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THE SHARP UPPER BOUND FOR THE RATIO BETWEEN
THE ARITHMETIC AND THE GEOMETRIC MEAN

TUO LENG AND XIAOLIN QIN

(Communicated by I. Peric)

Abstract. In this note we present the sharp upper bound for the ratio between the arithmetic and
the geometric mean for concave sequences. In this way the sharp reverse of the Arithmetic-
Geometric Mean Inequality is obtained.

1. Introduction

Let X,, denote the n-tuple (xy,---,x,), where x; >0 for i =1,2,---,n. We shall

make use of the notations EX,, = %Zlf'zlx,-, and T1X, = lf'zlxi’l’. An infinite sequence
of real numbers {x;}7 is said to be concave if x; > %(xi— 1 +Xiy1), fori=1,2,---.
A sequence {x;}? , (with n > 2) is said to be concave if x; > %(xi_l + Xi+1), for
i=1,2,---.n—1.

Some results related to the problems of the difference and the ratio between the
arithmetic and the geometric mean are given in [1, 3, 9].

In this note we present the sharp upper bound for the ratio between the arithmetic
and the geometric mean for concave sequences. In this way the sharp reverse of the
Arithmetic-Geometric Mean Inequality is obtained. Our main result is the following
theorem.

THEOREM 1. Suppose n > 2. Let {x;}!"_, be a concave sequence with 0 = xq <
X1 <x3 <o < xp, and let X, = (x1,---x,). Then, we have

EX, n+1

(1)

Equality holds in (1) if and only if x; = coi, i =1,2,---,n, for some constant co > 0.
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The preceding theorem is motivated by the results of the papers by Aldaz [1, 3],
which state some interesting inequalities for the difference and the ratio between the
arithmetic and the geometric mean (see also [2, 4, 7, 9] for additional refinements and
references).

Note that each infinite non-negative concave sequence must be monotone increas-
ing (Lemma 3). Then, for an infinite concave sequence, we have the following corol-
lary:

COROLLARY 1. Let {x;}, be a concave sequence with xo =0 and x; >0, Vi €

N. Forany n € N, let X, = (x1,---x,). Then, we have

EX,
11X,

<

(2)

N

The constant 5 is the best possible.

Note that a continuous result which is closely related to (2) is contained in the
Berwald inequality [8]. It states that for a non-negative concave function f on [a,b]
and 0 < r <1, it holds

bia/abf(x)dx (l—;r)‘[bia/abf’(x)dx]:.

Letting r — 0 the estimation analogous to (1) follows.

Theorem 1 establishes the ratio relationship between arithmetic and geometric
mean of finite concave sequences, and it can be considered as a sharp version of the
reverse of the Arithmetic-Geometric Mean Inequality.

~I—

N

2. Proofs

To prove Theorem 1, we need the following lemma.

LEMMA 1. Let k be a positive integer, then

(k+ 1)k

2%
k! Sz

Proof. We prove this lemma by induction on k. For k = 1, it holds trivially.

Assume the lemma holds for k, namely, k! > (k;i)k. Now consider the case of k+1.

Noticing the known inequality (1+1)" <4, vn € N, we have

k1
(k+2)1 _ (k+2)! oyt " <2 g = p2k+2
(k+1)! (g 1) Gelf k+1 ’

22k

as desired. [
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Proof of Theorem 1. Set y; =
xo = 0, it follows that

4, i=1,2,---,n. Since {x;}?_, is concave and

VISV =y (3)

It is easily seen that (1) is equivalent to

U nn+1) & 1
X< =D (4)
i=1 i=1

Now we use induction on n to prove (4) under the condition (3). Note: although
we have assumed n > 2 in Theorem 1, we can still prove (4) for all » > 1 under the
condition (3).

If n=1, (4)is trivial. Assume that (4) is true for n = k. For the caseof n =k+1,

we need to prove that
1

+ S
e 5)

kel (k+1 )(k+2)

Z ly i <
i=1
By the induction hypothesis, we have

1

1) 8
yi.

Hence, to prove (5), we only need to prove that

M~
=

i=1

k L (k+1)(k !

k
Ibf +2f!k. ©)

(k+1)ye1+

Setting A = Hl 1 yl , we can rewrite (60) as

k l

(k+2)Aktty k 2yk+1 —kA > 0. (7)

k 1

Consider the function f(x) = (k+2)A&Tx&1 —2x — kA, x € (0,00). Then (7) is equiv-
alent to

JOrs1) = 0. (8)

Now we prove (8). Since

k(k+2)

& 1)2Ak+L1x’2kkT+11 <0,
_|_

7o) = -

the function f(x) is strictly concave on (0,0). Hence, forany 0 < a < b and x € [a, b],
we have
f(x) = min{f(a), f(b)}. ©)
On the other hand, we claim that

mAg}’kH <A7 (10)
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(k1)K
k+1

In fact, from (3), it follows that y;,; <A. Since xpy; =2 x¢ = -+ 2 x1 >0, we
have

where m =

(k+1)yky1 = kyg = --- =2y, 2 y1 > 0.

Therefore,
1
(k!)®
> A.
Yi+1 an
So (10) is true, and it follows from (9) that
fOkr1) = min{f(A), f(mA)} = min{0, f(mA)}. (11)

Therefore, to prove the desired inequality, it is sufficient to prove
f(mA) > 0. (12)

By a direct computation, we infer that (12) is equivalent to
k
i k
N mET > 3 (13)

In fact, applying the Arithmetic-Geometric Mean Inequality and Lemma 1, we
obtain

So (13) is true, and then (1) is established.
If x; = coi for some constant c¢o > 0, then it is easy to see that equality holds in

(D).
Now suppose that equality holds in (4), that is,

no nn+1)& 1L
D iyi= ( ) )Hyi"~ (14)
i=1 i=1
From the proof above it follows that
k k
. k(k+1 1
v < U (15)
i=1 i=1
for k=1,...,n—1. Using (14) and (15) for k =n — 1 we conclude that
nn—1)2=t L nn+1)& L
(2 ITLy7 4y > (2 . (16)

i=1 i=1

For k =n— 1, recall that

Fx) = (n+ DA x7 —2x— (n—1)A,



THE RATIO BETWEEN THE ARITHMETIC AND THE GEOMETRIC MEAN 979
where A = [T} yl1 /= Inequality (16) is equivalent to f(y,) < 0. On the other

hand, from our proof above it follows that mA <y, <A, m= ((n—1)1)"/*=1) /n and
fn) =0, s0 f(y,) =0. Since f is strictly concave, f(A) =0, f(mA) >0, we obtain

yn_A Hyl/n 1)

and equality in (16), which implies equality in (15) for k =n—1 i.e.

n—1
Z iyl =
i=1

Proceeding in this way it follows that

“ D (17)

1

'M”
||

it

i 1

for every k = 1,...,n, which easily gives

yi=y2=:-=y,. U

To prove Corollary 1, we need the following two lemmas.

LEMMA 2. Forany n € N, we have

1 1
ntlce lim 2t

T X G 1 =e.
(n!)n = (nl)n

The proof of this lemma is known, so we omit it here. For a more sophisticated
results, see [5].

LEMMA 3. Let {x;}7, be a non-negative concave sequence, then {x;}; is in-
creasing.

Proof. To prove this lemma, we suppose the contrary, i.e., there exists a k € N
such that x4 —x; < 0. Set x4.1 —xx = ¢ < 0. Since {x;}7, is concave, we know that
Xji1—Xj < xy1 — X =c forall j >k, j € N. Hence, for sufficiently large m € N, we

have
m—1

Xm = Xi + 2 (Xj41—xj) <x+ (m—k)c <0,
=k

a contradiction! [

Proof of Corollary 1. By Lemma 3, we know that {x;}7 is increasing. Thus, for

each n € N, we have
EX, n+ l
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Then, the inequality (2) follows immediately from Lemma 2.

Finally, we show that the constant 5 is best possible. Suppose that there is a

universal constant ¢ such that

EXk < CHXk,
for each k € N. Taking x; = i in the above inequality, we get ¢ > -1 foreach k € N.
2k E
By Lemma 2, we obtain ¢ > limy_.. - = £ O
2(k1)E

Acknowledgements. The authors are grateful to the referees for their very valuable

comments and advises for improvements.

[1]
[2]
[3]
[4]

[5]
[6]

[7]
[8]
[9]

REFERENCES

J. M. ALDAZ, Concentration of the ratio between the geometric and arithmetic means, J. Theoret.
Probab. 23 (2010), 498-508.

J. M. ALDAZ, Comparison of differences between arithmetic and geometric means, Tamkang J. Math.
42 (2011), 453-462.

J. M. ALDAZ, Sharp bounds for the difference between the arithmetic and geometric means, Arch.
Math. 99 (2012), 393-399.

J. M. ALDAZ, A measure-theoretic version of the Dragomir-Jensen inequality, Proc. Amer. Math. Soc.
140 (2012), 2391-2399.

G. BENNETT, Meanningful Inequalities, J. Math. Inequal. 1 (2007), 449-471.

P. S. BULLEN, A Dictionary of Inequalities, Pitman Monographs and Surveys in Pure and Applied
Mathematics, 97. Longman, Harlow, 1998.

S. DRAGOMIR, Bounds for the normalised Jensen functional, Bull. Austral. Math. Soc. 74 (2006),
471-478.

L. MALIGRANDA, J. E. PECARIC, L. E. PERSSON, Weighted Favard and Berwald Inequalities, J.
Math. Anal. Appl. 190 (1995), 248-262.

A. McD. MERCER, Bounds for the A-G, A-H, G-H, and a family of inequalities of Ky Fan's type,
using a general method, J. Math. Anal. Appl. 243 (2000), 163-173.

(Received September 3, 2013) Tuo Leng

School of Computer Engineering and Science
Shanghai University

Shanghai, 200444, People’s Republic of China

e-mail: lengtuo2004@hotmail.com

Xiaolin Qin

Chengdu Institute of Computer Applications

Chinese Academy of Sciences

Chengdu, Sichuan, 610041, People’s Republic of China

e-mail: ginxl@casit.ac.cn

Mathematical Inequalities & Applications

mia@

v.ele-math.com

ele-math.com



