui−1,1,ui+1, . . . ,un) , d̂iu = du1 . . .dui−1dui+1 . . .dun , and provided
that the above integral converges. Further, in the sequel du is an abbreviation for
du1du2 . . .dun .

In 2012, Krnić [9] generalized inequalities (2) and (3) with homogeneous kernels
in multidimensional setting as follows:

Let K : R
n
+ → R be a non-negative measurable homogeneous function of degree

−λ , λ > 0, such that for every i = 2,3, . . . ,n

K(1, t2, . . . ,ti−1, ti,ti+1, . . . ,tn) � CKK(1,t2, . . . ti−1, ,0,ti+1, . . . ,tn), 0 � ti � 1,

where CK is a positive constant. Denote by 1 all-1s vector; 1 = (1,1, . . . ,1) . Further,
let μi ∈ (1/pi,1] , i = 1,2, . . . ,n , and let the parameters si > 0, i = 2, . . . ,n satisfy
∑n

i=1 si = λ . Then∫
R

n
+

K(x)
n

∏
i=1

x
si− 1

qi
i (H fi)

μi (xi)dx � ms
n(p,s,m)

n

∏
i=1

|| fiμi ||pi , (7)

[∫
R+

xn
snqn−1

(∫
R

n−1
+

K(x)
n−1

∏
i=1

x
si− 1

qi
i (H fi)μi (xi)d̂nx

)qn

dxn

]1/qn

(8)

� ms
n−1(p,s,m)

n−1

∏
i=1

|| fiμi ||pi ,
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where the constants ms
n(p,s,m)= k1(s−1)∏n

i=1

(
piμi

piμi−1

)μi
and ms

n−1(p,s,m)= k1(s−
1)∏n−1

i=1

(
piμi

piμi−1

)μi
are the best possible.

Recently, Moazzen and Lashkaripour [14] established the following two inequali-
ties involving the Riemann-Liouville integral operator of order α ;

(Hα f ) (x) =
x−α

Γ(α)

∫ x

0
(x− t)α−1 f (t)dt,α > 0

and the Weyl integral operator of order α ;

(
H ′

α f
)
(x) =

1
Γ(α)

∫ ∞

x
(t − x)α−1 f (t)dt,α > 0.

Let f ,g � 0, p,q,λ > 1,r > 0 and 1
p + 1

q = 1. If k(x,y) is non-negative homoge-
neous function of degree −2λ , then

∫
R2

+

k(x,y)xλ− 1
q yλ− 1

p (Hr f )λ− 1
q (x)(Hrg)λ− 1

p (y)dxdy (9)

< Cλ

(
Γ(1− 1

p(λ−1)+1)

Γ(r+1− 1
p(λ−1)+1)

)λ− 1
q
(

Γ(1− 1
q(λ−1)+1)

Γ(r+1− 1
q(λ−1)+1)

)λ− 1
p

‖ f λ− 1
q ‖p‖gλ− 1

p ‖q

and ∫
R2

+

k(x,y)xλ− 1
q yλ− 1

p
(
H ′

r f
)λ− 1

q (x)
(
H ′

r g
)λ− 1

p (y)dxdy (10)

< Cλ

(
Γ( 1

p(λ−1)+1)

Γ(r+ 1
p(λ−1)+1)

)λ− 1
q
(

Γ( 1
q(λ−1)+1)

Γ(r+ 1
q(λ−1)+1)

)λ− 1
p

‖ f λ− 1
q ‖p‖gλ− 1

p ‖q,

where Cλ =
(∫ ∞

0 tλ−1k(1,t)dt
) 1

p
(∫ ∞

0 tλ−1k(t,1)dt
) 1

q .

They also proved three-dimensional cases of the above two inequalities. But
Moazzen and Lashkaripour did not prove that the constant factors in the new inequal-
ities are the best possible. We recall that the same inequalities with r = 2 were also
studied in the paper [1]. For more details about the Hilbert-type inequalities involving
some operators, the reader is referred to [3, 4, 6, 12].

The main objective of this paper is a unified treatment of the above Hilbert-type in-
equalities involving the Hardy, the Riemann-Liouville and the Weyl integral operators.
Furthermore, we establish some new Hilbert-type inequalities involving the integral
operator similar to the Riemann-Liouville integral operator. We shall show that the
constants in our results are best possible.
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2. Preliminary Lemmas

In order to prove main results, we need the following lemmas.

LEMMA 1. Let pi,qi , i = 1, . . . ,n satisfy (4) and (5) with qi = p′i , and let λ and
si > 0 , i = 1, . . . ,n be such that ∑n

i=1 si = λ , λ > 0 . If K : R
n
+ → R is a non-negative

measurable homogeneous function of degree −λ , then∫
R

n−1
+

K(u)usi
i

n

∏
j=1, j �=i

u
s j−1
j d̂iu = k1(s−1), i = 1, . . . ,n.

Proof. We freeze u1 . Utilizing the change of variables u2 = t2u1, . . . ,un = tnu1 ,
which provides the Jacobian of the transformation∣∣∣∣∂ (u2, . . . ,un)

∂ (t2, . . . ,tn)

∣∣∣∣= un−1
1 ,

we have ∫
R

n−1
+

K(u)us1
1

n

∏
j=2

u
s j−1
j d̂1u

=
∫

R
n−1
+

K(1,t2,t3, . . . ,tn)uλ+n−1
1 u

∑n
j=1 s j−n+1

1

n

∏
j=2

t
s j−1
j d̂1t

= k1(s−1).

Next, we freeze i = 2,3, . . . ,n . If we set u1 = t1
ti

, . . . ,ui−1 = ti−1
ti

, ui+1 = ti+1
ti

, . . . ,

un = tn
ti

, i = 2, . . . ,n whose Jacobian is equal to t−n+1
i , we have

∫
R

n−1
+

K(u)usi
i

n

∏
j=1, j �=i

u
s j−1
j d̂iu

=
∫

R
n−1
+

K

(
u1

ui
, . . . ,

ui−1

ui
,1,

ui+1

ui
, . . . ,

un

ui

)
u1−n

i

n

∏
j=1, j �=i

(
u j

ui

)s j−1

d̂iu

=
∫

R
n−1
+

K(t̂i)
n

∏
j=1, j �=i

t
s j−1
j d̂it = ki(s−1).

A similar change of variables yields ki(s−1)= k1(s−1) and the proof is complete. �
We will need the following inequality for later considerations.

LEMMA 2. (Hardy et al. [8]) If p > 1 , α > 0 , then

∫
R+

(Hα f )p (x)dx <

[
Γ(1− 1

p )

Γ(α +1− 1
p)

]p∫
R+

f p(x)dx, (11)
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and ∫
R+

(
H ′

α f
)p (x)dx <

[
Γ( 1

p )

Γ(α + 1
p)

]p∫
R+

xα p f p(x)dx, (12)

unless f ≡ 0 . In each case the constant is the best possible.

Inequalities (11) and (12) may be rewritten as ‖Hα f‖p <
Γ(1− 1

p )

Γ(α+1− 1
p )
‖ f‖p and

‖H ′
α f‖p <

Γ( 1
p )

Γ(α+ 1
p )
‖xα f‖p , respectively.

In order to define the integral operator similar to the Riemann-Liouville integral
operator, we first cite the following Minkowski’s integral inequality from [8]. If p > 1,
then [∫

R+

∣∣∣∣∫
R+

F(x,y)
dy
y

∣∣∣∣p dx
x

] 1
p

�
∫

R+

(∫
R+

F(x,y)p dx
x

) 1
p dy

y
(13)

for all positive measurable functions F : R+×R+ → R+ .

LEMMA 3. Let α and β be real numbers such that α > β > 0 and f be a non-
negative measurable function. If 0 <

∫
R+

x−1 f p(x)dx < ∞ , then

[∫
R+

x−1
(

x−α
∫ x

0
yα−β−1(xβ − yβ ) f (y)dy

)p

dx

] 1
p

(14)

<
β

α(α −β )

(∫
R+

x−1 f p(x)dx

) 1
p

,

where the constant β
α(α−β ) is the best possible.

Proof. Setting F(x,y) = χ(1,∞)(y)y−α(yβ −1) f
(

x
y

)
, inequality (13) reduces to

[∫
R+

(∫ ∞

1
y−α(yβ −1) f

(
x
y

)
dy
y

)p dx
x

] 1
p

�
∫

R+
χ(1,∞)(y)y

−α(yβ −1)
(∫

R+
f p(x)

dx
x

) 1
p dy

y

=
1
β

(∫
R+

x−1 f p(x)dx

) 1
p
∫ ∞

1
y
− α

β −1(y−1)dy

=
B(α/β −1,2)

β

(∫
R+

x−1 f p(x)dx

) 1
p

.
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Thus, [∫
R+

x−1
(

x−α
∫ x

0
yα−β−1(xβ − yβ ) f (y)dy

)p

dx

] 1
p

� β
α(α −β )

(∫
R+

x−1 f p(x)dx

) 1
p

.

In order to prove that (14) includes the best possible constant, we suppose that there
exists a positive L , smaller than β

α(α−β ) , such that the inequality

[∫
R+

x−1
(

x−α
∫ x

0
yα−β−1(xβ − yβ ) f (y)dy

)p

dx

] 1
p

� L

(∫
R+

x−1 f p(x)dx

) 1
p

holds for all non-negative functions f : R+ → R , provided
∫
R+

x−1 f p(x)dx < ∞ . Con-

sidering the function f̃ (x) = χ(0,1)(x)xε where ε > 0 is sufficiently small number, we
have

L

(∫ 1

0
xpε−1dx

) 1
p

�
[∫

R+
x−1
(

x−α
∫ x

0
yα−β−1(xβ − yβ ) f̃ (y)dy

)p

dx

] 1
p

�
[∫ 1

0
x−1
(

x−α
∫ x

0
yα−β−1+ε(xβ − yβ )dy

)p

dx

] 1
p

=
B(α/β −1+ ε/β ,2)

β

(∫ 1

0
xpε−1dx

) 1
p

=
β

(α + ε)(α −β + ε)

(∫ 1

0
xpε−1dx

) 1
p

.

The above relation yields β
(α+ε)(α−β+ε) � L , and for ε → 0+ , it follows that β

α(α−β ) �
L . This contradicts to L < β

α(α−β ) , which means that β
α(α−β ) is the best possible

constant in (14).
The failure of equality follows similary to the Hardy inequality. �
Motivated by Lemma 3, we define a new integral operator similar to the Riemann-

Liouville integral operator, Hα ,β by

(Hα ,β f )(x) = x−α
∫ x

0
tα−β−1(xβ − tβ ) f (t)dt.

Inequality (14) may be rewritten as

‖x−1/pHα ,β f‖p � β
α(α −β )

‖x−1/p f‖p, p > 1.

We assume that all integrals exist on the respective domains of their definitions.
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3. Main results

In the next theorems it is to understood that H0 f (x) = H ′
0 f (x) = f (x) and that a

is an abbreviation of (α1,α2, . . . ,αn) .

THEOREM 1. Suppose pi,qi , i = 1, . . . ,n are as in (4) and (5) with qi = p′i , and
si > 0 , i = 1, . . . ,n, λ > 0 are real parameters satisfying ∑n

i=1 si = λ . Further let μi ,
i = 1, . . . ,n be real parameters such that μi pi > 1 , that ∑n

i=1 αi > 0 and that αi � 0 ,
i = 1, . . . ,n. If K : R

n
+ → R is a non-negative measurable homogeneous function of

degree −λ , and fi : R+ → R , i = 1, . . . ,n are non-negative measurable functions,
then ∫

R
n
+

K(x)
n

∏
i=1

x
si− 1

qi
i (Hαi fi)

μi (xi)dx < Cn(a,p,s,m)
n

∏
i=1

‖ f μi
i ‖pi , (15)

and [∫
R+

xn
qnsn−1

(∫
R

n−1
+

K(x)
n−1

∏
i=1

x
si− 1

qi
i (Hαi fi)

μi (xi)d̂nx

)qn

dxn

]1/qn

(16)

< Cn−1(a,p,s,m)
n−1

∏
i=1

‖ f μi
i ‖pi ,

where the constant factors

Cn(a,p,s,m) = k1(s−1)
n

∏
i=1

(
Γ(1− 1

μi pi
)

Γ(αi +1− 1
μi pi

)

)μi

,

Cn−1(a,p,s,m) = k1(s−1)
n−1

∏
i=1

(
Γ(1− 1

μi pi
)

Γ(αi +1− 1
μi pi

)

)μi

are the best possible.

Proof. By Hölder’s inequality and Lemma 1, we have∫
R

n
+

K(x)
n

∏
i=1

x
si− 1

qi
i (Hαi fi)

μi (xi)dx

=
∫

Rn
+

K(x)
1
p1

+ 1
p2

+···+ 1
pn

n

∏
i=1

(
x

si
pi
i

n

∏
j=1, j �=i

x
s j−1

pi
j (Hαi fi)

μi(xi)
)

dx

�
n

∏
i=1

(∫
R

n
+

K(x)xsi
i

n

∏
j=1, j �=i

x
s j−1
j (Hαi fi)

μi pi(xi)dx

) 1
pi

= k1(s−1)
n

∏
i=1

(∫
R+

(Hαi fi)
μi pi(xi)dxi

) 1
pi

= k1(s−1)
n

∏
i=1

‖Hαi fi‖μi
μi pi .
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Now, applying inequality (11) to the right-hand side of the above inequality yields,

k1(s−1)
n

∏
i=1

‖Hαi fi‖μi
μi pi < Cn(a,p,s,m)

n

∏
i=1

‖ f μi
i ‖pi .

Then, from the above inequalities, we obtain inequality (15).

We turn to the proof of the optimality of the constant: Suppose to the contrary that
there exists a positive constant C̃ : 0 < C̃ < Cn(a,p,s,m) such that inequality

∫
R

n
+

K(x)
n

∏
i=1

x
si− 1

qi
i (Hαi fi)

μi (xi)dx < C̃
n

∏
i=1

‖ f μi
i ‖pi, (17)

holds for non-negative measurable functions fi : R+ → R , i = 1, . . . ,n . Let us set

KN(x) = min(N,K(x))× χ(N−1,N)n−1

(
x2

x1
,
x3

x1
, . . . ,

xn

x1

)
. (18)

Considering this inequality with the function

f̃i(xi) = x
ε−1
μi pi
i χ(0,1)(xi), i = 1, . . . ,n,

where ε is a positive sufficiently small number, its right-hand side becomes

C̃
n

∏
i=1

‖ f̃ μi
i ‖pi = C̃

n

∏
i=1

(∫ 1

0
xε−1
i dxi

) 1
pi

=
C̃
ε

.

On the other hand, since

0 < xi � 1,
(
Hαi f̃i

)
(xi) =

x−αi
i

Γ(αi)

∫ xi

0
(xi− t)αi−1 f̃i(t)dt

=
x−αi
i

Γ(αi)

∫ xi

0
(xi− t)αi−1t

ε−1
μi pi dt

=
x

ε−1
μi pi
i

Γ(αi)
B

(
1+

ε −1
μi pi

,αi

)
= x

ε−1
μi pi
i

Γ(1+ ε−1
μi pi

)

Γ(αi +1+ ε−1
μi pi

)
,
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the left-hand side of (17), can be estimated as

∫
R

n
+

KN(x)
n

∏
i=1

x
si− 1

qi
i

(
Hαi f̃i

)μi
(xi)dx (19)

>
n

∏
i=1

(
Γ(1+ ε−1

μi pi
)

Γ(αi +1+ ε−1
μi pi

)

)μi ∫
(0,1]n

KN(x)
n

∏
i=1

x
si+ ε

pi
−1

i dx

=
n

∏
i=1

(
Γ(1+ ε−1

μi pi
)

Γ(αi +1+ ε−1
μi pi

)

)μi ∫ 1

0
xε−1
1

[∫
(0,x1]n−1

KN(û1)
n

∏
i=2

u
si+ ε

pi
−1

i d̂1u

]
dx1

�
n

∏
i=1

(
Γ(1+ ε−1

μi pi
)

Γ(αi +1+ ε−1
μi pi

)

)μi
[∫ 1

0
xε−1
1

(∫
R

n−1
+

KN(û1)
n

∏
i=2

u
si+ ε

pi
−1

i d̂1u

)
dx1

−
∫ 1

0
xε−1
1

(
n

∑
i=2

∫
Di

KN(û1)
n

∏
j=2

u
s j+ ε

p j
−1

j d̂1u

)
dx1

]
.

Let Di = {(u2, . . . ,un) : ui >
1
x1

,u j > 0, j �= i} . Then we have

∫
Rn

+

KN(x)
n

∏
i=1

x
si− 1

qi
i

(
Hαi f̃i

)μi
(xi)dx (20)

�
n

∏
i=1

(
Γ(1+ ε−1

μi pi
)

Γ(αi +1+ ε−1
μi pi

)

)μi
[

1
ε

∫
R

n−1
+

KN(û1)
n

∏
i=2

u
si+ ε

pi
−1

i d̂1u

−
∫ 1

0
x−1
1

(
n

∑
i=2

∫
Di

KN(û1)
n

∏
j=2

u
s j+ ε

p j
−1

j d̂1u

)
dx1

]
.

Without loss of generality, it suffices to find the appropriate estimate for the in-

tegral
∫
D2

KN(û1)∏n
j=2 u

s j+ ε
p j
−1

j d̂1u : We plan to find a constant MN independent of
ε > 0 such that ∫

D2

KN(û1)
n

∏
j=2

u
s j+ ε

p j
−1

j d̂1u � MN

for all 0 < ε < 1. Note that MN depends on N .

By virtue of the Fubini theorem, we have

∫ 1

0
x−1
1

(∫
D2

KN(û1)
n

∏
j=2

u
s j+ ε

p j
−1

j d̂1u

)
dx1 (21)

=
∫ 1

0
x−1
1

(∫
R

n−2
+

∫ ∞

1/x1

KN(û1)
n

∏
j=2

u
s j+ ε

p j
−1

j d̂1u

)
dx1.
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Observe u−1
2 logu2 � e−1 � 1 (u2 ∈ [1,∞)) . By enlarging the domain of integration,

we obtain

∫ 1

0
x−1
1

(∫
D2

KN(û1)
n

∏
j=2

u
s j+ ε

p j
−1

j d̂1u

)
dx1 (22)

�
∫

(1,∞)×R
n−2
+

KN(û1)
n

∏
j=2

u
s j+ ε

p j
−1

j

(∫ 1

1/u2

x−1
1 dx1

)
d̂1u

=
∫

(1,∞)×R
n−2
+

KN(û1)u
s2+ ε

p2
2

n

∏
j=3

u
s j+ ε

p j
−1

j (u−1
2 logu2)d̂1u

�
∫

(1,∞)×R
n−2
+

KN(û1)u
s2+ ε

p2
2

n

∏
j=3

u
s j+ ε

p j
−1

j d̂1u

�
∫

R
n−1
+

KN(û1)u
s2+ ε

p2
2

n

∏
j=3

u
s j+ ε

p j
−1

j d̂1u < ∞,

where for the last inequality we have used the fact that KN is given by (18). Hence, we
have

n

∏
i=1

(
Γ(1+ ε−1

μi pi
)

Γ(αi +1+ ε−1
μi pi

)

)μi
[∫

R
n−1
+

K(û1)
n

∏
i=2

u
si+ ε

pi
−1

i d̂1u−©(1)

]
< C̃.

Obviously, if ε → 0+ , then

C̃ � Cn(N;a,p,s,m) =
n

∏
i=1

(
Γ(1− 1

μi pi
)

Γ(αi +1− 1
μi pi

)

)μi ∫
R

n−1
+

KN(ûi)
n

∏
j=1, j �=i

u
s j−1
j d̂iu

for all N = 1,2, . . . , which contradicts to our assumption 0 < C̃ <Cn(a,p,s,m) . Hence,
Cn(a,p,s,m) is the best possible.

By Hölder’s inequality and Lemma 1, we have

L(xn)

:=
∫

R
n−1
+

K(x)x
sn− 1

qn
n

n−1

∏
i=1

x
si− 1

qi
i (Hαi fi)

μi (xi)d̂nx

=
∫

R
n−1
+

K(x)

[
x

sn
pn
n

n−1

∏
i=1

x
si−1
pn

i

][
n−1

∏
i=1

(
x

si
pi
i

n

∏
j=1, j �=i

x
s j−1

pi
j (Hαi fi)

μi(xi)
)]

d̂nx

� k1(s−1)
1
pn

×
[∫

R
n−1
+

K(x)
n−1

∏
i=1

(
x

qnsi
pi

i

n

∏
j=1, j �=i

x
qn(s j−1)

pi
j (Hαi fi)

μiqn(xi)
)

d̂nx

] 1
qn

.
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Hence again applying Hölder’s inequality, Lemma 1 and inequality (11), we get[∫
R+

Lqn(xn)dxn

] 1
qn

� [k1(s−1)]
1
pn

[∫
Rn

+

K(x)
n−1

∏
i=1

(
x

qnsi
pi

i

n

∏
j=1, j �=i

x
qn(s j−1)

pi
j (Hαi fi)

μiqn(xi)
)

dx

] 1
qn

� [k1(s−1)]
1
pn

n−1

∏
i=1

[∫
Rn

+

K(x)
(

xsi
i

n

∏
j=1, j �=i

x
s j−1
j (Hαi fi)

μi pi(xi)
)

dx

] 1
pi

= k1(s−1)
n−1

∏
i=1

‖Hαi fi‖μi
μi pi < Cn−1(p,s,m)

n−1

∏
i=1

‖ f μi
i ‖pi .

Assume that there exists a positive constant Ĉ , smaller than Cn−1(a,p,s,m) , such
that inequality (16) holds when replacing Cn−1(a,p,s,m) by Ĉ .

The left-hand side of inequality (15), denoted here by L , can be rewritten in the
following form:

L =
∫

R+
x
sn− 1

qn
n

(∫
R

n−1
+

K(x)
n−1

∏
i=1

x
si− 1

qi
i (Hαi fi)

μi (xi)dx

)
(Hαn fn)

μn (xn)dxn.

Now, applying the Hölder inequality with conjugate exponents pn and qn to the above
expression yields inequality

L � L′‖Hαn fn‖pn , (23)

where L′ denotes the left-hand side of (16).
Moreover, L′ � Ĉ∏n−1

i=1 ‖ f μi
i ‖pi , while inequality (11) yields

‖Hαn fn‖μn
μn pn <

(
Γ(1− 1

μn pn
)

Γ(αn +1− 1
μn pn

)

)μn

‖ fn‖pn .

Therefore relation (23) yields the inequality

L � C̃

(
Γ(1− 1

μn pn
)

Γ(αn +1− 1
μn pn

)

)μn n

∏
i=1

‖ f μi
i ‖pi . (24)

Finally, taking into account our assumption 0 < C̃ <Cn−1(a,p,s,m) , we have

0 < C̃

(
Γ(1− 1

μn pn
)

Γ(αn +1− 1
μn pn

)

)μn

< Cn−1(a,p,s,m)

(
Γ(1− 1

μn pn
)

Γ(αn +1− 1
μn pn

)

)μn

= Cn(a,p,s,m).
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Hence, relation (24) contradicts with the fact that Cn(a,p,s,m) is the best possible
constant in inequality (15). Thus, the assumption that Cn−1(a,p,s,m) is not the best
possible is false. The proof is now completed. �

REMARK 1. If we set αi = 1, i = 1, . . . ,n , the relations (15) and (16) become
inequalities (7) and (8) from the Introduction, with a weaker condition μi pi > 1, i =
1, . . . ,n.

THEOREM 2. Under the assumptions of Theorem 1,∫
R

n
+

K(x)
n

∏
i=1

x
si− 1

qi
i

(
H ′

αi
fi
)μi (xi)dx < C′

n(a,p,s,m)
n

∏
i=1

‖xαiμi
i f μi

i ‖pi , (25)

and [∫
R+

xn
qnsn−1

(∫
R

n−1
+

K(x)
n−1

∏
i=1

x
si− 1

qi
i

(
H ′

αi
fi
)μi (xi)d̂nx

)qn

dxn

]1/qn

(26)

< C′
n−1(a,p,s,m)

n−1

∏
i=1

‖xαiμi
i f μi

i ‖pi ,

where the constant factors

C′
n(a,p,s,m) = k1(s−1)

n

∏
i=1

(
Γ( 1

μi pi
)

Γ(αi + 1
μi pi

)

)μi

,

C′
n−1(a,p,s,m) = k1(s−1)

n−1

∏
i=1

(
Γ( 1

μi pi
)

Γ(αi + 1
μi pi

)

)μi

are the best possible.

Proof. The proof is similar to the proof of the previous theorem, except that we
use inequality (11) instead of inequality (12) and functions

f̃i(xi) = x
−ε−1
μi pi

−αi

i χ(1,∞)(xi), i = 1, . . . ,n. �

THEOREM 3. Suppose pi,qi , i = 1, . . . ,n are as in (4) and (5), and si > 0 , i =
1, . . . ,n, λ > 0 are real parameters satisfying ∑n

i=1 si = λ . Further let μi , i = 1, . . . ,n
be real parameters such that μi pi > 1 and αi > βi > 0 , i = 1, . . . ,n. If K : R

n
+ → R

is a non-negative measurable homogeneous function of degree −λ , and fi : R+ → R ,
i = 1, . . . ,n are non-negative measurable functions, then∫

Rn
+

K(x)
n

∏
i=1

xsi−1
i

(
Hαi ,βi

fi
)μi (xi)dx � Cn(a,b,s,m)

n

∏
i=1

‖x−1/pi
i f μi

i ‖pi , (27)
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and [∫
R+

xn
qn(sn−1)

(∫
R

n−1
+

K(x)
n−1

∏
i=1

xsi−1
i

(
Hαi ,βi

fi
)μi (xi)d̂nx

)qn

dxn

]1/qn

(28)

� Cn−1(a,b,s,m)
n−1

∏
i=1

‖x−1/pi
i f μi

i ‖pi ,

where the constant factors

Cn(a,b,s,m) = k1(s−1)
n

∏
i=1

(
βi

αi(αi −βi)

)μi

,

Cn−1(a,b,s,m) = k1(s−1)
n−1

∏
i=1

(
βi

αi(αi −βi)

)μi

are the best possible.

Proof. We follow the same procedure as in the proof of Theorem 1, except that
we use inequality (11) instead of inequality (14). So, we prove the first inequality; the
second is left to the reader. We have∫

R
n
+

K(x)
n

∏
i=1

xsi−1
i

(
Hαi,βi

fi
)μi (xi)dx

=
∫

Rn
+

K(x)
n

∏
i=1

(
x

si−1
pi

i

n

∏
j=1, j �=i

x
s j−1

pi
j (Hαi ,βi

fi)μi(xi)
)

dx

�
n

∏
i=1

(∫
R

n
+

K(x)xsi−1
i

n

∏
j=1, j �=i

x
s j−1
j (Hαi,βi

fi)μi pi(xi)dx

) 1
pi

= k1(s−1)
n

∏
i=1

(∫
R+

x−1
i (Hαi ,βi

fi)μi pi(xi)dxi

) 1
pi

= k1(s−1)
n

∏
i=1

‖x−1/μi pi
i Hαi,βi

fi‖μi
μi pi � Cn(a,b,s,m)

n

∏
i=1

‖x−1/pi
i f μi

i ‖pi .

We suppose that the inequality∫
R

n
+

K(x)
n

∏
i=1

xsi−1
i

(
Hαi,βi

fi
)μi (xi)dx � C̃

n

∏
i=1

‖x−1/pi
i f μi

i ‖pi , (29)

holds with a positive constant C̃ , smaller than Cn(a,b,s,m) . Considering this inequal-
ity with the functions

f̃i(xi) = x
ε

μi pi
i χ(0,1)(xi), i = 1, . . . ,n,
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where ε is sufficiently small number, its right-hand side reduces to

C̃
n

∏
i=1

‖x−1/pi
i f̃ μi

i ‖pi =
C̃
ε

. (30)

Moreover, since

xi > 1,
(
Hαi,βi

f̃i
)

(xi) = x−αi
i

∫ xi

0
tαi−βi−1(xβi

i − tβi) f̃i(t)dt

= x−αi
i

∫ 1

0
t
αi−βi−1+ ε

μi pi (xβi
i − tβi)dt > 0

and

0 < xi � 1,
(
Hαi,βi

f̃i
)

(xi) = x−αi
i

∫ xi

0
tαi−βi−1(xβi

i − tβi) f̃i(t)dt

= x−αi
i

∫ xi

0
t
αi−βi−1+ ε

μi pi (xβi
i − tβi)dt

=
x

ε
μi pi
i

βi
B

(
αi

βi
+

ε
μi piβi

−1,2

)

=
βix

ε
μi pi
i(

αi + ε
μi pi

)(
αi −βi + ε

μi pi

) ,

the left-hand side of (29), denoted here by L , reads

L =
∫

R
n
+

K(x)
n

∏
i=1

xsi−1
i

(
Hαi ,βi

f̃i
)μi

(xi)dx

=
n

∏
i=1

⎛⎝ βi(
αi + ε

μi pi

)(
αi −βi + ε

μi pi

)
⎞⎠μi ∫

(0,1]n
K(x)

n

∏
i=1

x
si+ ε

pi
−1

i dx.

Then, utilizing (19), (22) and (30), we conclude

n

∏
i=1

⎛⎝ βi(
αi + ε

μi pi

)(
αi −βi + ε

μi pi

)
⎞⎠μi ∫

R
n−1
+

K(û1)
n

∏
i=2

u
si+ ε

pi
−1

i d̂1u−©(1) < C̃.

Hence, we have that Cn(a,b,s,m) � C̃ when ε → 0+ , which is an obvious contradic-
tion. This means that the constant Cn(a,b,s,m) is the best possible in (27). �

REMARK 2. In these theorems, if a = 0, the proof above shows that one still
obtained inequality by replacing the strict inequality < in (15), (16), (25) and (26) all
with � . The constants of these inequalities are best possible.
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4. Some examples and applications

4.1. First example

A typical example of a homogeneous kernel with the negative degree of homo-
geneity is the function K1 : R

n
+ → R , defined by

K1(x) =
1

(∑n
i=1 xi)

λ , λ > 0.

Clearly, K1 is a homogeneous function of degree −λ , and the constant factor k1(s−1) ,
can be expressed in terms of the usual Gamma function Γ . Namely,

k1(s−1) =
∫

R
n−1
+

∏n
i=2 usi−1

i

(1+ ∑n
i=2 ui)

λ d̂1u =
∏n

i=1 Γ(si)
Γ(λ )

,

which holds for si > 0, i = 1,2, . . .n .

4.2. Second example

Another example of a homogeneous kernel with degree −λ , is the function

K2(x) =
1

max{xλ
1 , . . . ,xλ

n }
, λ > 0.

Hence,

k1(s−1) =
∫

R
n−1
+

∏n
i=2 usi−1

i

max{1,uλ
2 , . . . ,uλ

n }
d̂1u =

λ
s1 · · ·sn

.

4.3. Application

Let n � 2. Suppose that F1 : R
n → R+ is a radial function and that F∗

1 : R
n → R+

satisfies
ΔF∗

1 (x) = F1(x).
Let us write f ∗1 (r) = F∗

1 (r,0, . . . ,0) and f1(r) = F1(r,0, . . . ,0) . Then we have

( f ∗1 )′′(r)+
n−1

r
( f ∗1 )′(r) = f1(r).

Notice that

f1(r) =
1

rn−1

d
dr

(
rn−1 d f ∗1

dr

)
.

This implies

f ∗1 (r) =
∫ r

0

1
sn−1

(∫ s

0
tn−1 f1(t)dt

)
ds

=
1

n−2

∫ r

0

t(rn−2− tn−2)
rn−2 f1(t)dt

=
r2

n−2
(Hn,n−2 f1)(r).
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If we define Fi, i = 2, . . . ,n and so on likewise, then we obtain∫
R

n
+

K(x)
n

∏
i=1

xsi−2μi−1
i [ f ∗i (xi)]μi dx � k1(s−1)(2n)−∑n

i=1 μi
n

∏
i=1

‖x−1/pi
i f μi

i ‖pi ,

and [∫
R+

xn
qn(sn−1)

(∫
R

n−1
+

K(x)
n−1

∏
i=1

xsi−2μi−1
i [ f ∗i (xi)]μi d̂nx

)qn

dxn

]1/qn

� k1(s−1)(2n)−∑n−1
i=1 μi

n−1

∏
i=1

‖x−1/pi
i f μi

i ‖pi .

In particular, by letting μi = 1, i = 1 . . . ,n , we obtain∫
Rn

+

K(x)
n

∏
i=1

xsi−3
i f ∗i (xi)dx � k1(s−1)(2n)−n

n

∏
i=1

‖x−1/pi
i f μi

i ‖pi

� k1(s−1)(2n)−n

|Sn|
n

∏
i=1

(∫
Rn

|xi|−nF pi(xi)dxi

) 1
pi

similarly [∫
R+

xn
qn(sn−1)

(∫
R

n−1
+

K(x)
n−1

∏
i=1

xsi−3
i f ∗i (xi)d̂nx

)qn

dxn

]1/qn

� k1(s−1)(2n)−n+1

|Sn|1/qn

n−1

∏
i=1

(∫
Rn

|xi|−nF pi(xi)dxi

) 1
pi

.
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[4] V. ADIYASUREN, TS. BATBOLD, M. KRNIĆ, Hilbert-type inequalities including some operators, the
best possible constants and applications: a survey, in “Topics in Mathematical Analysis and Applica-
tions”, L. Toth and Th. M. Rassias, Eds., Springer, 2014, pp. 17–52.
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