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DISCRETE, CONTINUOUS, DELTA, NABLA,
AND DIAMOND-ALPHA OPIAL INEQUALITIES

MARTIN J. BOHNER, RAMY R. MAHMOUD AND SAMIR H. SAKER

(Communicated by J. Pecari¢)

Abstract. In this paper, we prove some new diamond-alpha dynamic inequalities of Opial type
with one and with two weight functions on time scales. These results contain as special cases
improvements of results given in the literature, and these improvements are new even in the
important discrete case.

1. Introduction

In 1960, Opial [13] published an inequality, involving integrals of functions and
their derivatives, of the form

/\f (1)\dr < /\f )2, (L.1)

where f € C'[0,4], f(0) = f(h) =0 and f > 0 on (0,4), and the constant //4 is the
best possible. Olech [12] extended the inequality (1.1) and proved that

/\f (1)ldr < /|f ),

where f is absolutely continuous on [0,4] and f(0) = 0. The discrete analogues of
Opial-type inequalities started in the papers by Beesack [4], Lasota [10], and Wong
[24]. The Lasota inequality is given by

N—1

1|N+1
EXL'AXI'<§|: :| Z|Ax|2
i=1

where {x,-}f.V: o is a sequence of numbers satisfying xo = xy = 0, A is the forward
difference operator, and [-] is the greatest integer function. Opial-type inequalities
have various significant applications in the study of differential equations, difference
equations, approximations, and probability. We refer the reader to the monograph [2]
and the papers [14—16, 20-22] for further details.
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The study of dynamic inequalities on time scales has recently received a lot of
attention and is becoming a major field in pure and applied mathematics. The general
idea is to prove an inequality where the domain of the unknown function is a so-called
time scale T, which may be an arbitrary closed subset of the real numbers R. For
example, in [6] (see also [7, Theorem 6.23]), the authors proved the dynamic Opial-

type inequality
/ |(f5)7(2)]Ar < h / (1.2)

where f € Cli([0,h]r,R) satisfies f(0) = 0. This inequality contains the continuous
and the discrete inequalities as special cases and has been extended in [6, 9]. For ap-
plications of dynamic Opial-type inequalities on time scales, we refer to the papers
[17-19]. For f € CL([0,A),R) satisfying f(0) = 0, we have

[ierame<n [ o 13
0 0

Note that equality in (1.2) and (1.3) holds when f(r) = ct, since if f(¢) = ct for some
cER, then fA(t)=fV(1)=c

One question arising is the following: Is it possible to prove a new inequality
which as special cases contains both inequalities (1.2) and (1.3)? The answer of this
question has been partially solved in [3, 5] by using the diamond-alpha calculus on time
scales that has been developed in [23]. This calculus gives a combination between the
delta and the nabla calculus and will be discussed in Section 2. In [5, Theorem 3.2], the
authors proved: If f € C}y_([0,4]r,R) with £(0) =0 and a(1 —a)f2fY >0, then

/| O)At+ (1 -« /| \vt<h/ (FO2(1)0at,  (14)

where a € [0,1] and h € T with & > 0. This inequality (1.4) has been extended to an
inequality with a weight function g in the form [5, Theorem 3.4]

/g YA A+ (1 - /g )Y ()i
<h /Ohg<r><f<>a>2<t><>ar,

where in addition to the assumptions for (1.4), g € C([0,A]r,(0,0)) is assumed to be
nonincreasing. In [3], related results are given.

Following this trend, in this paper we will prove some new diamond-alpha dy-
namic inequalities of Opial type on time scales via the concepts of diamond-alpha dif-
ferentiability and diamond-alpha integrability. Our results contain as special cases some
improvements of results proved in [9, 18, 25]. The paper is organized as follows: In
Section 2, we give some basics of diamond-alpha calculus on time scales which will
be used throughout the paper. In Sections 3—5, we state and prove our main results and
discuss some special cases. The main results may help in studying the distribution of
zeros of solutions of diamond-alpha dynamic equations of the form (see [19])

xVee (1) 4 p(r)x(t) = 0.
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2. Diamond-alpha calculus on time scales

In this section, we briefly introduce the diamond-alpha dynamic derivative and
diamond-alpha dynamic integration, which are combinations of the delta and the nabla
derivatives and integrations. The development of the calculus of the <>, -derivative and
{ -integration is given in [23] (see also [11]). The foundations of calculus on time
scales can be found in [7, 8].

The definition and some properties related to {>, -derivatives are given next.

DEFINITION 2.1. Let T be a time scale and f: T — R be delta-differentiable
and nabla-differentiable. Then we define the <>, -derivative ¢ by

e =aff+(1—a)fY, where 0<a<l.

The function f is said to be in the class C%>a ([0,A]T,R) if f is ¢ -differentiable such

that o f2 is rd-continuous, (1 — a)fV is Id-continuous, and a(1 — o) f¢¢ is continu-
ous.

REMARK 2.2. The <}, -derivative reduces to the standard A-derivative for o = 1
while it reduces to the standard V -derivative for o = 0. On the other hand, the <> -
derivative represents a weighted dynamic derivative for o € (0,1). Furthermore, the
combined dynamic derivative offers a centralized derivative for any discrete time scale
T when o = %

THEOREM 2.3. Let f,g: T — R be g -differentiable. Then
(@) f+gis O -differentiable with
(f+8)% = fO +g%;
(i) fg is O -differentiable with
(F8)% = fug+afg + (1-a)fPg";
(iii) f/g is $q-differentiable with

(J_‘) G fOugogh —afogPe® — (1—a)fPge"
8 88°8P
provided g(1)g°(t)gP(t) # 0 forall t € T.

The definition and some properties related to >, -integrals are given next.

DEFINITION 2.4. Let a,b € T and suppose that f : [a,b]T — R is delta-integrable
and nabla-integrable on [a,b]t. Then the {4 -integral of f on [a,b|T is defined by

b b b
/f(t)Qat:a/ f(t)At—i—(l—(x)/ F(0)Vi, where 0< o<1,
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REMARK 2.5. In general, we do not have
t
FO«— f, where F(1)= / F(5)0as.

THEOREM 2.6. Let a,b,c €T, B €R and f,g: [a,blr — R be continuous. Then
@) L +8)O)0at = [ F)Oat + [7 (1) 0at;
@) JEBAO)Oat =B [Lf(0)Oat;
i) [ F)Oat =— fi () Out;
@) [ FO)0at = [CFO)Oat + L f(0)oat for ¢ € [a,blp:

) f(t) = g(t) forall t € [a,b]r implies [7 f(1)Oat > [P g(t)Out.

EXAMPLE 2.7. If welet T=R and a,b € R with a < b, then we obtain

/  (0)0at = /  foya,

and if we let T = Z and m,n € Ny with m < n, then we obtain
n n—1
[ 1©0at = 3 [0fi)+ (1= a)f(i+ D). e
m i

EXAMPLE 2.8. If we let T = ¢™ for ¢ > 1 and m,n € Ny with m < n, then we
obtain

n n—1
L f00a=ta-0 2 d lar@)+ 1)@, @2

and if we let T = {r; : i € Ng} such that #; < ;11 and m,n € Ny with m < n, then we
obtain the generalization of both (2.1) and (2.2)

n—1

[ 100at = 3 i1 -1 af ) + (1 - @) (1)

i=m

3. Generalizations of results by Zhao et al

In this section, we generalize some delta Opial inequalities obtained by Zhao, Xu,
and Li [25] to the diamond-alpha case. The main result utilized here is [25, Theorem
4.1], see (3.2) at the beginning of the proof of Theorem 3.1 below.
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3.1. Zero initial condition
We first consider the case when f(0) =0.
THEOREM 3.1. Assume that p>1, g=p/(p—1), o €[0,1], h € (0,00),
o € C([0,A]r,(0,)), and f€Cl ([0,h]7,R).

Ifoaf*>0, (1—a)fY >0, and f(0) =0, then

@ [0l (- [T O

(/ o' <>az)‘2’(/Ohw<z>|f<>a<r>|f’<>at)’2’. G.1)

Proof. By [25, Theorem 4.1], we see that

/Oh|(f2) 1)|Ar < (/w 4 )%</()hw(t)|fA(z)|PAt>%, (32)

For the nabla case, we obtain similarly

/‘ Ve < (/ o' ’>%</Ohw(t)lf‘7(t)lpvt)%. (3.3)

From the definition of ¥« and since of > 0 and (1— Oc)fV > 0, we have
afA P < [f0)P and [(1—a)fY [P < [£00)7. (3.4)

To simplify notation, we introduce

“—o /Ohwlfqum p=(-a) | "oy,
h h
c=o [ oWl lra, d=1-a) [ oo
0 0

Now, using (3.2), (3.3), (3.4), Holder’s inequality [7, Theorem 6.13], and
2

2
4= _+(1+p)_7
q p

we get

/ [(F)A@)|Ar+ (1 - / 1(F)Y( |Vt<aqcf’ L bady

==

<@+ +d)F < [(a+ b7 [(c+dP]7 = (a+b)i (c+d)?,

and so we obtain the desired inequality (3.1). [
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REMARK 3.2. If p € N is even, then the two conditions
af®>0 and (1—0)f¥ >0

from Theorem 3.1 may be replaced by the single condition o(1 — o) f V>0 asin
this case (3.4) holds as well.

If p =g =2, then Theorem 3.1 reduces (observe Remark 3.2) as follows.

COROLLARY 3.3. Assume that a € [0,1], h € (0,°)7,
o € C([0,A]r,(0,)), and f€Cl_([0,h]7,R).

If a(1—a)f2fY >0 and f(0) =0, then

/‘ ()|Ar+(1 -« /‘ OV
< ([ L) ([ owlrte0Pour).

If (r) =1, then Theorem 3.1 reduces to the following result.

COROLLARY 3.4. Assume that p > 1, g=p/(p—1), a € [0,1], h € (0,00),
and f € C}, ([0,h]7,R). If af* >0, (1—a)f¥ >0, and f(0) =0, then

ot [ Il -0t [ wwe<ni ([0 p%t)z

If p =q =2, then Corollary 3.4 reduces (observe Remark 3.2) to the following
consequence of [5, Theorem 3.1].

COROLLARY 3.5. Assume that o € [0,1], h € (0,o)7, and f € Céa([O,h}mR).
If a(1—a)f2fY >0 and f(0) =0, then

/| (A +(1— o /| \vt<h/ ORY:

If oo =1, then Corollary 3.5 reduces to the following result [1, Theorem 6.1].

COROLLARY 3.6. Assume that h € (0,00)1 and f € CL([0,h]1,R). If £(0) =

then . )
/ |(f2>A(t)\At<h/ |f2(1) At
0 0
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3.2. Arbitrary boundary conditions
Now we consider the case when f(0) and f(h) are allowed to be arbitrary.
THEOREM 3.7. Assume that 1 <p <2, q=p/(p—1), o0 €[0,1], h € (0,00),
o € C([0,A]r,(0,)), and f€Cl_ ([0,h]7,R).
If oof® >0 and (1—a)fY >0, then

@ [ 1wl (- [ 1T O

2

< [55< /O”m<t>f<>a(z>|p<>az) 250+ (1 - ) (W)~ £(0)), (3.5)
where

B:= min v(u) with v(u) —max{/ o' <>at/ o't Oat}

uE[O,h]T

and

¥ :=max{|f(0) . [/ (h)[}.

Proof. We let u € [0, h]T be arbitrary. First, we apply Theorem 3.1 to the function
g:= f— f(0) to obtain

/\ (0)|Ar+ (1 — /\ (0)|Vi

—a /\ N +2£0) A1) A+ (1 — /| 1) +2£(0) ¥ (1)|Ve

/\ (0)[Ar+ (1 — o /\ ()| Vi

2070 [ 1408+ 2(1- @70 [ 17701V
(/ o' <>oct> (/Ouw(t)lgo"(t)”%t)i
#21(t+ (1= )"0~ £0)

< )} ([ o f%<>|f’<>at) P2yt + (1 - 0w~ £10)

/-\

B

and similarly

@ [ 1wl - [T o

<)t ([ ot |f<>a<>ﬂ<>az) Foy(ot 4+ (1— @) (F(h) — £(w)).
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Adding these two inequalities and observing that a” + 0" < (a+b)" holds for a,b > 0
and r > 1 yields the desired inequality (3.5). O

REMARK 3.8. Note that when p > 2, then we may use that a” +b" < 21_’(a +b)"
holds for a,b > 0 and 0 < r < 1 in the last part of the proof of Theorem 3.7, and thus
(3.5) holds with an additional factor 2!~2/7 of the first term on the right-hand side of
(3.5). The same situation occurs also for corresponding delta or nabla results when
p > 2. This remark applies to the subsequent corollaries as well.

If o« =1, then Theorem 3.7 reduces to the following, see [25, Theorem 4.3].

COROLLARY 3.9. Assume that 1 <p <2, g=p/(p—1), h € (0,00)T,
® € C([0. A1, (0,%)), and f € Cry([0,h]p,R).

If f2 >0, then

[ <83 ([ ol >|PAt) F2£) - 10)),

u h
B := min max{/ a)l_q(t)At7/ a)l_q(t)At}
uel0,h] 0 u

¥ = max{|f(0), [/ (h)[}.

If £(0) = f(h) =0, then Theorem 3.7 reduces to the following result.

where

and

COROLLARY 3.10. Assume that 1 < p <2, g=p/(p—1), o €[0,1], h €

(07 )T:
o € C([0,A]r,(0,)), and f€Cl ([0,h]7,R).

Faf*>>0, (1—a)f¥ >0, and f(0) = f(h) =0, then

ot [ 1o+ -t [T o< g ([ o f<>a<>|P<>at)2,

where
B := min max{/ o'~ <>at/ o'~ Oat}
uE[O,h]'ﬂ*

If o(r) =1, then Theorem 3.7 reduces to the following result.

COROLLARY 3.11. Assume that 1 < p <2, g=p/(p—1), a €[0,1], h €
(0,0)1, and f € C}_([0,h]r,R). If otf* >0 and (1—a)f¥ >0, then
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@ [ 0l (- [l O
<} ( /O £ (z)l’<>at) " 4 2y(at+ (1= ) — FO),

where
B ::uen[g?] max{u,h—u} and y:=max{[f(0)[,[f(R)[}.

If p =¢q = 2, then Corollary 3.11 reduces to the following result related to [5,
Theorem 3.2].

COROLLARY 3.12. Assume that o. € [0,1], h € (0,00)T, and f € Céa([O,h}T,R).
Ifof*>0and (1—o)fY >0, then

/ )20+ (1 — / ()Y (1)|Vr
<B /O £ ()2 0at +27(a* + (1 - 0)*) (F(h) — £(0)),

where
B:= min max{u,h—u} and y:=max{|f(0)|,|f(h)|}.
u€[0,h)
If oo =1, then Corollary 3.12 reduces to the following result [7, Theorem 6.27].

COROLLARY 3.13. Assume that h € (0,00)1 and f € CL([0,h]T,R). If f4 >0
then

L1020l < 1 0Ps 21500 - 10,

where

ﬁ::uen[g?] max{u,h—u} and y:=max{[f(0)[,[f()[}.

4. Generalizations of results by Karpuz et al

In this section, we deal with one weight function and generalize some delta Opial
inequalities obtained by Karpuz, Kaymakcalan, and Ocalan [9] to the diamond-alpha
case. The starting point here is the following result given in [9].

THEOREM 4.1. (See [9, Theorem 3.1]) Assume that a € T, b € (a,~°)r,
o € Cy([a,b]1,(0,)), and f € Cl([a,b|T,R).

If f(a) =0, then
b b
| owiewme <k [ ors,
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— \/2/ba)2(t)(6(t)—

For our purposes, we offer the following slight but essential improvement of The-
orem 4.1.

where

THEOREM 4.2. Assume that a € T, b € (a,)T,

o € Cy([a,b]T,(0,)), and f € Cl(la,b|T,R).

If f(a) =0, then
/w \At<K/ 1F2(0) A,

b
K= / 02 (ORADA with  h(1) = (t —a)?

where

Proof. Define g(t) := [} [f2(s)|*As. Then g(a) =0, g*(¢) = |f2(t)|*, and
101 = 150 - @l =| [ ] < [0

<Vi-a /at|fA(S)I2AS= (t —a)g(r),

where we have used the time scales Cauchy—Schwarz inequality [7, Theorem 6.15].
Thus

=|(f(0)+ f(o(@)f* (1)l
< (FOI+1f @)D 0

< (VimaVel + Vo) —aVe(o(1)) /&*0)

<Vi—ato(t)—ay/glt)+5(0(1)/e(1)

= 10y (220)

where we have used the classical Cauchy—Schwarz inequality, and hence

/w \At</bw() W)/ (2

Wwwmw

= k20 = Ke) =K [ 170 P,

[(F2)2(@)]
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where we have used the time scales Cauchy—Schwarz inequality one last time.

Similarly, we may prove the following nabla result.

THEOREM 4.3. Assume that a € T, b € (a,)T,

o € Ci([a,b]r,(0,%)), and f € Cl([a,b]r,R).

If f(a) =0, then
/w |Vz<L/ 1fY (0)|> Ve,

b
L= / 02O (O with h(t) = (i —a)?.

where

Now we are ready to prove the corresponding diamond-alpha inequality.
THEOREM 4.4. Assume that a € [0,1], a € T, b € (a,)r,
o € C([a,b]r,(0,)), and f€Cl ([a,b],R).

If a(l1—a)f2fY >0 and f(a) =0, then

O

@ [ o0l ol (1-af [ o0l N <A [ 10 o,

where

b
A= \// @2(1)h0a ()t with (1) = (1 —a)>.
Proof. By Theorem 4.2 and Theorem 4.3, we have

o [ o0l 0k+ (-0 / o)) )

< 4[(/ IF2(0) A+ (1 — o)L \f 1)[*Vt
_ 21</ o fA () 2Ar + (1 2L/| (1)[2Vi
< o’k / () Par+ (1— o)L / RORY

k) (o |f<>a<t>2m) s-aw(a-a [1rnp)

933

<2k 4 (1-a 2L2\/< /|f<>a |2At> ((l—a)/ub|f<>a(t)|2Vt>2
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< \Jorr2+(1- a>2L2\/ (7o <z>2oaz)2

b
=& [T 1700 R0t

where we have used the classical Cauchy—Schwarz inequality and

A= \/a2K2+ (1—a)2L?

= \/a2 /b ®*(t)hA (1) Ar + (1 —a)2/h ®2(t)hY (1) Ve

< \/ o / ? 0200w (1)Ar + (1 — of) / ? 0200w (1)Vi

= \/ / 02 (1)h0u() Gt = A,

which completes the proof. [

Following the same steps as in the proofs of all previous results in this section, we
can establish the following result.

THEOREM 4.5. Assume that a € [0,1], a € T, b € (a,)r,
o € C([a,b]r,(0,)), and f€Cl_(la,b]r,R).
If a(l—a)f2fY >0 and f(b) =0, then
b b b
o [Col(rnla+ (- [Tl O < [ 1m0 Poar

where

b
Q= \// @2 (1)h0e ()t with h(t) = (b—1)%.
The next result combines Theorem 4.4 and Theorem 4.5.

THEOREM 4.6. Assume that a € [0,1], a € T, b € (a,)r,
© € C((a,b]r,(0,%2)), and [ €Cy,,([a,b]r,R).

If a(l—a)f2fY >0 and f(a) = f(b) =0, then

@ [ 0w 0l (- [0 O <B [ 1700 bt
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where

= min v(u
ﬁ u€la,blt ( )

v(u) = max ¢fw%w%mam¢fﬁwm?@oM,

and h, for ¢ €T is defined by h.(t) = (t — ).

with

Proof. We let u € [a,b]r be arbitrary. By Theorem 4.4, we have

/w DA +(1—a /w 1)Vt < (u /\f% 2 0at,

and by Theorem 4.5, we have

@ [ 0wl 0l (- [C oI O < 0@ [ 1700 bt

u

Adding these two inequalities yields

/w DA +(1—a /w 1)Vt < (u /\f% POt

Now passing to the minimum over u € [a,b]T completes the proof. [

5. Generalizations of results by Saker
In this section, we deal with two weight functions and generalize some delta Opial

inequalities obtained by Saker [18] to the diamond-alpha case. The starting point here
is the following result given in [18].

THEOREM 5.1. (See [18, Theorem 1]) Assume that a € T, b € (a,oo)r,
r,s € Cu([a, b1, (0,)), and f€ Crld([a,b]qr,R).

If f(a) =0, then
[ soi o <k [ olto P,

b2t i u(0)s(1)
¢/‘ J“+mé OB

where | is the graininess of the time scale T.

where
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For our purposes, we offer the following slight but essential improvement of The-
orem 5.1.

THEOREM 5.2. Assume that a € T, b € (a,o)T,
r,s € Cu([a, b1, (0,)), and f€ Crld([a,b]qr,R).

If f(a) =0, then
b b
| st o< [ ralroPa

\// Y(R2)A(t)Ar  with R(t) = / ?;)

Proof. Define g(t) := [1r(s)|f2(s)|*As. Then g(a) =0,

LO=rlPOF soma 201 = £~ rneo),
< [1rwas

where

and

f@O)] = 1f@) = fla)l = 5)As| <

\/_If)

_ / F
AS ()| f2(5)|2As = \/W\/@7

a r
where we have used the time scales Cauchy—Schwarz inequality. Thus

(22@)] = 1(f(0)+ £(o0))) 1)
< (FOI+1f @)D 1rA0)

< (VROV30) + VROW) V(00 ) /R 0)g20)
< VRO T R(G0)v/20) + g0 )R (0)g4(0)

= /B30, (2)2(0)

where we have used the classical Cauchy—Schwarz inequality, and hence

[ sonerom < [ s w@poy

< | s mw

= K\/g(b) = Kg(b / (OIFA @A,
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where we have used the time scales Cauchy—Schwarz inequality one last time. [

Similarly, we may prove the following nabla result.

THEOREM 5.3. Assume that a € T, b € (a,o)T,
rs e Cld([a7b]T7(O7°°))a and f € Clld([aathR)'

If f(a) =0, then

/ s()|(f Wz<L/ (1)2Vs,
:\//hsz(t)(Sz)V(t)Vt with S(t):/t%.

Now we are ready to prove the corresponding diamond-alpha inequality.

where

THEOREM 5.4. Assume that a € [0,1], a € T, b € (a,)r,
r,s € C[a,b]r,(0,)), and fe€Cl ([a,bl,R).
If a(l—a)f2fY >0 and f(a) =0, then
b
o [0 O+ -0 [T OV <A [ ol o

where

\// WT2)Ou ()t with T(t) = <>(a)s

Proof. By Theorem 5.2 and Theorem 5.3, we have

aﬁ/bs<r>|<f2>A<t>\Ar+<1— >/bs<r>|< MO

< oK / DA+ (1— )L / 12V
- 31</ Oef ()2 + (1 3L/ 7Y (0)2ve
< oK / O ()PAr+ (1 - o)L / ()10 (1) PVt

~ (oK) (a [ Ol <r>|2Az) +(-apn) ((-a) [ ol 0P

< A\/ (o[ oo <t>2Ar)2+ (- [ rlroe <r>|2w)2
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<A\/ (/ (>|f<>a<>|2<>az) Y RO

where we have used the classical Cauchy—Schwarz inequality and

A= \/oc4K2+ (1—a)*L?

= \/a4 /bs2(t)(R2)A(t)At+(l —a)4/bs2(t)(S2)V(t)Vt

< \/a/bSZ(t)(T2)<>a ()AL + (1 — a)/bs2(t)(T2)<>a(t)Vt

- \/ [ 20200000 =A

where we have used the inequalities

P (RHA < (T?)% and  (1—a)}(8%)2 < (T%)%, (5.1)

Now we show (5.1) in order to complete the proof. Note first that by [8, Theorem 5.37],

we have
A v 1oy 1 AL
RR=S"=-, R"=—, and S$°=—,
r rP ro
and all of these derivatives are positive. Using these relations and the time scales prod-

uct rules, we have

R+RP S+5° R+R°

\%

(B) === () =" (B =
S+8°P S R° S RP

V=22 Rm)A=242, R)V=Z4+—

()Y = RSP =S4 R =S

and again all of these derivatives are positive. Since T = aR+ (1 — o)S, the calculation
(T%)% = a(T*)* + (1 - a)(T%)7
= ( 2(R2)* +20(1 - @) (RS)* + (1 - @) (57)*)
Q) (a2 Vi 2a(1— a)(RS)Y + (1 — a)2(s2)‘7)
(R2)A +(1—a)’(57)Y +20°(1 - o) (RS)
+20(1— )% (RS)Y 4 (1 — ) (8*)* + o> (1 — o) (R*)Y
confirms the validity of the inequalities (5.1). U

Following the same steps as in the proofs of all previous results in this section, we
can establish the following result.
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THEOREM 5.5. Assume that a € [0,1], a € T, b € (a,)r,
r,s € C([a,b]r,(0,%)), and f€C) ([a,b]r,R).

Ifa(l—a)f2fY >0 and f(b) =0, then

@ [ sl (-0 [T O < [ ol 0P ou.

Q:\//abs2(t)(T2)<>a(t)<>at vith T(t):/th%'

The last result combines Theorem 5.4 and Theorem 5.5. Its proof is omitted as it
is the same as the proof of Theorem 4.6.

where

THEOREM 5.6. Assume that a € [0,1], a € T, b € (a,)r,

r,s € C([a,b]T,(0,%)), and feCéa([a,b]qr,R).

If a(l—a)f2fY >0 and f(a) = f(b) =0, then

@ [ s ol (- SO O <B [ r0lr0e 0P

where

= min v(u
ﬁ u€la,blt ( )

with

o) i=max |/ L"s2<t><ra2>0a<r>oat,\/ [ 2w 0oa .

and T, for ¢ € T is defined by T,(t) = [ L5
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